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_From the Editor 


In this educational aid, intended for high-school students, an 
attempt has been made to classify the problems encountered in high- 
school mathematics by their solution methods. 

It was rather difficult to attain the aim the authors set for them- 
selves. On one hand, a detailed classification of problems by methods 
of solution would require the consideration of a large number of con- 
crete problems and, on the other hand, a schematic classification would 
not yield a useful aid for solving different: kinds of problems. There- 
fore, alongside a large number of worked problems, the book includes 
many problems (about 2500) for the reader to solve. 

In addition to the traditional problems from the course of high- 
school mathematics, the book includes methods for solving simple 
differential and integral calculus problems as well as problems which 
require the use of coordinates and vector algebra. These sections only 
include problems whose solutions require knowledge that is beyond 
the scope of high-school mathematics. 

Some problems in the book can only be solved by a combined 
application of the knowledge from the traditional and new divisions 
of mathematics. These include, for instance, problems connected with 
the calculation of limits, derivatives and antiderivatives of functions 
which must first be simplified by means of identity transformations. 

The authors consider all the most frequent methods of solving 
problems from the high-school course of mathematics. The fact that 
many problems are not followed by their solutions makes it possible 
to use the book for preparing for the entrance examinations to higher 
educational establishments. 


V. I. Blagodatskikh 


From the Authors _ 


Our aim when writing this book was to help students to systema- 
tize their knowledge of problem solving. The structure of the book 
follows from this aim, hence each section begins with some theory 
(definitions, principal theorems and formulas) which must be known 
in order to cope with the subsequent problems without resorting to 
textbooks. Next the method of solving a specific kind of problem is 
indicated, followed by an example showing how to use the method. 
The remaining problems are left for the reader to solve. 

We feel that this form of presentation is the best way of helping 
the student actively master the methods of problem solving. In a num- 
ber of cases, the solution presented is not the briefest or most elegant. 
This is due, first of all, to our wish to give the most visual application 
to the method being suggested, rather than to demonstrate non- 
standard approaches. 

We arranged the problems not followed by answers or hints in 
order of increasing difficulty, fully realizing that every reader may 
want to change the sequence of the problems according to his knowl- 
edge or inclination. Plane geometry and solid geometry, the tradi- 
tional divisions of school mathematics, are, in the main, represented 
by problems on calculations. 

The material on solid geometry was not structured strictly in the 
way we explained above since, as distinct from problems in plane 
geometry, for which the solution methods can be neatly classified, 
any non-trivia! problem in solid geometry may require the use of 
several different methods. Thus the problems considered in Chapter 12 
are followed by quite detailed solutions, in which the techniques 
which reduce the original problem to simpler ones are emphasized. 

Chapters 6-9 contain problems in mathematical analysis. Many of 
these should be solved using traditional high-school mathematics. 
Chapter 13 includes some very difficult problems in geometry whose 
solution can be considerably simplified with the use of vectors and 
the method of coordinates. 

Since the theory of relativity and the related divisions of mathe- 
matics have drawn considerable attention lately, we deemed it neces- 
sary to include combinatorics and clements of relativity theory. We 
nave taken into account that this material is absolutely new to the 
majority of readers and so the theory part of the chapter is somewhat 
larger than those in the other chapters. 

A double numeration system was adopted for both the problems 
and examples. The first digit indicates the number of the section and 
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the other digit, the number of the problem or example within the sec- 
tion. An asterisk indicates a difficult problem and two asterisks mean 
that the problem is followed by a complete solution (given in “Answers 
and Hints” at the end of the book). 

In conclusion, we wish to express our gratitude to all those who 
helped us to improve the structure and content of the book by their 
advice and remarks, especially to N. V. Reveruk who took part in 
writing Chapter 13 and who prepared some of the problems for it. 
Our thanks also go to K. K. Andreev who thoroughly studied the 
chapters on mathematical analysis and made valuable remarks. The 
authors are especially grateful to V. I. Blagodatskikh whose cordial 
attention was felt at every stage of writing this book. 


Chapter 1 


Algebraic Equations 
and Systems of Equations 


An identity is an equation satisfied for all possible values of the 
variables involved. (The numerical values of the variables are said to 
be permissible if all the opens on the variables appearing in the 
equation can be performed.) 

An equation is an equality which can be satisfied only for certain 
values of the variables entering into it. By the hypothesis, the varia- 
bles in the equation can be nonequivalent: some of them can assume 
all their permissible values and are called coefficients (less frequently, 
parameters) of the equation; other variables whose values must be found 
are called unknowns (they are usually denoted by the last letters of 
the alphabet, z, y, z, or by those variables with indices, 7,, z7,, ... 

‘05 2p OU Yrs. Voy «2 o- Up)" 

In a general form, an equation in n unknowns 2, 2, ..., Tt, can 

be written as 


F (41, oq, «+ +9 Ln) = O, (1) 


where F (21, to, .--, 7) is a function of the indicated variables. 
According to the number of the unknowns an equation is said to be 
that in one unknown, in two unknowns, and so on. 

The values of the unknowns which turn an equation into an iden- 
tity are called solutions or roots of the equation. 

The domain of definition of the function F (z,, z., ..., 2) is the 
domain (set) of the permissible values of the unknowns entering into 
equation (1). 

If all the roots of the equation F — 0 are roots of the equation 

= 0, then the equation G = Oissaid to be a consequence of the 
equation F = 0, and the notation is 


Two equations F = 0 and G = 0 are said to be equivalent if each of 
them is a consequence of the other one, and then the notation is 


F=0 <> G=0. 


Thus two equations are equivalent if the sets of their roots coincide. 
The equation * = 0 is considered to be equivalent to two (or sev- 
eral) equations F; = 0, F, = 0 if the set of the roots of equation 


* Unless otherwise specified, the unknowns are considered to as- 
sume real values. 
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F = O coincides with the union of the sets of the roots of the equations 
F, = 0 and FF, = 0. 
Some equivalent equations. 
(1) The equation F + G = G is equivalent to the equation F = 0 
considered on the set of permissible values of the initial equation. 
(2) The equation F/G = 0 is equivalent to the equation F = 0 
considered on the set of permissible values of the initial equation. 
(3) The equation F-G = 0 isequivalent to two equations, F = 0 
and G = 0, each of which is considered on the set of permissible 
values of the initial equation. 
(4) The equation F” = 0 is equivalent to the equation F = 0. 
(5) The equation F” = G" is equivalent to the equation F = G 
for odd n and to two equations, F = G and F = —G for even n. 
‘ An algebraic equation is an equation which can be reduced to the 
orm 


where P,, is a polynomial of degree n of one or several variables. The 
number n is a degree of the equation. 


1. Rational Equations in One Unknown 


An equation of the form 
ax + b= 0 (2) 
is called a linear equation. A linear equation has a single root + = 
—b/a. An equation of the form 
ax?’-+ br +c = 0 (3) 
is called a quadratic equation. The expression b* — 4ac = D is a 


discriminant of the quadratic equation. In the case when D > 0, equa- 
tion (3) has two real roots: 


—b+YD —b—VD 
= ea aes i Ly = oa r 
. . ° b 
If D = 0, equation (3) has one real root of multiplicity 2: 2 = —5. 


If D <0, then equation (3) has no real roots. 

A solution of many rational equations consists in reducing them, 
by some technique, to equations of form (2) or (3). An introduction of 
an auxiliary unknown is one of those techniques. 


Example 1.1. Solve the equation 
Bie 
x(x-+2) (#4-4)? 9 12° 


Solution. Designating z = x? -|- 2x, we write the initial equation 
in the form 


2 sti 12° “) 
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Simple transformations reduce equation (*) to the equation 


z?-+-2—12 . 
ree ii (+4) 


which is equivalent to the equation z? + z — 12 = 0. The equivalence 
of these equations follows from the fact that the roots z= —4 
and z = 3 of the last equation belong to the set of permissible values 
of equation (**). Thus the initial equation is equivalent to two quad- 
ratic equations, 224+ 22 — 3 = 0 and z? + 2x-+ 4= 0. The roots 


of the first equation are z, = 1 and z, = —3. The second equation 
has no real roots. 
Answer. x=1, x= —3. 


Solve the following equations. 


24 4 3) 
ay Pa ey, = 6. 20 + 2. 
1.4. he p10 z2?+42=6 1.2 Ld + PLS 
1.3. (z?—6x)2—2 (x— 3)? =81. 
24 15 
14. m+22—8 2x?+22—3 ae 


1.6 z?*-+27+1 z24t2¢+2 7 
rr a a 
xr—2 \2 za+2\2, r2—4 
17. 20(2 > )"—5 (S45) ' 448 G55 =0. 
1.8. (x? + 2x)? — (x + 1)? = 55. 
1.9. (229+ 2-4 1) (227+ e+ 2) —12= 0. 
1.10*. (x? — dr + 7)? — (x — 2) (x — 3) = 0. 
1.41*. (x — 2) («+ 1) (e@ + 4) (# : 7) = 19. 
1.12*. (222 4. 3x — 2) (5 — 62x — 4x?) = —5 (22? + 32+ 2). 
1.13. 2* — 1322 + 36 = 0. 1.14. 228 4 zt — 15 = 0. 
1.15. (22 —1)® + 3 (22 —1)8 = 10. 1.46". (4 4+ 2)8 4 


(4 + 23)* = 2z4, 
1.17. (2 — 2)® — 19 (x — 2)? = 246. 


One of the ways to solve an equation of a degree exceeding two is 
to factor the polynomial appearing on the left-hand side of the equation 
and thus reduce the solution of the initial equation to the solution of 
several equations of lower degrees. This method is based on the follow- 


ing property of the roots of an nth-degree polynomial. If the number c 
is a root of the polynomial 


P (x) = aoz™® + ayz® 34+... + a yz ay, 
then the polynomial can be written in the form 
P (x) = (x — ¢) Q(z), (4) 


where Q (zx) is a polynomial of degree n — 1 (i.e. the polynomial P (z) 
can be divided by the polynomial zx — c). ij 
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Factoring a polynomial is equivalent to finding its roots. Finding 
the roots of a polynomial is a difficult problem and in a general case 
it is impossible to indicate a auiversal: method of seeking the roots 
of an nth-degree polynomial with real coefficients. There is a theorem, 
however, which makes it possible to find rational roots of an nth-degree 
polynomial with integral coefficients. 

The rational roots of the polynomial 


gx” + ayzP-2 +... + Gnyz+ ap, 


where dp, a1, . +--+, @n-1, @, are integers, can only be numbers m/p 
(m is integral and p is natural), the number | m | being the divisor 
of the number | a, | and the number p, the divisor of the number 


| ap |. 
Example 1.2, Find the roots of the equation 


4r4 4. 823 — 322? — 72 + 3=0. 


Solution. The numbers 41, 3 are the divisors of the number 3, and 
1, 2, 4 are the divisors of the number 4. The set {1, —1, 3, —3} is 
the set of values of m, and the set {1, 2, 4} is the set of values of p. 
The set {+1, +3, +4/2, +1/4, +-3/2 +3/4} is the set of various 
distinct rational numbers of the form m/ p- Substituting these numbers 
into the equation, we find that the numbers zx, = 1/2 and xz, = —3/2 
are its roots. According to (4), this means that the given polynomial 
can be divided by the linear polynomials (zx — 1/2) and (z + 3/2) 
and, consequently, it can also be divided by their product 


(:-=) (2+5) = 73+ ¢— + : 


Performing a division, we find the polynomial of the quotient: 4z?+- 
4x — 4. Solving the quadratic equation | 


4a? +. 42 —4 = 0, 


we get two real roots: ia and Pepa : 
We have thus completed the solution of the problem, i.e. have 
found the four roots of the initial equation: 


4 3 —i+y5 _—1-—y5d 
Oe A ne 


a1= 39) %3=— 39 t3> 9 


dirs. Ly th, te ore 


1.18. Sct + 62% — 132? -21+3=0. 


1.20. 22¢ — 23 — 92? + 182 —5 = 0. 

1.21%. (2 — 1)8 + (2x + 3)® = 272% + 8. 

1.22. 28 — (2a + 41) 22+ (22+ a) zx — (a? — a) = 0. 
1.23. 24 — 423 — 1922 4+ 1062 — 120 = 0. 
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Some equations of a special form. Equations of the fourth degree 
whose left-hand side is a product of quadratic trinomials, which differ 
by aconstant term, and the right-hand side is a number, can be re- 
duced to quadratic equations by introducing an auxiliary unknown 
which is equal to the common part of the two factors. 


Example 1.3. Solve the equation 
w(x-+ 1) (x + 2) (x + 3) = 0.5625 (*) 


Solution. Multiplying separately z (x + 3) and (z+ 1) (x + 2). 
we obtain 


(x? 4+- 32) (x? + 327 + 2) = 0.5625 


Introducing an auxiliary unknown y = z?-+ 32, we get, after simple 
transformations, a quadratic equation 
y? + 2y — 0.5625 = 0, 


whose roots are y, = 0.25 and y, = —2.25. Returning to the initial 
unknown, we infer that (*) is equivalent to two equations 


224 32 — 0.25 = 0 and 224 3x + 2.25 = 0, 


The first equation has two different roots, r= 18 V 10: and 
2 


—3— 10 


a and the second equation has one root of multi- 
plicity 2, 2z= + ; 
Kaien e620 8EV gn SBM oe. 
° — 9 9 = 9 9 are 9 r) 


Find the roots of the following equations. 
1.24. (x + a) (x + 2a) (x — 3a) (x — 4a) = Bf. 
er ts — OY Gs 5) G te 6) 6 — fa 1680. 
e e zt z = e 
4 ag 2 fl 132 = 


1.27. ae — Ve 

1.28. (2 — 1) (x -+ 1) (x + 2) e = 24, 

1.29. (x — 4) (x + 2) (x + 8) (x + 14) = 354, 

1.30%. (z27-+ x + 1) (227 4+ 224+ 3) = 3 (1 — x — 2), 


The equation of degree n 
age + aye 2 4. . 4+ ane + ay = 0 (5) 


is said to be symmetric if a, = ap, for allk=0, ..., n. If n = 21, 
then we can divide both parts of equation (5) by z! and pass to an 
equivalent equation 


4 1 
agz!--a,zi-l- oo. any Sa or tek 'T 
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and equation (5) can be reduced to an equation of degree J by intro- 
ducing a new unknown z = z soe If n = 21 + 1, then a direct veri- 
fication shows that z = —1 is a root of the equation. The division | 
by (x + 1) reduces equation (5) to a symmetric equation of degree 
n= 2l 


Equation (5), where a, = (—1)ra,,_, is called skew-symmetric. The 
arguments presented above are applicable to it with due account of 
the following changes: for n = 21, it is necessary to introduce z = | 
xz —1/x as a new unknown, and for n = 21+ 1, z = 1 is one of 
the roots of the equation. 


Example 1.4. Solve the equation 
a? + 228 — 5x5 — 1324 — 1328 — 522? + 224 1 = 0. (*) 


Solution. The given equation is symmetric and n = 7 and z = —1 
are its roots. Consequently, equation (*) can be represented as 


(xz + 1) (26 + 2° — 624 — 723 — 622 + 2+ 1) = 0, 
and its solution reduces to the solution of an equation of an even degree 
®§ + 2° — 624 — 723 — 622 + e+ 1=0. 
Dividing both sides of the equation by zx, we get 


(+5) +(#+4)-0 (+4) 10 


We introduce the designation z = z+ 1/z and, taking into account 
that 


af Sat, BaP 3, 


we get an equation 2° + z? —9z — 9 = 0 which is equivalent to the 
equation 
(z+ 4) (22 — 9) = 0. 
Consequently, the solution of the initial equation reduces to the solu- 
tion of the following three equations: 
4 1 1 
ia ram t= 3, a era 


which are respectively equivalent to the quadratic equations 
etlerti=0, 2—3r+1=0, 2+ 3r4+1= 0. 


The first equation has no real roots, and the roots of the second and 
third equations can be calculated by the formula for the roots of a 
buadratic equation. 


Answer. x=—1, pean fetes so 


—3— V5 


2 


—3+ 75 
Sa ata ae 


? 


i 
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Solve the following equations, 

1.34. 24+ 5234 22? 4 524 1=0. 

1.32. 22* + a ed 2= 0. 

1.33. 1525 +. 3424 4+. 1528 — 152? — 34r — 15 = 0. 
1.34. 623 — 2? — 20x4 12 = 0. 

1.35. 244+ 1=2(1-+ 2)4, 


Hint. To solve equations 1.34 and 1.35, it is first necessary to 
make a change y = az -- b. As a result of a requisite choice of the 
numbers a and b, the equations become symmetric (or skew-symmetric) 
with respect to the unknown y. 

A rational algebraic equation of the form 


O(a °° ©) 


is equivalent to the equation P (r) = 0 which can be solved on the 
set of the permissible values of equation (6). 
Example 1.5. Solve the equation 
9—-Zz H) 


t—4 «—4 


— 3, 


Solution. The initial equation is equivalent to the equation 


provided that x — 40. Solving the equation obtained, we find 
that z = 4. But since z = 4 does not belong to the set of permissible 
values of the unknown, the given equation has no solutions. 


Find the roots of the following equations. 


127-+-14 9r—5 1082—362?—9 

62-2 3ap1  40e—1)° 
4 4 4 

es Poise + pie pia 


1.36. 


1.37. 


x—8 a, 
"~ 923-41 3z2—32r—48° 
1.38 z+rztio 7 «+1 
we’ gat 4 9 x1 * 


z+i 9 1 
19. D@—)  2e@t) ' T° 
2 
1.40. x z+1 1 1 


zt—4 ' 2(2—2)” 2-2 242° 
tg, At 292-+45—(e+1) (Qe 15) __ (244) (+5) 
(2 (t—1))?—2 (e+ 1)(e—2) = (x—1) (e—2)° 
1.42.2 A= +(e—b)t _ at+b+ 
(a-+b—2z)® = (a+b)? * 
GS ee ee 
mee’ 8 — Oat 2) 282243 7 228 — 22-44 
2—0263 
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Equations with an unknown under the sign of an absolute value. 
If certain expressions containing an unknown are under the sign of an 
absolute value, then, to remove the signs of an absolute value, it is 
necessary to consider the initial equation separately on each interval 
of the constancy of sign of those expressions. 
Example 1.6. Solve the equation 
}22—S|=2z2—1. 


Solution. The expression 2z — 5 under the sign of an absolute 
value is nonnegative for z > 5/2 and negative for z < 5/2. Let us 
consider the initial equation separately on each of the intervals. 
Assume 2z — 5 > 0, i.e. x > 5/2. Then, by the definition of an ab- 
solute value, | 2x — 5| = 2z — 5, and the given equation reduces to 
the form 

22 —5 = 2 — 1. 
Solving this equation, we find that x = 4. Since the number 4 satis- 
fies the assumption we have made (2 xX 4 — 5> 0), z = 4 is a solu- 


tion of the initial equation. 
Let us now assume that 2x — 5 < 0. Then, by the definition of an 
ab olute value, | 2x —5| = —(2z2 — 5), and the given equation 


ass mes the form 
—(22 —5)=2—1. 

Solving this equation, we find that x = 2. Since the number 2 satisfies 
the assumption (2 X 2 —5 <0), x = 2 is a solution of the initial 
equation. 

Answer. x = 2, x = 4. 

Example 1.7. Solve the equation 

f[xe—-4]/—2[/7—2]4+3]2—3]=4. 
Solution. The given equation is equivalent to the following equa- 


tions: 

(4) 4—2-+ 2 (¢# — 2) —3 (« — 3) = 4 for z <1; 
(2)2—1+ 2 (¢ — 2) —3 (« — 3) = 4 fo i1<zq 
(3) z—1—2(¢— 2) —3(¢—3)=4for2<2< 
(44) 2—1—2 (¢ — 2) 4 3 (« — 3) = 4 forz >3. 
The first equation has a solution xz = 1; the second equation turns 

into an identity for all values of z which satisfy the inequality 1 < 

x<2, the third equation has no solutions; the fourth cquation 


has a solution z = 5. 
Answer. x € [1, 2], x = 5. 


Solve the following equations. 
1.44. [cl =2+2. 1.45. | —2 +2] = 224-1. 
1.46. |/2—1|+]27—2|=—1.1.47. J|z—1/[+ [2-4-2] — 


pr —3| = 4. 


2; 
3: 


za 


1.48. |2—|]1—|2z]][|=1. 1.49. =| —1, 

4.50. | 52—2?—6 | =2?—52+6. 1.54. | c?—1]/=—|2z|[-+1. 
4 3 1 3 
rs ae des = = — 72— 4|;—— 

1.52, | 2922-45 | + [5 2324 | -. 
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2. Irrational Equations 


The irrational equation is an equation in which the unknown quan- 
lity is under the radical sign. The domain of permissible values of an 
irrational equation consists of the values of the unknown for which 
ull the expressions under the radical signs of an even degree are non- 
negative. 

One of the ways of solving an irrational equation is to raise both 
hides of the equation successively to a power which is the least com- 
ion multiple of the exponents of all the radicals entering into the 
viven equation. If the power to which the equation is raised is even, 
the resulting consequence of the initial equation can have extraneous 
roots, In that case the roots must be verified. 


Example 2.1. Solve the equation 
V 324+ Vz—4=2 Vz. (*) 
Solution. We square both sides of the equation: 
32-+4+2 Y (82-4) («—4)+2—4=42. (*) 
Collecting, terms, we get an equation 
2 Y (82+4) (e—4)=0, 


whose roots are z = —4/3 and z = 4. One of the roots obtained, name 
ly, «x = —4/3, does not satisfy the initial equation since it does 
not belong to the set of its permissible values. Verification shows that 
for z = 4 the initial equation turns into an identity. 

Answer. x = 4. 


Solve the following equations. 

24. Vrt1=8— Y3r+i. 

2.2. V c+ V2+U+V 2— V2z+i1=4. 

2.3. YWil+2e—Vili—z=2. 24. V3er+7— Vre+1=2. 
25. V25—2=2—YV9+2. 2.6. V2?+1+4+ V2?—2243=3. 
2.7. V2ot+2—5-+ V2?+8r—4=5. 

2.8. Yattetia= Yot—sti+t. 

2.9. (22—4) Yz+1=0. 240. Y42—3+ Ybz+1i= V152+4. 
2.44. Yr+5+ Vz2+3= Y2rt7. 2.42. Y4—2+ Y5+2=3. 
2.13. V4r2+24 VY4z—2=4. 

2.414. Vc—V2—2+V 2+ Vr—2=2. 

2.45. Yr+7—2+3=0. 2.46. j/2+34—)/2—3=1. 

2.47. Y2e+5—V3r—5=2. 248. j/2+)/2r—16=//2—8. 
2.19. Yz+5+Y2+6=¥ 2+ Ml. 

2.20. Yati+yYae+i=/e—. 
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2.21. Ye+1+/2+24+Y723= 
2.22, J14+ Ve+Vy 1—Vr=2. 


Some special methods of solving irrational equations. In some cases 
we can rationalize an equation by multiplying its beth sides by a 
certain expression which does not assume the value zero. 


Example 2.2. Solve the equation 


Y 32?-++-52+8— Y32?-+52+1=1. («) 


Solution. Let us aye: both sides of the equation by the expres- 


sion VY 322 + 52 + 8 a jz + 8+) 32? + 52+ 1, conjugate with respect to 
the left-hand side of equation (*). After ‘collecting terms, we get an 
equation 


7= V 322+ 52-+8+ VY 32?+52+1, (+s) 
which is equivalent to the initial equation since the equation 
V 322-524 8+ VY 32?+52+1=0 
has no real roots. Summing up equations («) and (**), we get 
V Rt poepB=4. 
Squaring the last equation, we get a quadratic equation 
322 ++ 52 — 8 = 0, 


whose roots are x = —8/3 and z = 1. Verification shows that these 
are the roots of the initial equation. 
Answer. z = 1, zx = —8/3. 


Solve the following equations. 

2.23. VY 32?— 224-154 VY 3r2?—22+8=7. 

2.24, V22?+9—)Vx2—7—2. 2.25. YWi5—2+ VY3—2=6. 
2.26. VY Av? +Bze+C+ YAr®?+Br+C\=p 

207, Vtite+ Vaz 2% ig. 


a ’ 


Vu+2—Y2-—z Ff 


In some cases, an introduction of auxiliary unknowns makes it 
possible to pass from an irrational equation to a system of rational 
equations which is its consequence. 


Example 2.3. Solve the equation 
23—4r—6= Y 223— 82+ 12. 
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Solution. Introducing the designation V 22? — 8x-+ 12 = y, we 
get the following system of equations: 


y? = 227 — Br + 12, (*) 
y = 2? — 4x — 6. 
liminating the unknown z in system (*), we get an equation 
y? — 2y — 24= 0. 


The roots of this equation are y, = 6 and y, = —4. Since y denotes 
an arithmetic root, we choose a positive root from the two roots of 
the equation we have found. Substituting it into the second equation 
of system (+), we get for x an equation | 


xz? — 4x —12 = 0, 


whose roots are z, = —2, zg = 6. Verification shows that these are 
the roots of the initial equation. 
Answer. x = 6, x => —2. 


Solve the following equations. 

2.28. 7/(Ix—3)+8 yy (3— 72) 9=7. 
2.29. Wr—24+ V4—2r=29—6r+-11. 
2.30. {/47—22+Yy 35-4 22 =4. 

2.34. (x+4) (x+1)—3 Vx?+52+2=6. 


5 au am geal 
2.32. ye Te = 2-5. 
2.33. V2?+32 52 T Bs. 
2,gg0 Veet Ven’ 14 yates. 


7 ee ee 7 ry, 12 
230 e+ // 
2.36. V 23/2 ; wo Vzr=56. 
9.97, (822) V5=2—(e—3) Vz—-3_ 
V5—24+ Vz—3 
2.38. 2j/r—47/29+4=0. 


2.39. 22+32—18+4 Yz?+3x—6=0. 
2.40. VY 3y?+6y+ 16+ Vy?+ 2y=2 Vy?+2y +4. 


72 1 BRE ———————————— 
2.44.* / Vane Vs V 22-1 663—22—5. 


949, 2@—2)+4 V 229-3241 
. Ae. — O(@8—1) . 
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2.43. V2—2+ VY 22—54+-V 24243 Yor—5=7) 2 
2.44.* (x —3)?4-32—22— YW 2?—32+7. 


32 4,4 4 2 
ae Weeei 245) 
Example 2.4. Solve the equation 

y/ z+i= Vz—3. 


Solution. We introduce the designation y 
v. Eliminating z in the equations u? = x 
arrive at a system of equations 


2.49. 


r 


u =v, 
u® — yp? = 4, 

Its solution reduces to that of the equation 
vs — y?—4= 0, 


whose only real root is v = 2. Returning to the initial unknown, we 
get a linear equation 4 = z — 3, whose root is the only root of the 


initial equation. 
Answer. x = 7. 


Solve the following equations. 
2.46. i/5a+7—y 5a—12=1. 
2.47. V9—-Vartit+V 74 Vati=4. 


a A 
2.48. V 244+ Vz—V 5+ V2=1. 
Equations 2.49-2.56 can be solved by the method of isolating the 
perfect square in the radicands which makes it possible to simplify 


the process of solution. 
Example 2.5. Solve the equation 


V r—142 Vr—2—V c—1—2 Vx—2=1. 


Solution. We designate Yx — 2 = t; then the initial equation 
assumes the form 


V 224 2t+-1— V?—2t+1=1. («) 


Since the radicands on the left-hand side of equation (#) are perfect 
squares, it can be represented in the following equivalent form: 


je+til—fi—1!] =. 
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The only root of this equation is ¢ = 0.5. Returning to the unitial 
unknown, we get an equation 


Vz—2=0.5, 
whose root is z = 2.25, 
Answer. x = 2.25. 


Solve the following equations. 
2.49. V2+24+2 V2+14+V 2+2—2 Vzti=2. 
2.50, Va2t+5—4 Vo+14V 2+2—2 VY2+i=1. 
2.51. Vz+84+2 V2t7+Va+1—Vati=4. 
2.52, V 2242 Vr—1_V 22 We—i=t. 
2.53. V2+2 Vzr—1—V 2—2 Wr—i=3. 
2.54. Vita Vent +V ond Vactna—t. 
2.55. V 22—2 V22—1—2V 224+3—4 Vor—1 
+3V 224+8—6 VY 22—1=4. 
2.56. Vz+3—4 Vr—1+V2+8—6 Yr—i=1. 
- Applying the methods presented above, solve the following equa- 


4 1 =: 
pV ee ot Vans ae 


2.08. VY 2-2 tf 2B —-— = 


2.59. ieee igen aaa 
2.60. V22?—92-+44+3 VY 2r—1= Y 22?4 2iz—i11. 
2.64. VY 42?+92+5— VY 222? +2—1= Vx?—1. 

2.62%. j/4—42+22+4/ 49-4 142-4 2? = 34-7 14— 5a —2?. 
2.63*, V2? + 8246+ Ya?—1= 2242. 

2.64. eae Vi—z=2. 

2.65. —2=(Y1+2—1) (W1—<z+1). 

a 2 [eae et 

V z+2 Vz—1 V z—2 Vz—1 a—x" 

2.67.  (a+2)?+4y (a—a2)?=5 / a?—az?, 

2.68. /(z+1)2+ 7 («—12=4 fa?—1. 


Vet+8r + 82 7 
2.69*, +7 = ——— ~—|_—— e 
Vert ae arice Yr+!1 


2.57, 


2.66. 
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3. Systems of Algebraic Equations 


Several equations 


Fy (x1, Lay 2 6 09 Ly) = 0, 
Dg (tas ass ag a) HO ecg 
Fy (4%, Lg). - +) In) = 0 


considered simultaneously constitute a system of equations. A solution 
of that system is an ordered collection of the values of the unknowns 
which turns all the equations of the system into identities. 

A system of equations which has solutions is said to be consistent, 
and that which has no solutions is said to be inconsistent. 

A linear equation in n unknowns is an equation of the form 


Q4%, + agt, +... + a,2, = J, 


where a,, ad, ..., @,, b are some numbers. 

A system of equations is linear if all its equations are linear. A con- 
sistent system is said to possess a unique solution if there is a unique 
collection of numbers k,, ..., 4, turning all the equations of the 
system into identities. A consistent system of equations may possess 
several different solutions. Two consistent systems of equations are 
equivalent if all their solutions coincide. In what follows (especially 
when solving systems of linear equations) we shall often have to 
subtract one equation of the system from another, both sides of the 
former equation being multiplied by the same number. The resulting 
system of equations is equivalent to the initial system. 

When seeking solutions of a system of m linear equations in n 
unknowns, it is convenient to use the Gaussian algorithm which con- 
sists in reducing the given system to a triangular or trapezoidal form. 
Here is an example illustrating the idea of the Gauss method. 

Example 3.1. Solve the system 


z+ 2y + 32 = 8, 
sz + ytz= 6, 
2x + y + 22 = 6. 

Solution. Multiplying both sides of the first equation by —3 and 
adding it to the second equation, we obtain —5y — 8z = —18 or, 
what is the same, 

oy -+ 8z = 18. 
Multiplying both sides of the first equation by —2 and adding it to 
the third equation of the system, we get an equation —3y — 4z = —10, 
orywhat is the same, 
oy + 42 = 10. 
Consequently, the given system can be written as an equivalent system 
in which the second and third equations do not contain the unknown z: 
z+ 2y + 32 = 8, 
5y + 82 = 18, (*) 
oy + 42 = 10. 
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Multiplying both sides of the second equation by 3 and those of the 
third equation by —5 and adding these equations together, we get an 
equation 42 = 4; system (+) can be written in the form of an equiva- 
lent system 


z+ dy + 32 = 8, 
oy + 82 = 18, 
go 4. 
We have thus reduced the initial system to a triangular form. Sub- 
stituting z = 1 into the second equation of the system, we find y = 2. 


Substituting z = 1 and y = 2 into the first equation, we find z = 1. 
Answer. x= 1, y= 2, z= 1. 


Use the Gaussian algorithm to solve the following systems of linear 
equations. 


3.4. 2gty+t+z2=7, 3.2. 3x — 4y + 52 = 18, 


z+ 2yt2= 8, 22 + 4y — 32 = 26, 
xrty+t 2z= 9. x— 6y+ 8=0. 
3.3. 10x — 9z = 19, 3.4. r+ 2y+24+7=0, 

8x — y = 10, 2z-+y—z—1=0, 
y — 12z = 10. 3x — y+ 2z2—2=0. 
x y 4 
3.0. aga 3.6. x+a*y+ b?z=0, 
x Z 
wot Pat x-+ ay+bz=0, 
Sa ts= : zrtytz=1. 


Solution and investigation of systems of two linear equations in two 
unknowns. Let us consider a system of two linear equations in two 
unknowns: 

Q4,2 -}+- Aygy = y, (*) 
Ag,r -+- Aggy = by 


under the condition that at least one coefficient in each equation of 
the system is nonzero. Assume that A, A,, and A, are determinants of 
system (*): 


G11 42 
A= = 441492 — 449491) 
Goi 422 
b, a 
__ | 9% 12] __ 
Ay = b = b1d29— b2040, 
2 422 

ay, oy 

Ay= b = 04140, — 9b). 
Q1o 2 


For A = 0 the system is consistent and has a unique solution. The 


solution of this system is z = =e y= oY. 
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For A= 0 

(1) system (*) is inconsistent (i.e. has no solutions) if at least one 
of the determinants, A, or A,, is nonzero; 

(2) system (*) is consistent and possesses several different solutions 
if A, = A, = 0. 

Each equation of system (+*) puts the variables z and y into a li- 
near correspondence. In a rectangular system of coordinates every 
linear correspondence between the variables z and y defines a certain 
straight line. In the case when the system has a unique solution, the 
straight lines defined by the first and the second equation intersect. 
If the system has an infinite number of solutions, the straight lines 
coincide; if the system is inconsistent, the straight lines are parallel. 


Example 3.2. Solve and investigate the behaviour of the system 


ax-t+ y= 2, 
x-+ ay = 2a. 
Solution. Let us calculate the determinants of the system: 
a 1 
pa ey. ee 
A= t ala? 1, 
2 1 
An = On 7 [= 2a—2a=0, 
a 2 
== — 2. 
Ay 1 2a 2a? — 2. 


(1) Assume A = a? — 1 0, i.e. a ~ +1. In this case the sys- 
tem has a unique solution 
Ax 0 Ay, 2a%—2 
sc Oh ee a ae Se 
(2) Assume A = a? — 1 = 0, i.e. a = +1. In thiscase A = A, = 
A, = 0, i.e. the system is consistent and has several different solu- 
tions. 
For a = 1, the system assumes the form 


zsty=2, r+ty=2, 
and any pair of numbers (z; y) related as x + y = 2 is its solution- 


= 2, 


For a = —1, we have 
—r+y=2 zx—y= —2 
r— y= —2, > r—y = —2, 
and any pair of numbers (z, y) related as r — y = —2 is its solutions. 


Answer. For a = +1 the system possesses a unique solution + = 
0, y= 2; 

fora = 1 any pair of numbers (z, y) related as x + y = 2 is its 
solutions; 

for a = —1 any pair of numbers (z, y) related as x — y = —2 is 
its solutions. 


Solve and investigate the following systems of equations. 
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Sus ztay—1=0, 3.8. 3x4+ ay = 5a’, 
ax — say — (2a + 3) = 0. 32 — ay = a’. 
3.9. a+ 9d)z 2a-+ 3) y — (8a + 2) = 0, 
Be rare ED a es 8) j — be es is = 0. 
3.10. a(a— 1) 2+ (a+ 1) ay = a+ 2, 3.11. ax— y=), 
(a? —1) 2+ (22 + 1)y = at —1. be + y= a. 
3.12. (a? + b?) x -+ (a? — 6?) y = a’, 
(a+ b)x+ (a — b)y~=a. 
3.13. Find the values of the parameters m and p such that the 
system 
(3m — dp + b)x-+ (8m — 3p — a)y = 1,7 
(2m — 3p + b)x-+ (4m — p)y = 2 
should possess several different solutions. 
3.14. Are the equations 


z+ay=b-4e, 
z+ by=c-+a, 
zr+cy=a- bd, 


where a, b and c are real numbers such that a? + 6? + c? = 1, con- 
sistent? 
3.15. The numbers a and 0 are such that the system 
a’x — ay = 1 — a, 
br + (8 — 2b)y=34a4 
possesses a unique solution x = 1, y = 1. Find the numbers a and b. 
3.16. For what values of a and b does the system 


a*x — by = a* — b, 
bx — b?y = 2 -+ 4b 


possess an infinite number of solutions? 
3.17. For what values of a does the system 


az 4 (2—a)y=44 a2, 
ax -+ (2a — 1) y = a5 — 2 
possess no solutions? 
3.18. The numbers a, b, and ¢ are such that the system 
ax — by = 2a — J, 
(c+ 1)2-+ cy = 10 —a- 3b 


has infinitely many solutions, and z = 1, y = 3 is one of the solu- 
tions. Find a, 6, and c. 

3.19. For what values of the parameter a does the system of equa- 
tions 


ax — 4y = a-+ 1, 
22 + (a+ 6)y=a+3 


possess no solutions? 
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3.20. For what values of the parameter a does the system 
2x + ay = a- 2, 
(a+ 1) 2-+ 2ay = 2a+ 4 
possess infinitely many solutions? 
If one of the equations of a system of two equations in two unknowns 
is linear and the other equation is‘nonlinear, then the system’can be 
solved as follows. One of the unknowns of a linear equation is expres- 


sed in terms of the other and is substituted into the second equation 
which turns into an algebraic equation in one unknown. 


Solve the following systems of equations. 
3.21. (cx — y) (x? — y*) = 45, 


r+y=o5d. 
3.22. (x + 0.2)? + (y + 0.3)? = 1, 
rty= 0.9. 
z,y 13 

3.23. ar ae 3.24. (x+-y)4+4 (x+ y)?—117=0, 

z-+y=5. x—y= 25. 
3.25. 22-1 y? = 2 (zy 4+ 2), 

zty=6. 
3.26. 22 -+ y? + 102 — 10y = 2zy — 21, 

zr+t+y=05. 


Equations in two unknowns 
agz"™ + ayx"-1y 4+ anrM-3y?4+- ,,. +-apr™-hykt ...+apy"=—0 


are called homogeneous equations. In a homogeneous equation each 
term contains a product of the powers of z and y the sum of whose 
exponents is constant. When one of the two equations of a non-linear 
system is homogeneous, it is possible to use that equation to express 
linearly one unknown of the system in terms of the other. 


Example 3.3. Solve the system 
2% — S2y + by? = 0, (*) 
x2 +. y2? = 10. 
Solution. Dividing the first equation by y?, we get a quadratic 


equation 
#?2— 5t+6=0, 


whose roots are t, = 2, t, = 3, with respect to the unknown ¢ = z/y. 
Returning to the initial unknowns, we get the following linear rela- 
tionships between the unknowns appearing in the initial system (*): 


r= 2y, z= 3y. Cr) 


Substituting successively z = 3y and z = 2y to the second equa- 
tion of the given system, we obtain quadratic equations y? = 1 and 
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y? = 2, whose roots are yj, 1, ¥s4 = + V2, with respect to 
the unknown y: ee (ee) os be used to find the requisite 
values 21, .. 


Answer. (3, ), ce —3, —1), (22V2, V2), (-2V2, —Y 2). 


Solve the following systems of equations. 
3.27. x2y8 + z8y2? = 12, 3.28. 2+ y? = 65, 


z2y>? — ey? = 4. z*y + zy? = 20. 
3.29. x4 — y4 — 15, 
A system of equations in n unknowns 2,, 22, . . ., Zp, is said to be 


symmetric if it does not change upon a permutation of the unknowns. 
If there are two unknowns (z and y), then the solution of such systems 
can often be found by introducing new unknowns u = z+ y and 
v = zy. In that case, it is convenient to use the following aquiatone: 


a? y? = (x + y)® — 2zy = u? — 2v, 
B+ y= (c+ y)® — dzy (cx + y) = uF — Bur, 
xt t yt = (2? 4 y?)? — 2x2y? = [(2 + y)? — 2ay]? — 2z%y? 
= [u? — 2v]? — 2v?, 


which rid it ear to express the combinations of the unknowns 
x? y?, x4 + y* in terms of the unknowns u and v. 


ticle 3.4. Solve the system of equations 
a2 4 y® = 2 (zy + 2), 
zt+y= 6. 


Solution. We designate v = zy, u = x-+ y and then, make use 
of the equation 


x2 + y? = (x + y)? — zy, 


u2 — 2v = 2v-+ 4, 
u = 6, 
with respect to the new unknowns, whose only solution is u = 6, 


v = 8. Returning to the initial unknowns, we find that the solution 
of the initial system reduces to that of a simpler system 


zt+y=6, zy = 8, 


whose roots can be found by the use of the Vieta theorem, for instance. 
Answer. (2, 4), (4, 2). 


Solve the following systems of equations. 
3.30. z22y-+- y2z= 20, 3.31. z*-+y2=a, 


1 4 9) 
gly 4 gt yr 
3.32, x3y+ zy2= 6, 3.33. 2*+ yt = 82, 
ryt+r+y=o. r+y=4. 


to obtain a system 
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3.34. 2+ y3=9, 3.35. a+ y= 2, 


xy = 2. zy (x + y) = 2. 
3.36. (x? -+ y?) zy = 78, 
zt yt = 97, 


3.37. 5 (t+ y*) = 4A (2? + y?), 
wet y+ zy = 13. 
3.38. xt + y4 = 97, 
zy = 6. 


Solve the following systems of equations combining the methods 
presented above. 


(73 __ 2__ = eae al 
3.39%. (@9—2-+1)(ye—y+4)=3, 3.40%. +a, 


(t+ 1) (y+1)=6. r+ y?=09., 
3.41%. 2a5y? — yx? = 36, 3.42. ry—2xz2+y=—1, 
2z7y — y*x = 6. z*y — y*x = 30. 
3.43. ry+2—-y=3, 3.44. 2274+ zry+ r= 10, 
x*y — ry? = 2. y2+. zy + y = 20. 
3.45. x2+ xy + 2y? = 37, 3.46%. 2? — zy + y? = 19, 
222 +. 2ry + y? = 26. xt 4+. 22y2 + yt = 931. 
3.47. (2? + 1) (y2+ 1) = 10, 3.48%. 25 — y5 = 3093, 
(x + y) (zy — 1) = 3. z—y=3. 


Symmetric systems of three equations in three unknowns z, y and 
z are usually solved by introducing new unknowns: 


u=-r+y+2z, v=sy+yz2+ 22, w= xyz. 
In this case, it is convenient to use the following equations: 
xt y® + 22 = (x + y + 2)? — 2 (zy + yz + 22) = u? — dv, 


af y® + 2 = (2+ y + 2)? — 3 (e+ y + 2) (xy + yz + 22) 
4+ 32yz = u® — 3uv + dw. 


Example 3.5. Solve the system of equations 


rty+z=1, 
zy + yz+ 22 = —4, 
4 yt a= 1, 


Solution. The system is symmetric. Introducing auxiliary un- 
knowns 


rty+z2=—u, ry + yz+ 22 = dD, ryz2 = Dv, 
and using the equation 
+ y+ 2 = ui — 3uv4+ 3u, 
we obtain a system 
u=i1, v= —4, ui — 3uv-+ dw = 1, 
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or, returning to the old unknowns, we get a system 


zr+ytz=1, 
xy + yz 4+ a2 = —4, (*) 
xyz = —4. 


The given system can be solved by using the Vieta theorem for a cu- 
bic polynomial: the roots t,, t,, t; of the cubic polynomial 73 -+- at? + 
bt -t- ¢ are related as 
i + tg + t3 = —a, 
tyty -} tyty + tots = 4, 
tylots = —-C. 
It is easy to notice that for a = —1, b = —4, c= 4 the roots of 
the cubic equation 
e—2—4t44=—0 
are in the same relationship as the unknowns z, y, z in system (*) 
und, consequently, the triple of the values of the unknowns 
z=—t, y= te, 2= ts 


is a solution of system (*). By virtue of the symmetry of the system, 
in addition to this ine of the values of the unknowns, the following 
triples of the values of the unknowns are also solutions of the system: 


z= ty, y=t, z= ts, 
z=ts, yot, 2=h, 
z=—t, yots, 2= tay, 
z= t, y = ts, z=, 
z=ts yok, t=, 


‘Thus the solution of the given system has reduced to finding the roots 
of the cubic equation 
®— t2?— 444 4=0, 
whose roots are 
t$=2, t=—2, t= 
Consequently, the following ordered triples of numbers are solu- 


tions of the given system: 
(2, aoe 1), (—2, 2, 1), (1, 2, —2), (—2, 1, 2), (1, —2, 2), (2, 1; —2). 


Solve the following systems of equations. 
3.49. zty+z=0, 
Pp ypeo Pt P+ 2, 
xyz = 2. 
3.50. zrty+tz=1, 
z* + y2 + 23 = 1, 
4 ys = 1, 


Systems of three equations in three unknowns are sometimes 
solved by an introduction of auxiliary unknowns. 
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Example 3.6. Solve the system of equations 


3zy = 222 3 yz 
tty “' a+z2° ~' y+z 


=4, 


Solution. The given system is equivalent to the system 


t+y 3 t+z 2 ytz 1 


my 5 XZ 3? yz — 4h’ 


Performing a term-by-term division on the left-hand sides of the 
equations, we reduce the system to the form 


z Zz 3°? 


4,1 2 14,14 1 
—+ a=, a a ar < 
: 1 1 
Designating Fs Hs Tw, we get a linear system with 
respect to the unknowns we have introduced: 


3 2 1 
ae ie upw=s, eV age 
64 141 19 


190’ 120” 73) is its solution. Conse- 


quently, the triple of numbers (a ; _ ; a) is a solution of the 


initial system. 


The triple of numbers ( 


Solve the following systems. 
16 


3.54. 3ey———= —5, 3.52. 2b y = TH 
n+ = —5, z-+z2z=———_ rs ; 
y=. y+2=> ——_ a: 

3.53. 22?—(y—z)?=a, 3.54. opr 

y3—(2—2)9=5, ag = 
2*—(xr—y)?=c. sty 


3.55. zrt+y+2z2= 13, 
at y+ 22 = 94, 
y? = 22. 
3.96. rty+t+tz2=0, 
zy? + 2 = 2 (y — 2x — 2) — 2, 
zt y® + 8 = 3 (c? — y? + 2°). 


3.97.6 


3.58 


3.59. 


3.60. 


3.62. 


3.63. 


3.64. 


3.66. 


3 Systems of Algebraic Equations 


rty+z2=1, 
4g27 4+ yP te 22? — be = 284+ yr 4+ 23 -- 2, 
xyz = 2-41 yz. 
ny + ye-+ 2x = 4A, 
get y2t 22 = 14, 
xyz = 6. 
2 (x-+ y) = zy, 
zy + yz-+ zr = 108, 
xyz = 180. 
g(xty+2) =a, 3.64. 227+ y* = azyz, 
y(¢#t+ty+2)= 8, y? + 2% = bryz, 
z(e¢ty+z) =e. 221 2? = cryz. 
wy =r+y—z2, 


22 =r—y+2, 
yxo=y—zrz+2. 
4zy-+2?+ y?= 14, 
82z + 2? + 422 = —2, 
8yz + y? + 422 = 1, 


2 (x? + y?) = xyz, 3.65. xy22? = —y — 2z, 
10 (y? + 2?) = 29zryz, 227yz = —y — 2, 
5 (22 + 2?) = 13zyz. 3ry2z = 27 — 2 
sy+ot+y=i7, 


y2-+y+2= —3, 
aztzx+2= —5. 
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If a system contains irrational equations, we usually rationalize 
them when solving the system. In that case we use methods which are 
usually used in solving irrational equations. 


Example 3.7. Solve the system of equations 


Solution. Introducing the designations V 14+ 52 =u and 


y 1+5c+)V5—y=3, 


5a —y== 11. 


1/5 — y = v, we get a system of equations 


utv=3, ut+ vt= 17, 


(*) 


which is a symmetric system of nonlinear equations whose solutions 
1,v= 2, and u= 2,v= 1. Returning to the initial un- 
knowns, we obtain the following systems of linear equations: 


are «= 


11+ S52= 16, 1+ 52=—1, 
o—y=1, o—y= 16. 


Answer. (3, 4), (0, —11). 


8—0263 
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Solve the following systems of equations. 
3.67. Y2xe+y—1— Vz+y=1, 


32+ 2y =4. 
3.68, z+ 2y+/2—y+2=3, 
22-+-y=7. 
3.69. VY z29—zy— Vay—y?=3 (z—y), 
xr2#—y3=Al, 
3.70. Vr2+y2+ V dzy=8 V2, 
Vit+Vy=4, | 
3.71. Vz?+5+ Vyt—5=5, 3.72. Vrt+Vy=2, 
z2+ y2—= 13, z—2y+1=0. 
3.73. Vz+Vy=8, 


cty- Vit Vi-2 Vg? 
3.74. ay + V c2y2?—yt=8(Yzty+ Vz—y), 
(x-+ y)8/2 —(z—y)*/3 = 26, 


Chapter 2 


Logarithms. Exponential 
and Logarithmic Equations 


1. Identity Transformations of Exponential 
and Logarithmic Expressions 


Let a be a positive number different from unity and M any posi- 
tive number. The logarithm of the number M to the base a is a number, 
designated log, M, such that 


Fa M 


= M, 
The A es ori properties of logarithms. 
ee ota +log,c, a#1, a>0, b>0, e>0, (1) 


loga = log, b —log,c, a¥#i, a>0, b>0, ec>0, (2) 


log p bt = logy b, axX#1, b>0, a>0, p¥0, (3) 
log, b= wee » a#1, c#1, aD O>OD, e>O, (4) 
ae ax#1, b#1, a>O0, Ob>O0. (5) 


Example 1.1. Simplify the expression 
log, VY a?—1 log? es V at—1 
log, 2 (a2 —1) logs ~ y a2—1 
Solution. According to (3), we have 
(logy jg V @—1)*= (—log, V a?—1)?= (log, V a—1)?, (*) 
108s, V a8—1= 108 (5 /2)3 (j/a?—1)?= log, Va?—1, («x) 


log,.2 (a? —1) = log, anya (@— 44a log, VY a?—1. (44x) 


Substituting the right-hand sides of expressions (*) to (***) into the 
initial fraction, we obtain 


log, V a?—1 log2 Wa?—1 
log, V a?#—1 log, VY a?—1 
Answer. log, Y a?—1. 
3@ 


=log, Va,—1. 
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Example 1.2. Calculate 
841 1/log, 31 97108. 361 g6/loge 4) ; 
Solution. According to (5) we have 
g11/logs 3 gytogs 5— 
Using the properties of powers, we obtain 
gi i/logs 5 __ (gaylogs 5 _ (glog: 5ya, 


According to the definition of a logarithm, we have 3485 — 5, Thus 
we have 
81 1/logs 3 _ 54 625, 
Similarly, 
g4/log: 9 _ 34 logs 7 __ (g2y2 logs 7 _ (glogs 7)2 _. 72 — 49, 
9.71089 36 __ 971083 6 ae 33 logs 6 a (3108: 6)3 oA6. 

Adding the resulting values together, we get the required number. 

Answer. 890. 

Simplify the following expressions. 


3/log .-< 3 
qt/logs 9 V6 _ 7 
4. 2 ie (( 7) 7/08 7 __ gos loess 6) 


2/lo 4 log. b+1,1o 4 2 b 
1.2. al Sp, at b—291%a + b Spat ab /log, 7a 


log 
1.3. (2 V2" _gloess (a?-+1)8__ 9a); (74 108494 __g__ 4), 
1.4*. log, 2 log, 3 log, 4 log, 5 log, 6 log, 7. 


] ] 1 <9 l 
£5 lopy loves 0g, (logs x+ — log? 442 10g, /, 108s = 


( 5 log, a2 
log, b-+-log, \b logan » log, b 


1.6. log, b ares logan b a log;, log, o.-.. 4 
| 
1081/5 (5) 4 4 
Ay Paes, lo ~ —=—_—— +lo ———_—_—_—, 


When calculating the values of one logarithmic or exponential 
expression from some other, known, logarithmic or exponential ex- 
pressions, we usually factor all the numbers appearing in the given 
expressions into primes. 

Example 1.3. Find log,,8 if it is known that log 5 =a and 
log 3 = 6b. 

Solution. We represent logs, 8 as 

log 8 
logs 8= Tog 30, 
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Using prime factorization of the numbers 30 and 8 and the properties 
of logarithms, we obtain 


eee oe 3 log 2 
830° Tog 5-1 log 3-- log 2° 
Taking into account that 
log 2= log = = 1—log5, 


we get 
3(1—a 
3 (4 —a) 

b+1 ° 


1.8. Calculate 


Answer. 


logs 435 oe logs 5 
logis 3 log4o5 3 


without resort to tables. 
Knowing that log 2 = a, log, 7 = b, find log 5b. 

1.10. Knowing that log 3 = a, log 2 = 3, find log, 6. 
ae It is known that log, 7 = a, log, 5 = b, log, 4 = a. Find 
og; 12. 

1.12. Knowing that b = 81/(1-10802) and ¢ = gi/(1-l08s>) express 
log, a in terms of log, c. 

1.13. It is known that 


log, x =a, log, c = B, log, x = y, logg z = 9; 
zi. 
Find logated Le 


To prove the identity of two logarithmic expressions when certain 
conditions are fulfilled, it is sometimes convenient to transform the 
iven conditions and then to take their logarithms. 


Example 1.4. Prove that 


a 


log 


b 4 
, =F (log a- log b), (*) 


if a?#+t 6? = 7ab,a>0, b>0. 

Solution. Let us transform the conditions by isolating the perfect 
square: 

a? + 6? +. 2ab = Qab, 
1.e, 
(a + b)? = Qab. 

l'aking logarithms of this equality to the base 10 and collecting terms, 
we obtain 


2 log (¢ + b) — 2 log 3 = log a + log b. 
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Dividing both sides of the equation by 2 and using property (2) of 
logarithms, we get (*). 


1.14. Show that if z > 0, y > 0, then it follows from the equa- 
tion 22 + 4y? = 12zy that 


log (x-++ 2y) —2 log 2= > (log x-+-log y). 
1.15. Prove that 
loga+,m -+ log,-,m = 2 log,1,m log,-,m 


if it is known that m? = a? — B?. 


1.16. Prove that if a, b, c are successive (positive) terms of a geo- 
metric progression, then 


logg N—log, N _ logg N 
log, N—log.N log. N ° 
1.17. Prove that if 
(ac)!°%a b iige 


then the numbers log, NV, log, N, log, N are three successive terms of 
an arithmetic progression for any positive value of N. 


When proving identities (i.e. verifying the validity of some equali- 
ties on the whole domain of definition of the functions appearing in 
them), use should be made of the same techniques as those employed 


in simplifying logarithmic and exponential expressions. 
Example 1.5. Prove that 


Pp jf. 
log p log p V/V. ee p= —n 
eS 
n 


for p> 1, 


Solution. Transforming the irrational expression under the second 
sign of logarithm, we obtain 


» | > 
VV... pap”, 


Se A, A 


n 
Taking logarithms in this equation to the base p, we get 
, 1 
logp De ta . 


Taking logarithms in this expression to the base p once again, we get 
the required identity. 


1.18. Prove that the equality 


4 1 4 1 
log, N ole log 42 N oF logs V + log..N 10 logy a, 


holds for any permissible positive numbers a and N, 
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1.19. Prove that 


a ee Tas a 
9 (View, V ab-+ logy / ab — Vy log, ee + logy \/ +) V log, b 
={ 2; b>a>1, 
~ \ 2loggb, 1<b<a. 
1.20. Prove that 


log, N logy N + log, N log, N-+ log, N log, N 
1.21. Prove the identity 


__ logg N logy N log, N 
logabe NV : 


loBa/y t= logy x—log, x’ 


2, Exponential Equations 


Exponential equations are the equations in which the unknown 
enters only into the exponents, the bases being constant. The ele- 
mentary exponential equation is an equation of the form 


aX = b, (1) 
For a> 0 and b> 0, a 1, its solution is 
z= log, b. 
If some function f (xz) is in the exponent instead of z, i.e. an equa- 
tion has the form 
af(*)= b, a>0, #1, b>0, (2) 


then taking logarithms of both sides of the equation, we arrive at an 
equivalent equation 
f (x) = log, b. 


Some exponential equations can be reduced to form (1) or (2) by 
means of the equations 


axt¥ = qX* qu, 


(a®)U = aXI, 
x 
— —= aXx-¥, 


(aeb)©® = aX -bx, 
a _ ae 
(5) = 
Example 2.1. Solve the equation 
G2x+4 — (38x). (Qx+8), 


Solution. We rewrite the given equation as 
(32x44) (2ae+4) — (38x) (2e+8), 
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Using the property of the members of a proportion, we get 


3ax+4 Qx+8 
38x. ~~ oaxta 


or, after simplification, 34-* = 24-*, We reduce this equation to the 
form 
2 \4—-x 
(3) "=! 


and get 4 — x = 0, whence z = 4. 
Answer. zx = 


Solve the following equations. 
V 3%. 5% = 225. 2.2. (23%). (5*) = 1600. 
2.3. (93-5%) (75x-8) —1, 2.4. (32%-1) (58##2) = (52) (33%), 


2.56 3.42} .ge == §e4xt1 + xt). 


2x2 -5x— 9 
26,7 2 =(y3)? "8", 9.7, 4.3x+245.3%—7.3041— 40, 
; ee 
in? — sin 2 
2.8. 5 =) ee ee 
=e x+17 
2.9. 16°-7 = 512-6473, 2.40, 5!4*-6! 953x-4, 


x 24+V x+x 
ee Gye 


2.12. (gie=7 7), VV ott 95 #1 


25 -—12 27 
ald: 0.6*-(3)” (zy 


‘ 1/2 
Ade (204)!-8 =. (0.44(eypsin #42 — (EY 


2.15. Find the solution of the equation 
1 


gx? + 4x 


which satisfies the condition xz > —3. 


If an exponential equation has the form 
g (al(*)) = 0, (3) 
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then its solution by the substitution y = a/(*) reduces to the solution 
of an equation of the form 
af (x) = Yio 
where y; are roots of the equation g (y) = 0. 
Example 2.2. Solve the equation 


iV xt-2+%__e 19 x-14+Vx?-2 __¢ 
Solution. Designating oV xt- 24x y we get a quadratic equation 


— y—6=0, 


whose roots are y, = 4 and y, = —3/2. Thus we have reduced the 
solution of the given equation to that of the equations 


gx+V x?-2 —4, gx+V x?-2 = — 3/2 


The second equation has no solutions since 2*+V*?-2 > 0 for all 
permissible values of z. From the first equation we get 


r+ Voi o=2. 


Separating out the radical and squaring both sides of the equation, 
we obtain 
zw?—2=—4— 444 2. 


Collecting terms, we get the only root zx = 3/2. Verification shows 
that this root satisfies the initial equation. 
Answer. x = 


Solve the following equations. 

2.16. 28+143.2%-8— 76. 2.17. 37/81—10)/9+3=0. 

2.18, 31-* — B1t® 4 Ox + G-*— 6. 2.19, 641/% — 2848/% 4-12 =(). 

2,20, 4108» *__ 6. gles x 4 glogs 27 _ Q, 

2.21, 4V 3x?—2x+1 1 9 g.oV 3x?— 2a, 

Exponential equations whose power bases are successive terms of a 
veometric progression and the exponents are the same can be reduced 


to equations of form (3) by means of a division by any of the end 
terms. 


Example 2.3. Solve the equation 
6 -4% — 13.6% + 6 -9% = 0, 
Solution. We divide both sides of the equation by 9* and get 


6 (-)*—13 (=) "+8=0. 


T 
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Designating (=)*=», we get an equation 


6y? — 138y + 6 = 0, 


whose roots are y, = 3/2 and y, = 2/3. Thus the solution of the 
equation reduces to the solution of two elementary exponential equa- 


tions 
CS ee ee 
a cea Ta Te a ae 

Answer. x =1, x = —1. 
Solve the following equations. 
2.22. 7-4%°— 9.14"°42.49%°=0. 2,23. 3-16%-+ 36% = 2.81%. 
2.24. 8€+18%—= 2.27%, 2.25. 63/9—13 7/616 /4=0. 
2.26. 16%—5.8*+16-4%=0. 2.27, 29%-3 5.4 6.08-8« — 0). 
2.28, 27412 —2.8%, 2.29. (44+ VW15)*+(4— V15)* = 62. 
2.30. (V5+2 V6) +(V 5—2 V6) =10. 
2.31. Solve the equation 


(Vat Vae—1) (V a— Vat—1) =2a, 


by substituting the value Y2, V3, 3, 4, 5, 6, 7 for a. 
2.32. SEX? — Hl-x*? — 24, 2.33. 5%-1 4 5-0.2%-2 = 26. 
2.34. 107/% 4. 251/% = 4,25 -501/*. 
Equations of the form 
[a (x)](*) = [a (2r)]e(*) 
with the set of permissible values defined by the condition a (xz) > 0, 
can be reduced to the equivalent equation 
b (x) logg [a (z)] = ¢ (z) logg [a (z)] 


by taking logarithms of its both sides. The last equation is equivalent 
to two equations 


log, [a (z)] = 0, b (x) = ¢ (2). 
Example 2.4. Solve the equation 
| 2 — Q jlox2-1 — | x — 2 Ax, 


Solution. The set of permissible values of the unknown of the giv- 
en equation is zr ~ 2. Taking logarithms of both sides of the equa- 
tion to the base 2 and collecting terms, we get an equation 


(10x? — 3x — 1) log, |x — 2| = 0, 
which is equivalent to two equations 
log, |r —2| = 0, 102? — 3x — 1 = 0, 
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The roots of the first equation are z, = 1, zr, = 3, the roots of the sec- 
ond equation are zx, = 1/2, x, = —1/5. 
Answer. —1/5, 1/2, 1, 3. 


Solve the following equations. 
2.35. VY |z—3|*2=V | c—3 [*-2, 2.36. | r—3 19%? 10x43 4, 


3 ang 
2.37. 2 °8a* — (qm!8a*, 959, (y/"z)logs=-1 5, 
2.39. 08 x+-7 ae 4g(log x+1)- 4 


Some equations which contain an unknown in the exponent can be 
solved by investigating the behaviour of the functions entering into 
their left-hand and right-hand sides. 

Example 2.5. Solve the equation 


76-2 = 7 +. 2. 


Solution. By means of selection we find the root z = 5. The equa- 
tion has no other solutions since the function f (x) = 78-x decreases 
monotonically and g (zx) = x f 2 increases monotonically and, con- 
sequently, the graphs of these functions intersect not more than once. 

Answer, x =. 


Solve the following equations. 

2.40*.(V 2+ V3) +(V 2— V3)" =2e. 

2.41%, 3%-1-+4 5x1 = 34, 

a.4oe, g3xt—2xt _ TET t 
H 


2.43%. 4% 4. (2 — 1) 2% = 6 — 2z. 
2.44%. (x + 1) 9X-3 4 47 .3x-3 — 16 = 0. 
2.45*. 2? — a2 +4 = 2-28-21 — 4x-t, 


3. Logarithmic Equations 


The logarithmic equation is an equation which contains an unknown 
quantity under the sign of a logarithm. The elementary logarithmic 
equation 


loggz=b,a>0,a41 (4) 
with the set of permissible values x > 0 has a solution x = a, 


A logarithmic equation in which a certain function f (zr) is under 
the sign of the logarithm, 


log, f (2) = b, a>0, a #1, (5) 


has a set of permissible values of x defined by the inequality f (x) > 0 
and is equivalent to the equation 


f (a) = ab, 
Example 3.1. Solve the equation 
2—2z-+ 3 log, 2 = log, (3% — 5?-*), 
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Solution. Let us transfer the logarithm appearing on the left-hand 
side into the right-hand side and, making use of the properties of log- 
arithms, write the equation in the form 

3x 5 8-x 
Ret), 


By the definition of a logarithm, the given equation is equivalent to 
the equation 


2—x= log, 


which can be written in the form 
3% = 9-52-% or BX-2 = 92-* or 15%-3 = 


The resulting exponential equation is equivalent to the equation 
x — 2 = 0 whose solution is zr = 2. 

The set of permissible values of x of the given equation can be 
found as the solution of the inequality 


3x — 52-x > 0. 
For x = 2 the given equation holds true and, consequently, x = 2 isa 


solution of the initial logarithmic equation. 
Answer. x = 2. 


Solve the following equations. 
3.1. log, [2-++ log, (3-++z)] =0. 
3.2. log (5—2z) — log (35 — 73) = 0. 
3.3. logs (8% — 8) = 2 — z. 
3.4. log ir; (4* — 6) — logis (2% — 2) = 2. 
3.5. log (8x? + 122 + 19) — log (82 + 4) = 1. 
If the logarithmic equation has the form 
f (log, xz) = 0, 


where f is a certain function, then by the substitution y = log, z it 
can be reduced to equations of form (4): 


log, «= Yis 
where y; are roots of the equation f (y) = 0. 
Example 3.2. Solve the equation 
(log, x)? — 5 (log, z) + 6 = 0. 
Solution. Designating log, z = y, we get an equation 
y?— sy+6=0 


whose roots are y; = 2, y. = 3. Thus the initial equation is equiva- 
lent to two equations of form (4): | 


log, z = 2, log, x = 3, 
whose solutions are z = 4 and z = 8, 
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Answer. x = 4, x = 8. 

Solve the following equations. 

3.6. log? x — log? x — 6 log x = 0. 3.7%. 27% + 1063 © — 38. 

3.8%, 92-8 * 4. 912-108 = 0, 3.9%, 22 108" = — 10,8, 

3.10%, (2 1og® x— 1,5 log x) _ 4/40. 3.44. 4—logx=3 Yloga 
3.412. 3 Vlogz+2log W1/r=2. 3.13%. Vlog (—z) =log Vz? 
3.14. logs (3% —1) log, (3*#1—3)=6. 3.15%, 151085 3 logs 9x+1 _ 4, 


Ve~i-1 Yr+i+1 
A logarithmic equation of the form 
loga(x) + f (z) = loga(z) g (2) 
is equivalent to the equation 
f (z) = g (2) 
which is considered on the set of the permissible values of x defined by 
a system of inequalities 


f (x) > 0, g (xe) > 0, a (xz) > O, a (x) #1. 


If the given equation includes logarithms to different bases, it is first 
necessary to reduce all the logarithms to the same base. 


Example 3.3. Solve the equation 
log Vr-i4> log (27-++ 15) = 1. (+) 


Solution. The set of permissible values uf the unknown z can be 
found as a solution of the system 
z—1>0, 2x+ 15> 0 
and is an interval (1, +-co). Using the properties of logarithms, we 
reduce the given logarithmic equation to the form 


log (VY (« —1)° VW 2z+-15) =1. 


By the definition of a logarithm, from the last equation we get an 
irrational equation 
V (x—1) (22 + 15) = 10, 


whose solutions are x, = 5, rz, = —23/2. The set of permissible val- 
ues of zx of the initial equation includes only the root x, = 5 which 
is indeed a solution of the initial equation. 

Answer. « = 5. 


Solve the following equations. 

3.47. 2 logs (x —2)-+ logs (1x —4)? =0. 
2+2\ _ 2 

3.18. log, (5) = log; (=) ° 
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3.19. > log (xz? — 102 +- 25) + log (x? —62-++ 3) = 
2 log (#—5) +5 log 25. 


3.20. ple VA ari log z— log 2 55G, 


Vz 
3.21. log (x (x-+-9)) + log eto, 
3.22. log, (222— 2)= log, (5x—4). 3.23. 
3.24. logxs1 («© — 0.5) = log,o.5 (x + 1). 
Os 25. 108.34 242 — 3x+5 (23 +- 322 + 22—1)= logoxa+ logex 2: 


3.26. log,., (223 + 222 — 324+ 1) = 3. 
3.27, logs (28 — 92 + 8) loge-1 (x + 1) = 3. 
3.28. log..41 (c? + 2 — 6)? = 4. 

1 


3.29. 108 (3 _ 4x2) (9— 1624) = 2-++ log, (3 — 4x2) 


log (35 — x8) 


log (5—7z) 3 


3.30. logsx = +- log z=1. 3.34. log,.2 16 -+- logex 64=3. 


3.33. logy 2—log, e+t= 0. 


3.34. 2—log,: (4-+2) =3 logy VY z—1—log,, (4? —1)?. 
3.35. 3 log, 4 + 2 log,, 4+ 3 logy, 4 = 0. 


Some logarithmic equations can be solved by investigating the 
eas of the functions appearing on their left-hand and right- 
and sides. 


Example 3.4. Solve the equation 


Solution. We make sure by selection that x = 5 is a solution of 
the equation. It has no other solutions since the function appearing 
on the left-hand side increases and that on the right-hand side decreases 
and, consequently, the graphs of these functions cannot have more 
than one intersection. 

Answer. x = 


Solve the following equations. 

3.36*. (2 AG 1) log? j + 4x jogs z—i16=0. 
3.37*. 322 — 223 = log, (x? + 1) — log, z. 
3.38*. 3% = 10 — log, z 

3.39*. log? x + (2 — i) ‘Tom xz =6 — 2z. 
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4. Systems of Exponential 
and Logarithmic Equations 


Systems containing exponential or logarithmic equations are 
usually solved by reducing the exponential (or logarithmic) equation 
to an algebraic equation and solving the resulting algebraic system. 


Example 4.1. Solve the system of equations 
8 ( /2)* 4 =0.5u-8, 


logs (x — 2y) + logs (8x + 2y) = 3. 
Solution. The set of permissible values of the unknowns z and y 
is defined by the system of inequalities 
z— 2y>0, 324+ 2y>0. (*) 
rom the exponential equation of the initial system written in the form 


(V2EME = (YDE™, 
we get an equation 

z—y+6= 6 — dy, 
from the logarithmic equation written in the form 

logs [(x — 2y) (82 + 2y)] = 3 
we get an equation 
(2 — 2y) (82 + 2y) = 27. 
Thus we have reduced the solution of the initial system to that of the 
system of equations 
z—y+t+6=6— 2y, (?*) 
(2 — 2y) (3a + 2y) = 27 

considered on the set of permissible values of the unknowns which is 
defined by system (*). Finding the expression for y from the first 


equation of system (**) and substituting y = —z into the second 
equation, we get an equation 


322 = 27, 


whose solutions: are rz; = 3, rz, = —3. From the first equation of the 
system we find y, = —3, y, = 3. From the two pairs of numbers 
(3, —3) and (—3, 3) we have found for the solutions of system (**), 
only the pair (3, —3) satisfies the system of inequalities (*). 

Answer. (3, —3). 


Solve the following systems of equations. 
4.4. log, + + log, y = 2, 4.2. log, x — log, y = 0, 


z7—y= 20. zg? — 2y2— 8=0, 
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x+y — 2Y-x 4 —_—_ = 
4.3, 4°+Y = 2Qu-%, 44, + 212, 
1 
4logy-5* = y4 — 5, log 10g5 - 4 
ae y=-—— 
2 ede 3) 3° 
4.56 et y= 12, 4.6%, 4% — 7.2"-v/? = 28-y, 
2 (2 log, js — logy/.y) = 5. y—-r=3. 
2x — 2x—y)/2 
4.7. 3 (+) "4+7(4)' ae Lg 


log (87 — y) + log (x-++ y) —4 log 2=0. 
4.8. 4x/¥+y/x — 32, 
logs (c—y)=1—log, (x+y). 
17> e 
4.9, 9¥ * _97.Vu— 0, 


as log 2+ log y=log (4—j/2). 


4 
4.10. 3-*.2Y — 1152, 4A1. 2*-3U=—6, 
o = 4y— 
logis (c+ y)=2. 3% .4Y = 12. 
412, (0.48% + 2)ax-y — 14, 43. oX?—¥r— 16 4, 


log (zx-+- y) —1= log 6 — log (x-+-2y). zr—y=2. 


If the power base in the exponential equation of the system is the 
function of the unknowns, then the system can be reduced to a system 
of rational equations by taking the logarithm of that function to a 
certain base as one of the unknowns. 


Example 4.2. Solve the system of equations 
z*¥*-1 5, 


gu? +2 425, 

Solution. Taking logarithms in both equations of the system to the 
base 5, we get a system of equations which is equivalent to the initial 
system: 

(2y2 — 1) logsr = 1, 
(y? + 2) log, = 3. 
Designating log, x = z, we get a system of rational equations 
(2y? —1) z= 4, 
(y? + 2)2= 3. 
Finding the expression for z from the first equation and substituting 
it into the second equation, we get an equation 


y2+2 


a shore A 


2y2—1 


4 Systems of Equations 49 


whose solutions are y, = 1, yg = —1. From the first equation of the 
system we find (both for'y = "4 and for y = —1) the unknown z = 1. 
rom the equation 


log, x = 1 


we find x = 5. Thus the solutions of the initial system are two pairs 
of numbers (5, 1), oe 
Answer. (9, 1), (0, —4), 


Solve the following systems of equations. 
4.144. y=1-4 logyz, 4.15. y — loggx = 1, 


zy = 48, 2¥ = 312, 
4.16. (x y)u-* = 2 ; 417, x*-2y — 36, 
3 log, («+ y)=2—y. 4 (x—2y)-+log,rz=9. 


4.18. (x + y)-2¥-2x = 6.25, 
(2 + y)/CX-¥) = 5. 
Some systems of logarithmic or exponential equations can be _ re- 
duced to systems of rational equations by a direct replacement of the 


logarithms appearing in them (or of the powers respectively) by new 
unknowns. 


Example 4.3. Solve the system of equations 
5V *. Vv — 200, 
3/7 - 
5° V * 4 92 Vy _ e809. 
pss 


Solution. Introducing, the designations z = ov * and u = oVu, 
we get a system of rational equations 


zu = 200, 
22 1. ut = 689 
which is equivalent to two systems 
zu = 200, zu = 200, 


z-+u= 33, z+u= —33. 


The pairs of numbers (25, 8), (8, 25) or (= —20, —8), (—8, —25) are 
solutions of these systems. The two last pairs ‘are extraneous solutions 
of the initial system since z > 0 and u > 0. Returning to the initial 
unknowns, we get the following systems of equations: 


5V * _ op 5V ®_g. 
Vv—s, Wv—os, 


whose solutions are z = 8, y = 9 and z = (log, 8)°, y = (log, 25)?. 
46-0263 
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Answer. (8, 9), (27 log? 2, 4 log? 5). 


Solve the following systems of equations. 
4.i9*, 2V%-2.1 Vixu-1_5 4.20%, (2tey) Y- 1, 


zy 
4.24. 11%2 —2.5¥ = 74, 
417 4+. 2-5¥/2 = 24, 
11 (*-1)z 4 5¥/2 = 416, 


MEE ane ee. 9 (22+ y) =6"*-¥, 


5. Miscellaneous Problems 


Solve the following equations. 
5.1. 122x+4 — 38x .4xe8 5,2, Qe 4. 4(xtl)/2 = 8 .3x/8, 


5.3. 2° — 3t/2?= 4. 5.4. (sin 1)* + (cos 1)* = 4. 
5.5. 5V*442V%13V%, 5.6, 10*7 = 2-100". 


5.7. Ve=(pz)". 5.8%. 52° TV Bx = 100, 


5.9. 91/% +. 121/% = 161/*, 
5.10. 149%-2 4. 433e-2 — 438x-1 — 4 43x-1, 
5.14%. 10(%+1)(8%4+4) — 2 .40(X4+1)(%4+2) = 101-x-x2, 


5.12*, (-)°= 2+ 62-9. 5.13, 3774-4" = 5%", 


3 2 _ 
5.14. wv =(Yyz)”. 
5.145. Find all solutions of the equation 


2 Qx4l + Q'x-314+2 — 72 02x 31444 Qx-1. 


5.16. 9% — 5-12* + 6-16% = 0. 

Solve the following logarithmic equations. 

5.17. log, 5 + 2 logo, z = —y? — y + 2.75. 

5.18. log? 23 — 20log Vz +1 = 0. 

5.19. | 1 — logy, x | + 2 = | 3 — logy/, z |. 

5.20. V1+loge WV 27 logs z+-1=0. 

5.24. log iz (x-+- | r—2]|)=logy (5e—6+5 | r—2 ]). 


5.22. log, (2x? + x -+ 1) — log, (22 — 1) = 1. 
5.23. 2 log, log, z + logy/, log, (2V 22) = 4. 
5.24. log.41 (2? + 2 — ar = 4, 
5.25. pee Fl Cie) 
lob irs (Yz+3— Vz—3) 
1 


5.26. logs [(2+ V5)*—(V5—2)"]=>-—3 logy <2. 


5 Miscellaneous Problems 


5.21": yx By* = 72.5, 
log, y logy (y — wa = 1. 
5.28. logs x + for, y + log, z = 2, 
logs y +- log, z + log, x = 2, 
log, z + log, x + logigy = 2. 
i 
log 5 (x?+y?)+1.5 = 
5.29.10 ? = 100 ¥/10, 


Vx?+ 10y 6 
3 2V2?+10y—9 
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4/7 
5.30*. 2! VY ya yy, 5.31*. log, | logy z | =logs | logs y | 


4 — 
y V9 Lays, log? x-++ log? y =8. 
1 
5.32. logis 0 (imecrt logs y | = log, We 


loge 2 (logs (2 +-u)] =3 log, 2. 
5.33. 2 = 2, v= y, yd = =. 
5.34. log, x log, (xyz) = 48, 
log, y log, (xyz) = 12, a>0, a1. 
log, s log, (ryz) = 84. 


Chapter 3 


Inequalities. Equations 
and Inequalities with Parameters 


Assume that f (x) is a number function of one or several variables 
(arguments). To solve the inequality 


f (x) <0 (1) 


is to find all the values of the argument (arguments) of the function / 
for which inequality (1) holds true. The set of all values of the argu- 
ment (arguments) of the‘function f for which inequality (1) holds true 
is called the set of solutions of the inequality or simply the solution of 
the inequality. 

The set of solutions of the nonstrict inequality 


f(z) <0 (2) 


is a union of the sets of solutions of inequality (1) and the set of solu- 
tions of the equation f (x) = 0. 

Two inequalities are considered to be equivalent if the sets of their 
solutions coincide. 

The set of permissible values of the unknowns appearing in the in- 
equality is the domain of definition of the function f (z). 

Separate inequalities of form (1) or (2) formed for various functions 
f; (z) can be reduced to a system of inequalities. To solve a system of 
inequalities is to find the set of all values of the arguments of the func- 
tions f;(x) for which all the inequalities of the system simulta- 
neously hold true. 

Systems of inequalities are said to be equivalent if the sets of their 
solutions coincide. 


1. Algebraic Inequalities 


Linear inequalities (strict and nonstrict) are inequalities of the form 
axt+-b>0, ax+b0<0, ar+b0>0, axr+0<0, a0, 
whose solutions for a > 0 are, respectively, the values 
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and for a<0 the values 


ze (—o; ——}, ze(——-; +o), 


re (0; |, ze | ——3 +o), 


Quadratic inequalities (strict and nonstrict) are inequalities of the 
form 


ax* + br +c>0, ax* 4+. br +c <0, 
az?’ + br +cS>0, az? 1 br +c <0, 


where a, b, and c are certain real numbers and a = 0. 

Depending on the values of its coefficients a, b, and c, the quadrat- 
ic inequality az? + br + c>0 has the following solutions: 

(14) for a> 0 and D = b? — 4ac> 0, 


re( oi PSP?) u(B, +=): 


(2) for a>0O and D <0, x € R; 
(3) for a< 0 and D>0O, 


7 (ea —Sy? | 
C 2a ’ 2a , 
(4) fora <0 and D <0, x = @ (i.e. there are no solutions). 

The solution of the inequality az? + bx -+c <0 reduces to the 
solution of the inequality considered above if we multiply both sides 
of the inequality by —1. 

The set of solutions of the nonstrict inequalities az? + br +c > 0 
and az? + bz + c <0 are found as the union of the sets of solutions 
of ie corresponding strict inequalities and the equation az* +. bz + 
c— Vv. 

Fractional linear inequalities are inequalities which can be reduced 
to the form 

ax-+b 

cx-+d ee (3) 
where a, b, c, d, k are certain real numbers and c + 0 (if c = 0, then 
(he fractional linear inequality turns into a linear inequality). In- 
vqualities of form (3), where the signs <, >, < stand instead of the 
sign >, are also fractional linear. The solution of a fractional linear 
inequality can be reduced to that of a quadratic inequality by multi- 
plying both sides of inequality (3) by the expression (cx + d)?, which 
is positive for all x € R and x # —d/c. 

The method of intervals. Suppose P (zx) is an nth-degree polynomial 
with real coefficients, and c,, cg, . . -, ¢; are all real roots of the poly- 
nomial with multiplicities k,, k,, ..., k, respectively, with c, > 
Cg >... >c; The polynomial P (x) can be represented in the 
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form 
P (2) = (x — c)* (2 — c)t# 2. (2 — &)) "0 (2), (4) 


where the polynomial @Q (z) has no real roots and is either positive or 
negative for all z € R. Let us assume for definiteness that Q (zx) > 0. 
Then all factors in expansion (4) are positive for z > c,, and P (x) > 
0. If c, is a root of odd multiplicity (k, is odd), then all factors in 
expansion (4), except for the first one, are positive for c,< 24 < ¢ 
and P (xz) < 0. In that case we say that the polynomial P (x) changes 
sign when passing through the root c,. Now if c, is aroot of even mul- 
tiplicity (4, is even), then all factors (the first one inclusive) are posi- 
tive for co < x <c, and, consequently, P (x) > 0 for x € (c,; cy). In 
that case we say that the polynomial P (zx) does not change sign when 
passing through the root c,. 

In a similar way, using expansion (4), we can easily verify that 
passing through the root c, the polynomial P (z) changes sign if k, 
is odd and does not change sign if k, is even. This property of polyno- 
mials can be used to solve inequalities by the method of intervals. 
To find all solutions of the inequality 


P (x) > 0, (9) 


it is sufficient to know all real roots of the poe P (x), their 
multiplicities, and the sign of the polynomial P (zx) at an arbitrarily 
chosen point which does not coincide with the root of the polynomial. 


Example 1.1. Solve the inequality 
x? (x + 2) (« — 1)8 (@@? + 1) > 0. (*) 


Solution. Let us arrange the real roots of the polynomial appearing 
on the left-hand side of the inequality on the number axis Oz 
(Fig. 3.1). For z > 1 the polynomial is positive since allfactors appear 
ing on the left-hand side of the inequality are positive. We _ shall 
move along the Oz axis from right to left. When passing through the 


Fig. 3.4 


point z= 1 the polynomial changes sign and becomes negative 
since z = 1 is a root of multiplicity 3; when passing through the 
point z = 0 the polynomial does not change sign since x = 0 is a 
root of multiplicity 2; when passing through the point z = —2 the 
polynomial again changes sign and becomes positive. The intervals 
of the constancy of sign of the given polynomial are shown schemati- 
cally in Fig. 3.1. Using this figure, it is easy to write the set of solu- 
tions of inequality (*): 2 € (—o«; —2) U (1, +00). | 
The solution of a rational inequality, i.e. inequality of the form 
P (z) 
—— > 0, 6 
O@) > a 
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where P (x) and Q (z) are polynomials, can be reduced to that of equiv- 
alent inequality (5) as follows: multiplying both sides of inequality 
(6) by the polynomial [Q (zx)]?, which is positive for all permissible 
values of the unknown z (i.e. for those values of x for which Q (zx) ¢ 
0), we obtain a rational inequality 


P (z) Q (z) > 0, 
which is equivalent to inequality (6), it can be solved by the method 
of intervals. 
Example 1.2. Solve the rational inequality 
2 (7 —4)\8 
x? (x —1)8 (x-+ 2) 20; (+) 
x—3 


Solution. Multiplying both sides of the inequality by (x — 3)*, we 
obtain an inequality which is equivalent to inequality (*): 


x? (x — 1)3 (2 + 2) (x — 3) <0. 


The set of solutions of the last inequality can be found by the method 
of intervals: zx € (—oo; —2) U (4; 3 
Answer. x € (—oo; —2) YU (4; 3 


Solve the following inequalities. 


14. Got gte <i. 12. <a. 

1.3. (2-+4) (3—2) (c—2)? > 0. 14, ges SA. 
15, =—Z EP <0. 16,9  <_*., 
ee eT ee 
1.9. —= <x. 1.10. ses <0. 

141, 8) 


Irrational inequalities. An irrational inequality is an inequality 
in which the unknown quantities (or certain functions of the unknowns) 
are under the radical sign. To find the set of solutions of an irrational 
inequality, it is necessary, as a rule, to raise both sides of the in- 
equality into a natural power. In that case, since it is impossible in 
principle to verify by substitution the solutions obtained, it is neces- 
sary to make sure that in transforming the inequalities we each time 
get an inequality which is equivalent to the initial inequality. 

When solving irrational inequalities, one should remember that 
when raising both sides of an inequality into an odd power, we always 
obtain an inequality which is equivalent to the initial inequality. 
Now if we raise both sides of an inequality into an even power, we 
get an inequality which is equivalent to the initial inequality and has 
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the same sign only in the case when both sides of the initial inequality 
are nonnegative. 


Example 1.3. Solve the inequality 
Vz—5— V9—z>1. (*) 


Solution. The set of permissible values is x € [5, 9]. Inequality (*) 
is equivalent to the inequality 


Vz—5> V9—2+1, («*) 


whose both sides are nonnegative. Squaring both sides of inequality 
(**), we get an equivalent inequality 


22—15>2 VY 9—z. (**#) 


(1) If 22 —15 <0, ie. er < 15/2, then the left-hand side of the 
inequality is negative or equal to zero and the right-hand side is pos- 
itive. Therefore, for any value‘of x on the interval [5, 15/2] inequality 


(««*) is not satisfied*. 
(2) If 22 —15 > 0, i.e. x > 15/2, then both sides of the inequal- 


ity are nonnegative, and after the squaring we get an inequality 
which is equivalent to inequality (***): 


(22 — 15)2 > 4 (9 — 2). 


Thus the set of solutions of inequality (*) is obtained as the set of 
solutions of the system of inequalities 


Sx<2r<Q, 
2x — 15 > 0, 
(22 — 15)? > 4 (9 — 2), 
144+-Y7 
rag Os 


whence we get zr€ ( 


Answer. £€ (Maye ; 9 | 


Solve the following inequalities. 
142. Vi-s2e— Ydpa>1. 143. V4—V1—2z— VY2—2>0. 


1.44. V2?+42—5—2243>0. 145. 2+4< Vr+46. 
V %A—2z—z? 


1.16. V2—Y3+e< Veph. 147, ————— <1. 
sig, Vets — 4. 119, 4c Vett —3 
1—z {—V2+3 


* If the initial inequality (*) had an opposite sign, then all the 
values of z satisfying the inequality z < 15/2 and belonging to the 
set of permissible values of the initial inequality would be solutions 


of the given inequality. 
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4 4 
SS 
1.22. Yx?—2—2 > 2243. 1.23. V2?+32-+4> —2., 
V x?—16 — 5 
1.24. Sf —————— z—3> 2 | 
Vz—3 +V Vz—3 
1.25. ¥3r2-+-5c--7— V 30? 5a +2>1. 


Inequalities containing an unknown under the sign of an absolute 
value. The signs of an absolute value in inequalities can be removed 
in the same way as in similar equations. 


1.20. V8—2?— V25—z2*>-x. 1.24. 


Example 1.4. Solve the inequality 
[2?7—1|]—2z7< 0. 


Solution. The expression under the sign of an absolute value can 
assume a positive as well as a negative value. 


-1t¥20 1+V2 V4 
Fig. 3.2 


(1) Let us assume that x? — 1 > 0. Then, according to the defini- 
tion of an absolute value | x2 — 1 | = x? — 1, the initial inequality 
assumes the form 


z?—2r7—1< 0. 


The solution of this inequality is 1—YW¥2<2<144+ Y2. The in- 
tersection of the sets of solutions of the inequalities 72 — 1 > 0 and 


-1-V2 -1— OV F417 . L 
Fig. 3.3 


x? — 2x—1 < 0 yields|the first set of solutions of the given inequality 
(Fig. 3.2): 2€[4,1+ V2). 

(2) Suppose now that x? — 1 < 0. Then, according to the defini- 
tion of an absolute value | z? — 1| = —(z?— 1), the given in- 
equality assumes the form —z? + 1 — 2x < 0, or, what is the same, 

. zte4 2e#—1> 0. 


The solution of the last inequality iss << —1—Y2andz> V2 —1. 
The intersection of the sets of solutions of the inequalities 72? — 1< 0 
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and x? + 2x — 1 > 0 yields the second set of solutions of the given 
inequality (Fig. 3.3): 2€ (V2 —1, 1). 
us, the solutions of the given inequality are the values w€ 
(V2—1, V24 1) 
Answer. 1 € (V2 —1, V2 + 1). 
Solve the following inequalities. 


1.26. |x — 3] > —1. 1.27. |4— 3x| < 1/2. 

1.28. 27+ 2[74+ 3] —10< 0.1.29. | 27-—1|[— 22> 0. 

1.30. 22?+2—10<2|[2—2]|.1.31.27—|3r74+2|/4+22>0. 
9 


2 ———— pas 
1.32, |29—3]-+2¢+150. 1.38. —— yz > I-21. 


2. Exponential Inequalities 


The elementary exponential inequalities are inequalities of the form 
ax => b, ax < b, (1) 


where a and 6b are certain numbers (a >0, a #1). 

Depending on the values of the parameters a and ), the set of solu 
tions of the inequality ax > b can be in the following forms: 

(1) x € (log, b, + co) for a>1, b>0; 

2) x € (— o, log, b) for O<a<1, b> 0); 

(3) z€ Rfor a>0, b< 0. 

Depending on the values of a and b, the set of solutions of the 
inequality a* < b can be in the following forms: 

(1) x € (— o, log, b), for a>1, b>0; 

(2) 2 € (log, b, + co), forO<a<i1, b>0; 

(3) c = g fora > 0, b < 0 (i.e. the inequality has no solutions). 

The set of solutions of the nonstrict inequalities a* > b and a* < b 
can be found as the union of the sets of solutions of the corresponding 
strict inequalities and the equation a* = b. 

Inequalities of form (1) can be generalized to the case when the 
exponent contains a certain function of z. Thus the set of solutions 
of the inequality 


can be found as the set of solutions of the inequality 


f (rz) > logs 3, 


which is equivalent to inequality (2). 

The methods of reducing complicated exponential inequalities to 
inequalities of form (1) or (2) are similar to the methods used in solv- 
ing exponential equations. Thus, for instance, the solution of an 
exponential inequality of the form 


P (a*) > 0, 


where P (a*) is a polynomial of the indicated argument, can be re- 
duced, by the substitution a* = y, to successive solutions of the ine- 
quality P (y) > 0 and of the elementary exponential inequalities of 
form (41) or systems of elementary exponential inequalities. 
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Example 2.1. Solve the inequality 
gx — 10-37 +. 9 < 0. 


Solution. We introduce the designation 3* = y. Since 9* = (3?)* = 
(3~)2, we have 9* = y? and for the variable y the given inequality 
assumes the form 


y>—10y+9< 0. 
The solution of this quadratic inequality is 1 < y < 9. This double 
inequality is equivalent to a system of two inequalities 


y>1,ys9, 


which assumes, for the unknown z, the form 


3% > 1, z> 0, 


3x <= 9, zx <= 2, 
Answer. x €[0, 2]. 


Solve the following inequalities. 
2.4. 40 4 2041 6 <0. 2.2. 4-e4/2?— 7.2-7 —-4< 0. 
2.3. 25-* 4 5-e41 > 50. 2.4. 407 3.2 e271 450. 

x4 2 4 
2.5.2-32414< 32, 2.6, ay > (+) iar 


2.7. 98 — 7x2+5x-48 > 4gu2tix-49, 9.8, 5.4% 4 2.25% < 7-108. 
2.9. Y13%®—5 < VY 2-(13% + 12)— W138" +5. 

2.10. 9V22*3_43 — 3V x2-3-1 99, 

2.14. 52x—10-3V %-2_ 4.5 e-b — 51+3 V x— 2. 

2.12. (+ \"< 23-x% 25 1/logs 5, 

2.13, 25% — 22 108. 6-1 — 49.5 x-1, 

2.14. 52x+1 4+ 6x+1 ~ 304-5%-30%, 


215. V gi oV3-7+1_ V3") Va-et+1S 5, 
Ax2 
216. PAPI —5> 28%, 247, gett 


V27 © 
2.18, 4¢<3.QVata4 gttV =, 
219, 32+ __3x4241 650, 
B2xt2_ 9. 3xt2_ 97 — Q. 
2.20. jgtan mx __31-tan TO | > 2. 
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3. Logarithmic Inequalities 


‘ The elementary logarithmic inequalities are inequalities of the 
orm 


log, x > 8, (1) 
log, zs < 8, (2) 


where a and Bb are certain real numbers (a > 0, a 1). Depending on 
the values of a, the sets of solutions of inequality (1) can be 

(14) x € (a>, + 00) for a> 1; 

(2) x € (0, ab) fora< 1, 
and those of inequality (2) can be 

(1) x € (0, ab) for a> 1; 

(2) 2 € (ab, + co) for O<a< 1. 

The set of solutions of the nonstrict inequalities log, z > 6b and 
log, z <b can be found as the union of the sets of solutions of the 
corresponding strict inequality and the equation 


log, z=b. 


An inequality of the form 
log, f (4) > b (3) 


is equivalent to the following systems of inequalities*: 
(14) f (x) > 0, f (x) > a> for a>1; 
(2) f (x) > 0, f (ec) < a for a< 1, 

and an inequality of the form 


log, f (t) <b (4) 


is equivalent to the following systems of inequalities: 

(1) f (x) > 0, f (x) < a> for a> 1; 

(2) f (xz) > 0, f (x) > a for O<a<i. 

More complicated logarithmic inequalities can be reduced to ine- 
qualities of forms (1)—(4) by the methods similar to those used in 
solving logarithmic equations. Thus, for instance, the set of solutions 
of inequalities of the form 


P (log, x) > 0, (5) 


as well as of the inequalities P< 0, P>0O, P <0, where P isa 
polynomial of the indicated argument, can be found as follows. A new 
unknown y = log, x is introduced and inequality (5) is solved as an 
algebraic inequality with respect to the unknown y. Then the solution 
of the initial inequality reduces to that of the corresponding elemen- 
tary inequalities (1), (2) or systems of those inequalities. 


Example 3.1. Solve the logarithmic inequality 
log? x — log, x — 15 > 0. (*) 
Solution. The set of permissible values of the unknown is x > 0. 
Reducing the logarithms to the same base (say, to the base 2), we get 


* If inequality (3) is nonstrict, the second inequalities of these 
systems are also nonstrict. 
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un inequality which is equivalent to inequality (*): 
= 
4 


We solve this inequality as a quadratic inequality with respect to 
the new unknown y = log, x. As a result we find that logarithmic 
inequality (**) is equivalent to two elementary inequalities 

log. x > 10, log, x << —6. 


The union of their sets of solutions yields the set of solutions of ine- 
quality (*): 2€ (0, 2~*) U (2, +00). 
Answer. x € (0, 2-8) U (219, +00), 


A logarithmic inequality of the form 


log? x— log, r—15 > 0. (* *) 


log g(x) f (t) > (6) 
is equivalent to two systems of inequalities: 
f(z) > 0, f (x) > 0, 
g (x) > 1, O<g(z) <1, (7) 


f(x) >Te (zie; ef (x) < Te (2)I¢. 


Example 3.2. Solve the inequality 
log. (22) > 2. (x) 


Solution. The given logarithmic inequality is equivalent to two 
systems of inequalities: 
2x — 3/4>0, 22 — 3/4 > 0, 
x>1, 0O<zr=<i, 
22 — 3/4 > 22, az — 3/4 < 2. 


The set of solutions af logarithmic inequality (*) can be obtained as 
the union of the sets of solutions of these two systems. 


Answer. x€ (=. =) U (1,5). 


Solve the following inequalities. 


3.1. logy/.(2z-+3)>0. 3.2. loge al <0. 


z+2 
3.3. logs/s (222-2) >1. 3.4. logis, cla < cos =. ‘ 
3.5. log? z+ loggz—2< 0. 3.6. 2 log, (2x2-++ 3) < log, (z?+ 6). 


3.7. logy Vz—2log},,2+1>0. 3.8. logy, (2c -+3) > log, 27. 


3.9. log (x —4)+ log z < log 21. 3.10. log, z—log, (= > 2. 


3.41. logs [(z—3) (z+ 2)] +logy/, (cr —3) < — log, 5 3. 
3.12. logyoo (x?) + log?)  < 2. 
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3.13. 


3.14. 
3.15. 


3.16. 


3.17. 


3.18. 


3.19. 
3.21. 


3.22. 
3.23. 
3.24. 


3.25. 
3.26. 


3.28. 


3.30. 


3.32, 


3.33. 
3.39. 
3.37. 
3.38. 
3.39. 
3.40. 
3.41. 


9 1 
logs (7—z)< 6 log* V3 Zt log,-a YJ. 


3 
l —log?z<— = 
0g3 t—loggr<z 10g 2 V3) 4, 
logy/_ (4—2) > logy/. 2—logy/. (x —1). 
3m 
sin = 


logs (3— x) — log, me ++ logs (z+-7). 


a— 
9 
2 logy/4 (t-+5) > z “- V3) 9+ log ira 2 


3x — | 3 
log, (8% —1) - logy/, (=-} STF: 


logy/2z < logy, 2. 3.20. logs (34% —32*+1-+. 3) < 2 log, 7. 
logio \2¢-+-3|3-12 logon4.3)3 10<3. 
log, x4 


logx/2 8+ logs/4 8 < Tog, 224° 


glogs *__ 952 79. 


2 log, — log, (z2 — 32 + 2) < cos — 


log,/3 COS x > > logis > for r€(—2; 3). 
logy/, |z—3| > —1. 3.27. loge (Wz+3—z—1) <0 
log? . <—81+42 ee 
Viogijz2—8t+2 3.29. logis VE+4 — 
logi/2z—1 1ogy/2 (t+ 2) 


logs V5—22-logy3<1. 3.31. log, z 17 tee ( ue )<1. 


Vine ES) 1s te, (22543), 


1— V1—8 log? x log, x log, ¥ 1+ 22 
2 log, x mae eee: log, (1+2r) ~ loge 
3 3 \4 
log ( 22 _ =) >4. 3.36. logo, _.2 («—+] > 0. 
log x44 (52+ 20) < logxs, [(z+-4)?]. 


2 (x — 2) 
Btls SE EB) 


4 
108 (s41/x) (22 ae = 4) > 1 
log a1 - Vx-1 7 (2? — 32+ 1) > 0. 
(log).4 6 lees (z?—x—2) >1 


> 1. 
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: +1_ a 
3.42. log Ws (6% 36%) > —2. 
3.43. logs loZo/16 (x? —4zr + 3) <= 0. 


3.44. 2! > 10-276 *43, 3.45. log, [log, (4*—6)] <4. 
log, log, /.(x2—4/5) 
3.46. (=) poe 
2 
3.47. 122+ VY 324+ 425— 42°. log, 22 > 3 V3+42—422 
+ 423 log, x‘. 
The expressions on the left-hand and right-hand sides of inequali- 


ties 3.48-3.52 are positive and these inequalities can be solved by 
taking logarithms of both sides of the inequalities. 


3.48, 708? x-3 log x+1 ~ 4990, 

15 logearz V3 logsr- 3 
3.49. 23> 2 2V20 "3 Vx", 
3.90. (x? —2x—1)**-! <1, 
3.54. Jr[Pr-t-2 <4, 
3.52. 21/18 *logz <1. 


Inequalities 3.53-3.58 are equivalent to systems of trigonometric 
inequalities or systems of algebraic and trigonometric inequalities. 


3 
2 ———____. 
3.53. log) in x) (?— 8% 23) > ioe (ain a 
3.54. (loggin « 2)? < loggin x (4 sin® 2). 


3 
3.99. log cos(x2) (-—2¢] < LOZ cos( x2) (22 — 1). 


3.56. VY tanz—1 [log,,, x (2+4 cos? z)— 2] >0. 
3.57. log, sin z > log,o, (3 sin z— 2), 

l | (+ ares 
3.58. 8 sin x+V3cosx\ 2 2 
Find all integers satisfying the following inequalities. 


) 0 


5 
= 12-3 
3.59%, 3° a *) _glogs *> 83. 


3.60. gece < 2 log, (t-+-2). 


2 
V z+5-1 

3.61. l ——3—"—_ ] > 0 
°F(2 | V 10—z 


4. Equations and Inequalities with Parameters 


Equations and inequalities with parameters are traditionally the 
most difficult problems from the course of elementary mathematics. 
The solution of these problems reduces, in essence, to the investigation 
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of the behaviour of the functions entering into the equation, with the 
subsequent solution of equations or inequalities with numerical coef- 
ficients. When solving equations (inequalities) with parameters, it 
is necessary to find out at what values of the parameters the equation 
(inequality) possesses a solution and then find all the solutions. 


Example 4.1. Solve the inequality 
ax > 1/z 


for all values of a. 
Solution. Writing the inequality in the form 


axz*—1 > 0, 


we find that the initial inequality is equivalent to two systems of 
inequalities: 
az? —1> 0, ax? —1<0, 
z>0; zr< 0. 


Let us solve the first inequality of the first system writing it in the 
form 
ax® > 1. 


For a> 0 it is equivalent to the inequality z2 > 1/a whose set of 
solutions is z < —1/Y a and x > 1/ VY a. In that case the solutions of 
the first system are z € (1/VY'a, +-cc). For a <0 the left-hand side 
of the inequality az? — 1 > 0 is negative for any z and the inequality 
has no solutions, and, consequently, the first system on the whole has 
no solutions. 

Let us consider the second system. For a > 0 the solutions of the 
inequality az? —1< 0 areze€ (—1/Y a, 1/Y a), and the solutions of 
the system are x € (—1/Y a, 0). For a <0 the left-hand side of the 
inequality az? — 1 < 0 is negative for any values of z, i.e. the ine- 
quality holds for all x € R, and, consequently, z € (—co, 0) are solu- 
tions of the system. 


Answer. If a< 0, thenz € (—oo, 0); if a > 0, then z € (—1/V a, 
0) U (1/V'a, +00). 

Algebraic Equations and Inequalities with Parameters. 

4.1. Solve the equation x? + | z | + a = 0 for every real number a. 


4.2. Find all values of the parameter a for which both roots of the 
quadratic equation 


z* — 6ar + (2 — 2a + 9a?) = 0 
are real and exceed 3. 


4.3. Find all values of the parameter a for which both roots of the 
quadratic equation 


z*—ar+2=0 
are real and belong to the interval (0, 3). 
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4.4. For what real values of m is the inequality 


z*t+ mx + m? + 6m < 0 
satisfied for all x € (1; 2)? 
4.5. Find all values of m such that 


mz* — 44 -+ 3m+1>0 
for all z > 0. 
4.6. For what real m does the inequality 


z2*— (m+ 1)z2+m>0 


yield an inequality x > 1? 

4.7. Find all values of the parameter a for which the inequality 
ax? — xz+-1—a< 0 yields an inequality 0< 2 <1. 

4.8. Find all values of the parameter a for which the inequality 
O<2z<1 yields an inequality 


(?% + a— 2)227— (a+ 5 r—2<0. 
4.9. Find all values of a for which the inequality 
2x? — 40°2x — a? +1>0 


is valid for all z which do not exceed unity in the absolute value. 
4.10. Find all values of the parameter p for which the equation 


(32)? + (31/P#3 — 15)e¢4+4=0 


has one solution. 
4.11. For what values of the parameter a is the ratio of the roots 


of the equation 
Ytartat2z=0 


equal to 2? 
4.12. Find the values of the parameters p and g which are the only 


roots of the equation 
v4 prt+q=0. 

4.13. For every value of a determine the number of solutions of 

the following equations: 
(a) Y2|z|—z2=a; (b) |2?—2r—3] =a. 
4.14. Find all values of a for which the inequality 
z—2a—i1 
x—a 

is satisfied for all x such that 1 < az < 2. 


4.15. Find all values of the parameter a for which the roots of the 
equation 


<0 


etigegta=o0 


are real and exceed a. 


5—0263 
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4.16. Solve the inequality 
2|zx—a|< 2ax — x? — 2 


for every value of the parameter a. 
4.17. Solve the inequality 


Va+z+ Va—z>a 


for every value of the parameter a. 
4.18, Find all a for each of which the inequality 


4 
259" + og" > x—axy + y— 252? 


is satisfied for all pairs of numbers (z; y) such that | x |= | y |. 
4.19 Find all values of & for each of which there is at least one 


common solution of the inequalities 
zt? 4kr + 3k? > 14+ 2k, x? + 2hre < 3k? — 8k 4 4. 


4.20. Find all values of the parameter a for each of which there 
is at least one value of z satisfying the conditions 


3 a? a 1 
2 ed ae a, eae 
a4 (4 sa) ets zy <9; z=a 5 
4.21.* Find all values of a for each of which the inequality 
3—|z2—a|>2? 


has at least one negative solution. 
4.22. Find all values of a for which the solutions of the system of 
inequalities 
v4t6rt+7+axdg, 
ve4t4r+7 < 4a 
form an interval of length unity on the number axis. 
4.23. Find all values of a for which the system of inequalities 
et4rt+3<a, 
z?—2r <3 — 6a 


has a unique solution. 
4.24. Find all values of a for each of which there are four integers 


(x; y; u; v) satisfying the system of equations 
x74 y2= (141 — a) (a — 89), 
50 (u? — v?) = @ (15u + 5v — @). 
4.25. Find all real values of the quantity h for which the equation 
z(r4+1) (@@+h) (@+1+h)=h 


has four real roots. 
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4.26. Find all real values of the quantity ” for which the equation 
zét (h—1) 224 22+ (h—1)x241=0 
possesses not less than two distinct negative roots. 
4.27. For what values of the quantity h is the polynomial 
z* — Qtanh.z?2 4. (cos h + cos 2h) x + 2tanh-2 


the square of the quadratic trinomial with respect to x? 
4.28. For what values of the parameters m and nis the polynomial 


5x8 — mz® + 2nz? — 2x4 3 
divisible by x? — 1? 
Exponential and Logarithmic Equations and Inequalities with 
Parameters. 
4.29. Solve the equation 
V a (2*—2)+1=1—2* 


for every value of the parameter a. 
4.30. Solve the equation 


144) — 2.42!x1 4 g = 0 


for every value of the parameter a. 
4.31. For what values of a does the equation 


logs (9% + 9a3) = z 
possess two solutions? 


4.32. Find all real values of the parameter a for which every solu- 
tion of the inequality 


logifa x? > logi/, (« + 2) 
is a solution of the inequality 
49x? — 404 < 0. 
4.33. Find the solutions of the inequality 
a — 9x+l — 8.3%.qa > 0. 
4.34. Find all values of the parameter a for which the inequality 
4% —qe2X—qit3<0 


has at least one solution. 
4.35. Find all values of the parameter a for which the inequality 


a-9X+ 4(a—1)38®# + a>1 
is valid for all z. 
4.36. Find all values of the real parameter c for which the inequality 


1+ logs (2? + 1) > logs (cz* 4 42 + ¢) 
is valid for all z. 
4.37. Find all values of the parameter ¢ for which the inequality 
7 
1+ log, (22+ 22+} > log, (cx#-+-c) 
possesses at least one solution. 
se 
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4.38. Find all values of a for which the inequality 


loga(a+1) (| 1 + 4) > 1 
is satisfied for any value of z. 
4.39. Find all values of a for which the inequality 
loga/(at1) (t* + 2) > 4 
is satisfied for any value of z. 
4.40. Find all the values of x, smaller than 3 in the absolute value, 
which satisfy the inequality 
logo, x2 (2 — 2ar) > 1 
for all a> 5. 
4.41. Find all values of z > 1 which are solutions of the inequality 
108 (5.24.50) /b (c+ 2b—1)<1 


for all b satisfying the condition 0 < b < 2. 
4.42. Find the set of all pairs of numbers (a; b) for each of which 
the equality 


areX 1 b = eaxtd 
is valid for all z. 


Trigonometric Equations and Inequalities with Parameters. 
4.43. Solve the equation 


sin z + cos (a+ zx) + cos (a — z) = 2 


for every real number a. 
4.44. Solve the equation 


(log sin x)? — 2a log sinx — a? + 2=0 
for every value of the parameter a. 
4.45. Find all values of b for each of which the inequality 
cos? z + 2b sinz — 2b < b? — 4 


is satisfied for any z. 
4.46. Determine all values of a for each of which the equation 


cos! zx — (a + 2) cos? z — (a+ 3) = 0 
possesses solutions and find the solutions. 
4.47. For what values of the parameter a does the equation 
sin? 47 + (a? — 3) sin 4z + a —4=0 
possess four roots on the interval [3n/2; 2x]? 
4.48. For what values of b does the equation 
b cos x b-+-sin x 


2cos2x—1  (cos*x—3 sin? z) tanz 


possess solutions? Find the solutions. 
4.49. Solve the equation 


log isin «x1 2log.ina ~3 =a 
for every value of the parameter a. 
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4.50. Solve the inequality 
sin x-a > 1 


for every value of the parameter a > 0 provided that x € (0, 1/2). 
4.51. Find the set of all pairs of numbers (a; b) for each of which 
the equality 


a (cos x — 1) + b* = cos (ax + 6b?) — 1 
holds true for all z. 
4.52. Determine the integral values of k for which the system 
(arc tan x)? + (arc cos y)? = nk 
arc tan x + arc cos y = 1/2 


possesses solutions and find all the solutions. 
4.53. Find all values of a for each of which every root of the equa- 
tion 
acos 2x +. | a | cos 4z + cos 6z = 1 


is also a root of the equation 


; : : ewe 
sin z cos 2x = sin 2z cos 382 ——5- sin 52, 


and, conversely, every root of the second equation is also a root of the 
first equation. 


Chapter 4 


Trigonometry 


The Basic Formulas of Trigonometry 
sin? a-+cos?a=1, 


sin @ cos &@ 
tan a= ; cota=——, ’ 
sa sing 
sec a= ; cosec @=—- P 
sa sina 
4 1 
tan a= cota— 
cota ’ tana ’ 


1+ tan?a=sec?a, 1-+cot?a—cosec? a, 
sin (a + 6) = sinacos B + cosa sin f, 
cos (a + B) = cosacos B = sina sin B, 
tan ~ + tan Bh cota cot B + 1 


en EDS Tetanatanp’ CLP“ ceR ET cota” 
sin 2a = 2sinacosa, cos 2a = cos? a — sin? a, 
en ae 2 tan a 
oT tanta ’ 
Oo fant 
. 2 tan —- 1— tan 5 
sil a = ————___ cosa= OL 
1+ tan? 2 1+ tan? 
2 2 
1-+cos a= 2 cos® ’ 1—cos a =2 sin? — ’ 
tan? -% — 1—cos a yl ee sna | 1—cosa 
2  41+cosa ’ 2 1+cosa@ sina °’ 
sin asin B=2sin 2th cos o—F , 
sin «@— sin B= 2 sin oo cos ote ’ 
cos a-+ cos B= 2 cos otk cos oF ’ 
fatpB . B-—o 


cos a—cos B= 2 sin 
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sin (Bp + a) 


sin (@ + f) 
sin a sin B 


cota + cotph= 
cosacosp ’ + cot B 


tana + tan B= ’ 
sin asin B=-5- [cos (a—)—cos (a-+8)]; 
cos a.cos B=-s- [eos (a—) +c0s («.-+8)], 
sina cos P=->- [sin (a —f)-+ sin (a+8)]. 

Recursion formulas 


Value of the argument 


Name 

of 

price r P 
ion P14 ‘ P14 bf 
—a 3 7~& ote a-@ +a 7% 3 +e 

sina | —sina]! cosa cos & sina!|—sina| —cosa | —cosa@ 
cos a cosa| sina |—sina|—cosaj—cosa| —sina sin a 
tana | —tana/ cota |—cota|—tana tan @ cota | —cota 
cot a —cota| tana |—tana/i—cota cot a tana | —tana 


{. Identity Transformations of Trigonometric 
Expressions 


To prove trigonometric identities, use can be made of the formulas 
for abbreviated multiplication as well as the formulas connecting 
the principal trigonometric functions. 


Example 1.1. Prove the identity 
2 (sin® ~ + cos® a) — 3 (sin4 a + cos‘ a) + 1 = 0. (*) 
Solution. Let us use a formula for abbreviated multiplication 
B+ y= (r+ y) («’?—azy+ y*), 


setting + = sin? a, y = cos? @ in it. Then we get 
sin® w@ +. cos? ~@ = (sin? a + cos? @) (sin a — sin? a cos? @ + cos‘ a), 
By virtue of the identity 

sin? @ + cos? a = 1, (**) 
the left-hand side of equation (*) reduces to the form 
2 sint a — 2 sin? a~ cos? a + 2 costa — 3 sint a 

— 3costati=0. 
After collecting terms, we obtain 


4 — 2 sin? a cos?a — sinta — costa = 0. (***) 
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To make sure of the identity of (*«+*+), we square both sides of formu- 
la (**). Then we have 


sinta +. 2 sin? a cos? a + costa = 1. 
Further proof is obvious. 
Prove the validity of the following identities. 


e 3 e 
1.4. sin® a+ cos* @=1——— sin? 2a. 


4 
1-++-sin 2a-+- cos 2a 
12. TF sin Do. —cos 2a Ce 
1.3. (sin a+sin B)?+- (cos a+ cos B)?= 4 cos? oF ; 
1.4. tana -+ tan 2a — tan 3a = —tan @ tan 2a tan 3a. 
2sina—sin2a , , @ 
1.0. Sn a+sin2a i a 
1.6 sina+2sin3e0+sin5a sin3a 
* gin3a+2sin5a+sin7a  sin5da ° 
1.7. sin? 34 — sin? 2a= sin 5a sina. 
1.8. sin a—sin 3a —sin 5¢-+ sin 7a eos. 
cos a+ cos 3a-+ cos 5a — cos 7a 
1.9. : : = cot 2a. 


tan3a—tana  cot3a—cota 


1.10. sin «+ sin B-++ sin y—sin (a+ 6+) 
ar. Bry | oty 


= 4 sin 5 sin ——5—— sin —5 


1.41. sina + sin 3a + sin 5a + sin 7a = 4 cos a cos 2a sin 4a. 


sin 3a cos*a-+cos3asinia sin4a 
1.42. ag ee 
sin 2a — sin 3a-+ sin 4a 


= tan er. 
cos 2a —cos 3a -+-cos 4a oe 


1.14. sin 2a (1+ tan 2a tan a} pte e 


= oh (eae ead 
= tan 20+ tan (+4). 


1.13. 


o) fo) sin? a@—4 
6 ones % Sint a—4 
1.15. sin 5 cos D I COs & 
1.16. cos (4 4a + sin (3x — 8a) — sin (4m — 12a) 
= 4 cos 2a cos 4a sin 6a° 
cos? a — cos? 8 
sin? q sin? B 
sin? z __sin z+cosz 
siD x— COs & tan? z—1 


1.17. cot? a—cot? B= 


1.18. =sinz+cosz. 
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1.19. Prove that if «+fBp+y=a, then cosa-+cosf-+cos y 
=1+4sin > sin + sin + ‘ 
1.20. Prove that if a, B, y are angles of a triangle, then 


tan > tan fy tan a tan + tan + tan = 1. 
1.21. Prove that if cos (a + B ) = 0, then 
sin (a + 28) = sin a. 
1.22. Prove that if sin? B = sinacosa, then 
cos 2B = 2 cos? (n/4 + a). 
1.23. Prove that if tan @ and tan 6 are roots of the equation x? + 
px + q = 0, then there holds an identity 


sin? (« + B) + p sin (« + B) cos (a + 8) + ¢cos® (2 + B) = 4. 
1.24. Show that if the angles a and 6 are related as 
sin B on 
“sin (Qa--p) mm’ [n[ << [m|, 
then the equality 


{+tanB/tang  1—tanae tan 
m+n i m—n 
holds true. 


1.25. It is known that a, 6, y form an arithmetic progression. 
Prove that 


singa—siny 
cos y— COs & 
1.26. Prove thatifa+ B4t y= a, then 


cot a cot B + cot B cot y + cot p cota = 1. 
1.27. Prove the identity 


sin (4—<} cos (4-a) +c0s (z--) sin (Gta) =1. 


1.28. Prove that if sin? B = sina.cosa, then 


= cot B. 


cos 26 = 2 sin? (+- : 
1.29. Prove the identity 
4-++ sin 2a 


cos (2a — 2x) tan (a —) 


: ae a ort a = — 
=o sin 2a | cot a + cot (+4) | = —Ss10"Q. 
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1.30. Prove the identity 


i mT a). oe ene 
cos (4 —F) sin a rer. 7 
sin 5 
1.31. Prove the identity 
a 
=t9ne 
1-++-sin 2a paren : 
sina+cosa — ae ct 
1+ tan or 


1.32. Prove that ifa+ B+ y =a, then 
sin? ~ — cos? B — cos? y = 2 cos a cos B cos y. 


1.33. Simplify the following expression for a € [0, 2n:] 


Vi+cosa+ Y1—cosa 
Vi+cosa— V1—cosa- 

1.34. Simplify the following expression: 
2sina-+sin 2a 1—Ccos a 
2cosa+sin2a 1—sina 


and find possible values of a. 


2. Calculating the Values 
of Trigonometric Functions 


Problems connected with calculations of the values of trigono-. 
metric expressions without resort to tables are usually solved by means 
of identity transformations which reduce the required expression to 
a form containing only the tabular values of the trigonometric func- 
tions. 


Example 2.1. Calculate without using tables 


tan 20° tan 40° tan 80°. 
Solution. 
sin 20° sin 40° sin 80° _ sin 20°-2 sin 20° cos 20°-2 sin 40° cos 40° 
cos 20° cos 40° cos 80° cos 20° cos 40° cos 80° 
i 2 sin 20° (cos 20°— cos 60°) __ sin 40°— sin 20° 
cos 80° = cos 80° 
= 2cos 30° sin 10° — 2 cos 30° cos (90° — 10°) — V3. 


cos 80° cos 80° 


Answer. V3. 
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Calculate the following expressions without using tables: 
24 sin 24° cos 6° — sin 6° sin 66° 

°"* gin 21° cos 39° — cos 54° sin 69° * 
2.2. sin? 70° sin? 50° sin? 10°. 2.3. sin 15°. 


. bu . 4rt 276 1 
2.4. sin 0 sin 0° 2.5. 8 cos G7 cos > cos 7° 
26, —2 ___V3_, 
in ee cos ae 
511 “78 18 


2.7. sin’ = -+ cos! = + sin! 2a +- cos! ae 

2.8.* sin 18°. 2.9.* sin 42°. 

Problems on calculations of a trigonometric function from the 
known value of another function. 

Example 2.2. Calculate 


2 sin 2a — 3 cos 2a 


4 sin 2a+5 cos 2a ’ 
if tana = 3. 
Solution. Express sin 2a and cos 2a in terms of tan @ to obtain 

2 sin 2a —3 cos 2a 4tana—3-+3tan?a 


4sin2a+5cos2a  8tana+5—5tan%a ° 
Replacing tan a by its value 3 on the right-hand side, we obtain 
4-3—3+3-9 9 
8-31+5—5-9 4° 
Answer. —9/4. 


2.10. Calculate sin a if sin > +¢0s Sat. 


2.11. Calculate 14 5 sin 2a — 3 cos-! 2a if tana = —2. 
2.12. Find the value of tanta-4 cot*aif tana + cota = 
2.13. Calculate the value of sin* a — cos® a if sina — cosa = n. 


{—2sin® > 
1tsing °* 
2.15. Calculate cos (9 — @) if cos 8 + cos m = a, sin® — sing = 
b, a27-++-52 4 0. 
2.16. The sum of three positive numbers a, f, y is equal to 1/2. 
Calculate the product cot a coty if it is known that cot a, cot B, cot y 
form an arithmetic progression. 


2.14. Knowing that tan =m, find 


2.17. Calculate tan + tan if 


sina + sin B = a, cosa + cosB = Bb. 
2.18*. Find tan (a -+ 26) if 
sin (« + B) = 1, sin (a — B) = 1/2, where a, B € [0, x/2]. 
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2.19. Find the ratio cot B/cot @ if it is known that 


sin(a+ 8) p 
sin(a—B) q° 


2.20. Find tan > if it is known that sin @-+ cos am, 


2.24. Caleulate tan-~ if S228¢ — 11 
2 sin a 25 


2.22. Form an equation to find cos — if cosa=m. 


3 
2.23. Find tan + if it is known that 
cosa = 1—m 


4+sina  4+m°* 
2.24. Calculate sin 2a if tana satisfies the relation 
tan?a—atanati=0 
and it is known that a> 0 and0<a<_qn/4. 
Calculating trigonometric functions from their inverses. 


Example 2.3. Calculate the value of tan (S arccot 3 }. 


Solution. If we designate a = arccot 3, we have cota = 3,0< 
a < 1/2. Let us calculate the values of sin a and cosa. We get 


; 1 1 
sin o& == ————__————- = 


1 
Vi-fcot?a Viz 10’ 
cot a en Oh. 
Vi-coa V0" 
oJ sina 


Using the formula tan >= Peery ar we obtain 


cos a = 


a { 3 1 
tan (=>- |] = SS 4 SS 
(+) Tas | | + a ) V 10+3 
A unos e 
nswer V10+3 
Calculate the following expressions. 


2.25. sin (2 arccos =) A 2.26. Cos | arcsin (—+)] ; 


._ 3d _ 8 a” 
2.27. sin (aresin sr arcsin 7) : 2.28. tan (2 arcsin =} : 


2.29, arcsin (sin 2). 2.30. tan ( arcsin + tarceos =) : 
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2.34. sin (arctan 2-+- arctan 3). 2.32. cos ( arcsin + —arecos =) ; 


2.33. sin (2 arctan =) + cos (arctan 2 V3). 


Verifying the validity of equalities containing inverse trigonometric 
functions. When solving these problems, bear in mind that the sum 
of inverse trigonometric functions calculated from positive quantities 


is contained in the interval [0, a], and the difference is contained in 
the interval [—xn/2, x/2]. 


Example 2.4. Verify the equality 


_ 4 2 2 
arcsin aa arccos a arccot T° 


Solution. Let us calculate the cotangent of the left-hand and right- 
hand sides of the equation: 


cot ( arcsin = + arccos a ) 
i) Vd 


. A 2 
cot ( aresin =) cot ( arccos —1 


_ 5 V5 2 
rae —~"44 9 
cot (arcsin = + cot ( arccos a 
4) V5 
2 2 
cot ( arccot =r) = TT: 


We obtain 


cot (aresin = +arecos = = cot ( arceot =) ‘ 


V5 11 


Since arcsin - +. arccos rs belongs to the interval (0, =), which is 


the interval of monotonicity of the cotangent function, the equality 
of the values of the cotangent functions yields the equality of the 
values of the arguments, and this is what we wished to prove. 


Verify the following equalities: 


3 V3 
2.34. arcsin D + arccos 7 =O 
2.35. arctan 1 + arctan 2 = x — arctan 3. 


2 V6+1 a 
2.36. arccos V Sgr aoe “2/73, = 7 “ 
2.37. Prove that if 
arctan @ + arctan B + arctan y = a, 


then a+ BP+y=a-B-y. 
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2.38. Prove that 


V2+t —arctan 


arctan : 
V2—-1 2 4 


2.39. Prove that 


, 5 
arctan 3—arcsin ——, 


2.40. Prove that 


3) 12 1 
arcsin 73 taresin Te BD: 
2.41. Prove that 
a ‘ 8 3 
3 + arcsin = arcsin F7 F arecos (— =) i 
2.42.** Verify whether the a 
arccos x-+- arccos (++ + V3—3e 3a%) = = = 


holds for z€ ra, | . 
2.43.* Verify whether the following equality holds true: 


_{ V2 V 2—222 it 
arcsin 5 s+ >= | —arcsin z=, 
The summation of the finite series of trigonometric functions 
Sp = Uy + Ug + ust -- ++ Up (*) 


can often be carried out by selecting the so-called generating function, 
i.e. a function possessing the property 


f(k+ 1) —f (*) = uy. 
pee function f (k) is found, the sum (#*) can be represented in the 
S, = f (n+ 1) — f (4). (*#) 
Example 2.5. Sum up 
S, = sing + sin (a+ h)4+ sin (a+ 2h)+...-+ sin (a+ nh). 
Solution. We use the fact that 


cos (a+—5 i hb) —cos (a+ h) = —2 sin (a-+kh) sin >, 


Then we can take 


f()=— d ees (e+ 


2 sin —> 


2k—1 n) 
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as a generating function. According to (#+*) we get 


san — Lome + AA) eo (09) 


Transforming the expression in brackets into a product, we get 


sin (a +7, h) sin ( nts h) 


Sn = hh 
a. 


Find the following sums. 
2.44. gee ny esas sin 3a sin 4a-+... 
..-+ sin na sin (n + 1 
2.45. cos Ba + cob Saco 7a+...-+ cos (n+ 1) a. 
1 a 
2.46. tan a ila ies eet . id tan on: 


2.47. Cos Ta us cos 5 13 © + cos Se 13 E Aeog 13 t atea 3 ~ + cos eu 
2.48. cos? a -+ cos? (a +=) 
+ cos? (a vale + cos? (a + eae). 


< 
2.49. cos —— a +cos > + 00s 8 a oe .+Cos —— 


2.50. cos = + cos = yt... +cos 


De eae! 


sina-+sin me ...+sin na 
cos ~a-+cos2a-+...+cosna * 


(2n— 1) mm 
Se 
2.01. 


3. Trigonometric Equations 


Solutions of Elementary Trigonometric Equations. 
sin z = a, x = (—1)R arcsin a+ nk (|}a| <1), k EZ, 


cos zr = a, x = tarccos a+ 2nk (la| <1), KE Z, 
tan zr = a, x = arctana+ ak, kEZ, 

cot z = a, x = arccota+ mk, kKEZ 

Equations of the form 

P (sin xz) = 0, P (cos z) = 0, P (tan x) = 0, P (cot z) = 0, 


where P is a polynomial of the indicated arguments, can be solved as 
algebraic equations with respect to those arguments with a subse- 
quent solution of elementary trigonometric equations. 
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_ Solve the following equations, first reducing them to algebraic equa- 
tions with respect to one trigonometric function. 


3.1. 2sin?z+ sinz—1= 0. 

3.2. tan? z+ 2 tan? z+ 3 tan x = 0. 
3.3. 4 sin4 z+ cos 4x = 1 + 12 cos* z. 
3.4. 6 cos? z + cos 32 = cos z. 


1 1 
3.5*. ia cos! x — — cos? x 
16 + 2 
/ 9 3 1 
—~ + cos! t—— cos? r= —— 
Te aes 5 7 
Equations of the form 
a) sin” x + a, sin”-! x cos z+ a, sin”-? x cos? x 
+...-+ a, cos? z= 0, 
where ap, a;, ..., da, are real numbers and the sum of the exponents 
in sin x and cos z in each summand is equal to n, are said to be homo- 


geneous with respect to sin x and cos z. For cos z > 0 equations of this 
form are equivalent to the equations 


a) tan™ r+ a, tan™1z74+...ta,=0. 
Example 3.1. Solve the equation 
3 sin? x — 5 sinzcosz-+ 8 cos? x = 2. 


Solution. To reduce this equation to a homogeneous equation, 
we use the fundamental trigonometric identity 


sin? z + cos? z = 1, 
writing the equation in the form 
3 sin? z — 5 sin x cos x ++ 8 cos? x = 2 (sin? x 4+ cos? z). 
Collecting terms, we obtain 
sin’ z — 5 sin x cos x + 6 cos? z = 0. 


Dividing both sides of the equation by cos? z, we pass to an equiva- 
lent equation 
tan? zx — 5 tanz+6= 0, 


whose solution reduces to that of elementary equations. 


Solve the following equations reducing them to homogeneous equa- 
tions. 

3.6. 2 sin x cos x +. 5 cos* x = 4. 

3.7. 8 sin 2x — 3 cos? x = 4. 


3.8. 4 cos? $45 sinz-+3 sin? pice 


2, 
3.9. sin* 2 — cos4 xz = 1/2. 
3.10. 2 sin? zx + 2 cos z sin? x — sin x cos? x — cos? zt = 0. 
3.41. 3 — 7 cos? z sin xz — 3 sin? x = 0. 
3.12. 2 sin? z — sin? x cos z + 2 sin z cos? « — cos? x = 0. 
3.13. sin* z + cos4 x = sin 2x — 0.09. 
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3.14. sin® 27-+-cos® 2z = = (sin4 2z-++ cos4 2z) + + (sin z-++ cos 2). 
3.15. cos® x + sin® z — cos? 2x = 1/16. 
3.16. sin’ z + cos® z = cos? 2z. 
3.17.* Solve the equation 
sin’ z + cos® z = a (sin* x + cos* z) 
for all real values of a. 
The method of an auxiliary angle. Equations of the form 
acosz+ bsinz=ce 
are equivalent to the elementary trigonometric equation 


‘ c 
S10 (Zz = * 
(z+ 9) Vane” (*) 
where g can be found from the system 
° a 
sin 9 = ——"- , cos 9 >= —_—_—"——_,, 
i V a?-+32 ’ : V a?-++ 0? 


Example 3.2. Solve the equation 
3sin z+ 4 cos z= 5. 


Solution. Since VY 32 + 42 = 5, the given equation is equivalent to 
the equation 


sin (cx + g) = 14, 
where g can be found from the system of equations 
sin pg = 4/5, cos p = 3/5. 
Since sin @ and cos 9 are greater than zero, we can take o = arcsin = 


5 
as m and then the solution of the given equation has the form 


x= —arcsiD + ++ Zin. 


Answer. x= —arcsin 7 + s +2nn (n€Z). 


Solve the following equations by introducing an auxiliary angle. 
3.18. sin 82—cos 62 = V3 (sin 6z-+cos 82). 


3.19. sin 14z-++ ys sin 7z-+ > cos 7z=0. 


3.20. sin 10z-+cos 10z = Y 2 sin 152. 
3.21. Find all solutions of the equation 


V1+sin 2z— Y2cos 32=0 
contained between x and 32/2. 


3 1 
3.22. 4 cos? = 24> cos 2z (+e) 


6—0263 
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3.23. 4 sin 3z + 3 cos 3x = 5.2. 


A trigonometric equation of the form 
R (sin kx, cos nz, tan mz, cot lz) = 0, (*) 


where R is a rational function of the indicated arguments and (k, 
n, m, and J are natural numbers) can be reduced to a rational equation 
with respect to the arguments sin z, cos xz, tan z, and cot x by means 
of the formulas for trigonometric functions of the sum of angles (in 
particular, the formulas for double and triple angles) and then reduce 
equation (*) to a rational equation with respect to the unknown ¢ = 


tan z by means of the formulas of universal trigonometric substitution 
2 tan — 1—tan? > 
sin «= ————_———-,_ cos gs = ——____—_ 
rs a? 
1-+- tan? — 1+ tan? — 
2 2 
2 tan — 1—tan? > 
— tan > tan > 


Example 3.3. Solve the equation 
1 
(cos z— sin z) (2 tan z+ —— +2=0. 


Solution. We designate t = tan = and, using the formulas of the 


universal trigonometric substitution, write the equation in the form 
3t4 + 643 + 812 —2:—3 


@pji—A ~" 
its roots are t, = 1/Y 3, t, = —1/Y 3. Thus the solution of the equa- 
tion reduces to that of two elementary equations 
x 4 z 4 
tan — =—, tan-> = ——_ *) 
20 V3’ 2 V3 


Verification shows that the numbers an which are roots of the equa- 
tion cos s = 0, are not the roots of the given equation, and, conse- 


quently, all solutions of the initial equation can be found as solutions 
of equation (x). 


Answer. x= + ++ 2k (kEZ). 


Solve the following equations by the method of universal substi- 
tution. 


3.24. sin z+-cot~-=2. 3.25. cot (+ es 


5 z) =5tan 2e-+7. 


3 frigonometric Equations 83 
3.26. 3 sin 4x = (cos 2x — 1) tan z. 


3.27. (4-1 cos z) // tan > —2-+sinz=2 60s z. 


Equations of the form 


R (sin x + cos z, sin x cos xz) = 0, (*) 
where R# is a rational function of the arguments in brackets, can be 
reduced to the equation with respect to the unknown / = sin x + 
cos z, if use is made of the trigonometric identity 
(sin z + cos z)* = sin? x + cos* x -+ 2 sin zcosz 

= 1-+ 2sinz cos z, 
which yields an equation 


, t?— 14 
sil z COS = a (**) 


Taking this equation into account, we can reduce equation (*) to the 
form 
t2—1 
R (+, 5 =; 


In just the same way, by the substitution sin zr — cos x = t, we can 
reduce the equation of the form 


R (sin x — cos z, sin x cos xz) = 0 
to an equation 


R= (+, 1{—t?? ) 


2 

Example 3.4. Solve the equation 

sin x + cos z — 2Y 2 sin x cos x = O. 

Solution. Designating sin z+ cosz= +t and using the equation 
sin x cos x = (t2 — 1)/2, we reduce the equation to a new equation 
with respect to f: 

V22—t1— VY 2=0- 


The numbers t, = VY 2, t, = —1/Y 2 are roots of this quadratic equa- 
tion. 

Thus the solution of the initial equation reduces to the solution 
of two trigonometric equations: 


sinz+cosz= Y2, sinz+cosz= —1/Yy2. 


Multiplying both sides of these equations by the number 1/)V 2, we 
reduce them to two simpler equations: 


1 1 
V3 sin z+ V3 


U _ 3 
cos r=1<> sin z cos [+ sin —cosxz=1 


4 


6@* 
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The solutions of the equations sin (= + =) = 1 and 
; vu \ 1 
sin(z-++} =—-7 are 


z= + 20k, ke Z, 


x= (—1)rt = —+ +n, n€Z. 


Solve the following equations. 


3.28. 5 (sin z + cos z) + sin 3x — cos3z = 2Y 2 (2 + sin 2z). 
3.29. sinz + cosz+ sinzcosz = 1. 

3.30. sin z + cosz — 2 sinzcosz = 1. 

3.31.* Find the solution of the equation 


4 4 4 
ae ine - 


sinzxcosz 
for all real values of a. 


Some trigonometric equations can sometimes be simplified by 
lowering their degrees. If the exponents of the sines and cosines enter- 
ing into an equation are even, the lowering of the degree can be done 
by half-argument formulas. 


Example 3.5. Solve the equation 


sin!® z-++ cos!® z= a cos4 22. 
Solution. Using half-angle formulas we can represent the given 
equation in the form 
( 1— cos 2x )°+( 1-++-cos 2x eS 29 


5 5 = T6 cos‘ 22. 


Designating cos 2x = t, we represent the given equation in the form 


1—t\5 4+7#\5 29, 
Ar) ee) ae 
Removing the brackets and collecting terms, we arrive at a biqua- 
dratic equation 


24t* — 102 —1 = 0, 


whose only real root is ¢? = 1/2. Returning to the initial unknown, 
we obtain 


cos? 2a <> 1+ cos 4z=1 <> cos 4z=0 <> 
It uk 
t— ars ’ k€Z. 
Answer sa (k EZ) 
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Solve the following equations. 
3.32. sin? 6z + 8 sin? 3z = 0. 


3.33. sin? z-+a sin? 2x= sin >. Investigate the solution. 


3.34. sin® z+ cos§ z= = . 93.35. cos 27-+4 sint x= 8 cos’ z. 
3.36. cos 4x — 2 cos* + — 22 sin? x4 1 = 0. 


3.37. cos? 3z + cos? 4z + cos? 52 = < ‘ 


3.38. sin? 3z + sin* 4x = sin? 5x + sin? 62. 


3.39. cos? = tos" < z—sin*® 2r—sin? 4z=0. 


3.40. sin* z + cost x = cos? 2z + 0.25. 
3.41. 2 + cos 4z = 5 cos 2x + 8 sin® z. 


3.42. sintx + cos! z= 2. : 
3.43. 8 sin? z + 6 cos? x = 13 sin 2z. 
3.44. sin? z (4+ cot z)+ cos? z(1-+ tan z)=2 Ysinzcosz. 
; Solve the following equations applying the methods presented 
above. 


3.45. 2cos2c¢= y6 (cos z—sin z). 


3.46. sin? zx+cos’s=1— = sin 2z. 


2 
3.47. sin 3z + sin x + 2 cos x = sin 27 + 2 cos? zx. 
3.48. sin 5z sin 4x = —cos 62 cos 3x. 


3.49. tanz -- sin 2x = One 5 


3.50. 2 tan z + tan 2x = tan 4z. 

3.51. cos 3x + sin dz = 0. 

3.52. sin x cos dx = sin 9z cos 3z. 

3.53. 1 + sin z + cos z + sin 2z + cos 2zr = 0. 

3.54. 1 + sin xr + cos 3z = cos x + cos 2z + sin 2z. 
3.55. sin? x (tan z +. 1) = 3 sin z (cos x — sin xz) + 3. 
3.56. sin 2z sin 62 = cos zx cos 3z. 

3.57. cos (x + 1) sin 2 (x + 1) = cos 3 (x + 1) sin 4 (x 4 1). 
3.58. sin x sin 7z = sin 3z sin dz. 

3.99. cos z sin 7z = cos 3z sin dz. 

3.60. sin z + sin 2z + sin 3z + sin 4r = 0. 

3.61. cos 2x — cos 8z + cos 6z = 1. 


3.62. sin z sin 2z sin 3z = Zz sin 4z. 


3.63. sin? z cos 3z -++ sin 3x cos? x = 0. 

3.64. tan z -+ tan 2x = tan 3z. 

3.65. (1 — tan x) (1 + sin 2x) = 1 +4 tan z. 
3.66. (1 + sin 2x) (cos e— sin z) = 1 — 2 sin’ x. 
3.67. tan (x + a) + tan (x — a) = 2 cotz. 
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3.68. 
3.69. 


3.70. 
3.71. 
3.72. 


3.73. 


3.74. 
3.75. 


3.76. 
3.77. 


3.78. 
3.79. 
3.80. 
3.81. 
3.82. 


3.83. 


3.84. 


3.85. 


3.86.* 
3.87. 


3.88. 


3.89. 
3.90. 
3.91. 
3.92. 
3.93. 
3.94. 
3.95. 
3.96. 


3.97. 


3.98.* 


sin? 2z + sin? 3z +. sin? 42 + sin? 52 = 2. 


sin z Cos z cos 2z cos 8r = va sin 122. 
sin 2z sin 6x — cos 2x cos 6 = Y 2 sin 3z cos 82. 
tan x + cot 2x = 2 cot 4z. 
cos 3x — cos 2x = sin 3z. 

. 4 
2 sin 3z— — SE eee 

sin x cos z 

cot? x — tan? x = 32 cos? 22. 
tan 2x7 -+ cot zr = 8 cos’ z. 


sin? 27 — tan? z = z cos 22. 
sin 27 — tan z = 2 sin 4z. 


sin 4x Bake 
sin(z—m/4) V2 (sin x+-cos z). 


cos 3z tan 5x = sin 7z. 


cost 2z — cos r— COS - 
cos z-++-cos (1/4) 4° 
sin z cot 3x = cos 5z. 
cos xz COs Or . . 
— =8sinz sin 3z. 
cos 3z cos z 
COS x cos 32 
— = —2 cos 2z. 
cos 3z COs z 
4 a 4 i 4 0 
coszcos2z ! cos 2z cos 3x ' cos 3x cos 4x 
sin 3x aa cos3z si 
cos 2x sin2x  sin3z ° 


\ 


AL qt 2 
cos (=-+} + cos (*+7} =F Cos 22. 
4sin 3z-+ sin 5z —2 sin z cos 2r=0. 


: IU ; qt ; 
sin (z+) sin (=-+] =sinz. 
3cos x + 2 cos ox + 4 cos 3x cos 4x = 0. 
3 sin Sz = cos 2x — cos 8x — sin 10dz. 
cos 2x — sin 3x — cos 8 = sin 10x — cos dz. 
sin 2x — cos 2x = tan z. 
cos 3x — sin 5z — cos 7z = sin 4x — cos 2z. 
sin 2x + cos 27 = 2 tanz-+ 1. 
4 sin? x + 3 tan’ z = 1. 
4 sin z sin 2z sin 3z = sin 4z. 
sin 42-++ sin 2x —4 sin 32-++2 cosxr—4 =, 
sin z—1 =i 
2 tan — 


= y2—4y-+09. 


x 
2 —-_ 
1+ tan 5 
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3.100. cot z—tanz pee ee ee es 


> sin 2x 


3.104. sin 7z + sin 3x + 2 sin? x = 1. 

3.102. cos x — cos 17z = 1 + 2 sin 8z sin z — cos 16z. 
3.103. sin x — cos zr = 4 sin x cos’ z. 

3.104. 2 cos 2x (cot r —1) = 1-4 cotz. 


3.405. tanz+2cot 2c=sinz (1+tanz tan) 


3.106. 2 cot 2x — cot x = sin 2x + 3 sin gz. 


3.107. sin* z—cos* x =cos (-=) ; 


3.108. sin 2x-+ sin4 >= cos > : 


3.109. cosz= Y 3sinz+2 cos 3c. 


3.410, Jctanz 
1—tanz 
3.111. sin 3z + sin z = 4 sin? z. 

3.112. Find all values of x and y which satisfy the equation 


12 sinz + 5cos xz = 2y* — 8y 4+ 21. 


==(sin z-++ cos z)?. 


The solution of some trigonometric equations sometimes presup- 
oses a subsequent verification of the conditions which must be satisfied 
y the rocts obtained. If the conditions are such that the roots of the 

equation must belong to the given interval, then the solution of the 
problem of isolating those roots reduces to the solution of some in- 
equalities in integers. 


Example 3.6. Find all solutions of the equation 
(tan? x — 1)-! = 1 + cos 2z, (*) 


which satisfy the inequality 2*+! — 8> 0. 


Solution. Let us reduce the initial trigonometric equation to the 
orm 


1 
(1 -+-cos 22) (1+-s 235} =), 


The following values of z are solutions of this equation 
cle 
3 


By the hypothesis, we must choose those values of z which satisfy 
the inequalities 


z= — +m, r=+ -tk, on, kE€Z, 


2x41 — 8 > 0, coszr #0. 


88 Ch. 4 Trigonometry 


The values we need are 


r=+ tan, nEN. 


Answer. r= +n, n€N 


3.113. Find all solutions of the equation 
V sin (4—z2z)= V cos z; 


which satisfy the condition z € [0, 2x]. 
3.114. Find all solutions of the equation 


cos x — 3 cos 3x = 3 cos x — cos® z cos 3z, 


lying on the interval [—x, 32/2]. 
3.115. Find all solutions of the equation 


sin . cos | sin x 
2 ) a ’ 


which satisfy the condition 


x AA 3m 
5-5 |S 


3.416. Find all solutions of the equation 
> (cos 52 -++- cos 7x) — cos? 2x + sin? 3x=—0, 


which satisfy the condition | z | < 2. 


Solve the following equations. 
3.117*. tan x? = cot 5z. 


3.118*. sin 2 = cos 3z. 


3.419*. sin z = cos Vz. 
3.120**. Prove that the equation 
sin (cos x) = cos (sin z) 
does not possess real roots. 


3.121*. sin (= cos x} = cos (-2. sin x) ; 


3.122*. sin (x cot x) = cos (n tan z). 


3.123. Find the roots of the equation sin (x — 2) = sin (3x — 4) 


belonging to the interval (—x; 2). 


When additional conditions are represented by an inequality con- 
taining lt Sea thaad functions, the required roots are isolated on the 


interval w 


ich is equal to the least common multiple of the periods 


of the trigonometric functions entering into the equations and in- 


equalities. 


8 Trigonometric Equations 


Example 3.7. Find all solutions of the equation 


1+-(sin z—cos z) sin = =2 cos? 2 e 
which satisfy the condition 


sin 67 < 0. 
Solution. Let us simplify the initial equation: 


1-+-(sin z— cos z) sin + 


= 2 cos? Red <=> 1-+ (sin r—cos z) y? 


=1-1-cos 5z <> cos Se} cos( #-+ ai 


rm A 
2 COs ( 32+ | cos (22 —+} =(. 
Thus initial equation (*) is equivalent to the equations 
a I 
cos (32+ } =0, cos (22— =| == 0; 
whose roots are equal, respectively, to 


It UM 
ea ge MES 


Os un 
sae (i 
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(+x) 


(4%) 


The least common multiple of the periods of the trigonometric 
functions entering into equation (*) and inequality («*) is equal to 27. 
From the obtained solutions of the equation belonging to the interval 
[0, 2x) the numbers 5/46 and 57/16 + nx satisfy inequality («+). 
All the solutions of the problem can be obtained by adding number, 


which are multiples of 2x, to each root obtained. 


‘nswer. x= at tak (kEZ). 
3.124. Find all solutions of the equation 


3 : 7 
o—8 cos (2-+ x | = 2 sin ( 22 — x | : 


which satisfy the inequality cos z > 0. 
3.125. Find all solutions of the equation 


V tan z+-sin 2+ Y tanz—sinz= Y/Y 3tanz 


(a) on the interval [0, x], (b) throughout the real axis. 
3.126. Solve the equation 


VY 2+ tan z—cos? x— V <+ tan z= V/ = —cos? rs 
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3.127**. Find all solutions of the equation 
' qt 3m 
sin (2— )—cos (2+) =1, 


cos3-+ sin 3 
3.128*. Find all solutions of the equation 


: I 1 

Sin [Zz >} Se 
( r 4 2V2cosz ’ 

which satisfy the inequality log.,.25 (1 + cos (2z + 4)) < cos 4., 
3.129*. Find all solutions of the equation 


sin (42+) -+00s (40+) = y 2, 
cos 2x 


cos 2— sin 2 
3.130*. Find all solutions of the equation 


TW /\ -- 1/3 sin? 
sin ( 2e— p )== V2 sin a 


which satisfy the inequality log...2.4 (1 + sin (7 + 9)) < sin 8z. 


which satisfy the inequality 


which satisfy the inequality > 2~Sin 4x, 


Some trigonometric equations can be solved by using the estimate 
of the left-hand and right-hand sides of the equation. 


Example 3.8. Solve the equation 


tan (+2) +tan (—=)=2. (*) 


Solution. Using the recursion formula, we obtain 


I mu ot I 
tan (++) = cot ($-z-2) = cot (F--] ‘ 

Since 

t n + —2] es ee 

- & cot (1/4 — x)’ 
the left-hand side of the given equation is the sum of two mutually 
inverse quantities. It is known that 

at 1ljaDdp2 

for a > 0. Thus equality (*) can be obtained only for 


tan (+2) =1, (+**) 
and, consequently, equation (*«) is equivalent to (#). 
Answer. x = ttn (n € Z). 


Solve the following equations. 
3.131. sin z + sin Sz = 2 
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3.132. sin x sin y = 1. 
3.133. 3l0g tanx ie glogcotx _. 9. 
3 


3.134**. cos x + cos y — cos (x + y) = 7° 


3.135. sin z + sin y = 2. 

3.136. sin z + sin y + sinz = —8. 
3.137. logeosx sin x + logsinx cos x = 2. 
3.138. cos? z + cos x cos y + cos? y = 0. 
3.439. Prove that the equation 


(sin z + Y 3 cos z) sin 4c = 2 
tas no solutions. 


4. Systems of Trigonometric Equations 


Systems of equations in which the unknowns are arguments of 
trigonometric functions are called systems of trigonometric equationss 
Systems of trigonometric equations, can be solved by both the methods 
of solving systems of algebraic equations and those for solving tri- 
gonometric equations. 

Example 4.1. Solve the system of equations 

sinzsiny= Y 3/4, 
cos z cos y= VY 3/4. 


Solution. Adding up the equations of the system, we arrive at an 
equation 
sin z sin y-++ COS z Cos es <=> cos (e—y) = YS ; 
Subtracting the first equation of the system from the second, we ar- 
rive at an equation 


cos z cos y — sinz sin y = 0 <> cos (rx + y) = 0. 


Thus the initial system is equivalent to the system 


cos (2—y) YS ' Z—y=t + 2nn, 


<> n, k€Z, 
cos (x+y) =0, zty=—-+ak, 
whence 
mu, _ te , 
tap (Ankh), t= toy (2n+h), 
mu, 0 mu, 0 
y=e ty (k—2n), y= zt zy (k—2n). 
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qt hi qt Tm 
Answer. gta (2n—k), —e a (k—2n); 


tHE (nth, T+ (k—2n) (hk, n€Z), 


Solve the following systems of equations, 


4.1. sinzcos y = —1/2, 4.2. sin x cos y = 0.36, 
cosxzsiny= 1/2. cos x sin y = 0.175. 
4.3. sinzsiny=3/4, 4.4. coszcos y= th? : 


tan ztany=3. cot z cot y=3-+2 y 2. 
4.5. sinz — siny = 4/2, 

cosz-+ cosy = Y 3/2. 
4.6. sin 2x + sin 2y = 3 (sin x 4+ sin y), 

cos 2x -+ cos 2y = cos x + Cos y. 
4.7. sin x cot y = V 6/2, 4.8. tan z = sin y, 

tan x cosy = Y 3/2. sin xz = 2 cot y. 
4.9. sin y = 5 sin z, 

3 cos x + cos y = 2. 
4.10. 3 tan (y/2) + 6 sin x = 2 sin (y — 2), 

tan (y/2) — 2 sin z = 6 sin (y + 2). 


4.41. sin? z + cos x sin y = cos 2y, 
cos 2z + sin2y = sin? y+ 3cosy sing. 
4.12. 2 sin? y + sin 2y = cos (x + y), 
cos? x + 2 sin 2y + sin? y = cos (x — y). 
= 2—1 
4.43, sin? (—2c)—(3— V3) tan 5y= SVS ua ; 
= | 
tan? 5y-+ (3— Y 2) sin (— 2z)= ave 


4.14. sin? 3r-+ (4— V3) cot (—7y)=2 V3—3/4, 
cot? (—7y)+ (4— V 3) sin3r=2 Y 3—83/4. 
415. 4siny—6 Y2cosr=5-+4 cos? y, 
cos 2x = 0. 


4.16. 1+-2cos2r=0, 
VY 6 cos y—4sinz=2 VY 3(4-+sin? y). 
417. 2 Y3cosxz+6siny=3-+ 12 sin? z, 
4 V 3cosz+2 sin y=/7. 
448, V2y+ Vi2cotz=4, 
2V2y—V 27 cotx=1. 


419. 3tan 3y+2 cos z= 2 tan 60°, 


5 
2 tan 3y —3 cos r= —-—z cos 30°. 
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4.20. sin (y — 3z) = 2 sin’ z, 
cos (y — 3z) = 2 cos? z. 
4.21. sin (x — y) = 3 sin z cos y — 1, 
sin ¢ y) = —2 cos z sin y. 
4.22. Find the solutions of the system 
| sinz | siny = —1/4, 
cos (x + y) + cos (rx — y) = 3/2, 


which satisfy the conditions x € (0, 2m), y € (m, 2m). 
4.23. tan?x + cot?z= 2sin®?y, 4.24. 2£ty =2/3, 


sin? y + cos? z= 1. tan z/tany = 3/4. 
4.25. 4sin x 1 3 .gcosy — 3, 
4-sin= 1 5 .gqcosutt/2 — 44/2, 
4.26. zgty+z=n, 4.27. tan 2/tan y = 2, 
tan z tan y = 2, tan y/tan z = 3, 
tans + tany + tanz= 6. rtytz=. 


If one of the equations of the system is rational with respect to the 
arguments of trigonometric functions, then the solution of the system 
usually reduces to the solution of a trigonometric equation for one of 
the unknowns. 


Example 4.2. Solve the system of equations 
z+y=2n/3, 
seis 
sin y 
Solution. Let us reduce the second egrstion of the system to the 


form 

sin z = 2 sin y. (*) 
Using the first equation of the system, we exclude the unknown y 
from equation (*): 


sin x =2 sin (-=) <> sinz= VY 3cosz-+sinz. 


The resulting equation is equivalent to the elementary trigonometric 
equation 
cos x = 0. (+) 


Substituting the roots of equation (**) into the first equation of the 
system, we obtain the values of the unknown y. 


Answer. «= = +Hk, y= — mk (k€ Z). 


6 
Solve the following systems. 
4.28. x—y=n/18, 


sin (=+45 sin (yt+-t)=s. 
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1— tanz 
4.29. tne y, 
x—y=n/6. 


4.30. tan z + cot y = 3, 
[2z—y|=2/3. 
4.31. sin x -+ siny = sin (x + y), 
lzl+]y]=t. 
4.32. For what values of a do the solutions of the system 
8 cos x cos y cos (x — y) + 1 = O 


tT+y=a 
exist? Find the solutions. 


5. Equations Containing Inverse Trigonometric 
Functions 


Solutions of elementary equations. 


Equation Solution 
arcsinz=a (|a|< 1/2) x=sina 
arccos z= a (O<acn) Z=COS a 
arctanz=a ({a|< 2/2) x= tana 
arccot z=a (O<a<n) x= cot a 


Equations of the form 
P (y (z)) = 9, 
where P is a certain rational function and y (x) is one of the arc func- 
tions, reduce to the elementary equations 
y (2) = Vir 

where y; are the roots of the equation P (#) = 0. 

Example 5.1. Solve the equation 

2 arcsin? x — arcsin zr — 6 = 0. 


Solution. Introducing a new unknown y = arcsin z, we get an 
equation 


2y7— y—6=0, 


whose solution is y, = 2, y, = —1.5. Consequently, the initial equa- 
tion decomposes into two elementary equations 


arcsin xz = 2, arcsin x = —1/5. 
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Since 2 > 2/2, and | —1.5| < 2/2, the only solution is z = 
—sin 1.5. 
Answer. x = —sin 1.9. 


Solve the following equations. 

5.4. arctan? =—4 arctan > 5=0. 

5.2. arctan? (3z + 2) + 2 arctan (87-4 2) = 0. 
2/9 

arcsin z ° 

5.4. 3 arctan? zx — 4n arctanz + 1? = 0. 


5.3. 2arcsinz= ae 


2 
5.5. Find the solutions of the equation 2 arccos x = a + ———— = 


for real values of a. 


If an equation includes expressions containing various arc func- 
tions, or those arc functions depend on different arguments, then the 
equation is usually reduced to its algebraic consequence by calcu- 
lating a certain trigonometric function of both sides of the equation. 
The resulting extraneous roots can be isolated by verification. If a 
tangent or a cotagent is chosen as a direct function, then the solutions 
that do not belong to the domain of definition of those functions can 
be lost. Therefore, before calculating the tangent or cotangent of both 
sides of the equation, we must ascertain that there are no roots of the 
initial equation among the points that do not belong to the domain of 
definition of those functions. 


Example 5.2. Solve the equation 
arcsin 62 + arcsin 6 VY 3z = —n/2. (*) 


Solution. Let us transfer arcsin 6z into the right-hand side of the 
equation and calculate the sine of both sides of the resulting equation: 


sin (arcsin 6z) = sin (—arcsin 6 Y 32 — m/2). 


Transforming the right-hand side of this equation by the recursion 
formulas, we obtain an algebraic consequence of the initial equation: 


62 = — VY 1— 10822, 


We square both sides of the equation. After collecting terms, we get 
an equation 


1442? = 1, 
whose roots are the numbers 1/12 and —1/12. 
Let us perform a verification. Substituting the value x = —1/12 
into equation (*), we obtain 
V3 um uw 
arcsin —>] + arcsin (—-=} a a cae 


Thus x= —1/12 is a root of the initial equation. 
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Substituting « = 1/12 into (*) we note that the left-hand side of 
the resulting relation is positive and the right-hand side is negative. 
Thus the value x = 1/12 is an extraneous root of equation («). 

Answer. x = —1/12. 


Example 5.3. Solve the equation 


2 arctan (2x -- 1) = arccos z. (#) 


Solution. Calculating the cosine of both sides of the equation, we 
obtain 
cos [2 arctan (22 + 1)] = z. 


We can reduce the left-hand side of this equation to the form 
4—(2r+-1)? 2x24 Qn 
1+-(22-+1)?  1+22-+-272 ° 
Thus the algebraic consequence of equation (*) is an equation 


222 + 2x 
1+ 22-22? 


eos (2 arctan (2z-+-1)] = 


=r1<> 2275—z=0, 


whose roots are equal to0, VY 2/2, —Y 2/2. To find out which of these 
numbers satisfy the initial equation, we make a verification. For z = 0 


both sides of the equation are equal to n/2. For z = Y 2/2 the right- 
hand and left-hand sides of the equation are equal to 1/4 and 2 arctan 


(V2 +. 1), respectively. But V2 + 41> 1, and, consequently, arctan 
(V2+14)> m/4; hence « = Y 2/2 is not aroot of the initial equation. 
For z = —Y 2/2 the left-hand side of the equation is negative and 


the right-hand side is positive. Consequently, = — Y 2/2 is not a 
root of equation (#) either. 
Answer. x = 0. 


Solve the following equations. 


x . 42 
5.6. arccos — = 2 arctan (rx—1). 5.7. arccos z—n = arcsin — 


2 3° 
9.8 ctan Peace taretan (2+) = 
8. arctan ( x) arcta x)=: 

37 

5.9. arctan 27-++ arctan 37 = Tr: 
5.10. arcsin z+ arccos (x—1)=n. 
5.44. 2arccos z-+-arcsin z= a ‘ 
5.12. 2 arccos ( —>) = arccos (x-+3). 


5.43. 2arcsinz=arcsin Y2z. 


0.414. arctan = + arctan = = arctan z. 


d Equations Containing Inverse Functions 97 


5.15. arccos x—arcsin z= 


o| 3 


5.16. arcsin z-++-arcsin 7 =>. 


5.47. arcsin 2x = 3 arcsin zx. 


5.48. arccos z — arcsin x = arccos Y 32. 
5.19. arcsin x — arccos x = arcsin (3x — 2). 


Some equations containing the unknown under the sign of an arc 
function are identities on the common domain of definition of the left- 
hand and right-hand sides of the equation. The process of solution of 
such an equation consists in seeking that domain. 


Example 5.4. Solve the equation 
2 arccos x=arcsin (2x Y1—z?), (+) 


Solution. According to the definition of the function y = arccos z, 
we have 


x= cosy, where OX yxn, |x] <1. 


Substituting z thus expressed into the right-hand side of the equation, 
we obtain 


arcsin (2 cos y sin y) = arcsin (sin 2y). 


According to the definition of the function y = arcsin z, we infer that 


arcsin (sin 2y)=2y for —_— <y<x _ 


Thus the left-hand side of equation («) is equal to the right-hand side 
for all y € [0, n/4]. Returning to the initial unknown, we find that 


re€ [VY 2/2, 1}. _ 
Answer. x € [V 2/2, 4]. 


Solve the following equations. 


5.20. arcsin z=arccos VY 1—z?. 
5.24. arccosz=m—arcsin VY 1—2?, 


V1—z? 
x 


5.23. arcsin (22 Y 1— x?) = arccos (22? —- 1). 
5.24. 2 arccos x = arccos (2x — 1). 


5.22. arccos r= arctan 


’ 22 
5.25. Z2arctan x= arcsin (zr) . 


2 
5.26. 2 arctan z= arccos — 


41-+- x? 


5.27. arccos z=arctan — 


ewe aeees 
Vi—z? 


71-0263 
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2 
5.28. 2 arccos x = arccot aoe ‘ 
22 Y1—2? 
5.29. Solve the equation arcsin z = 2 arcsin a for all real values 
of a. 


5.30. arccos z = arcsin 2a. 
6. Trigonometric Inequalities 


Solutions of elementary trigonometric inequalities. 
Inequality Set of solutions of inequality (n € Z) 


sinz>a(|a|<1) | z€(arcsina+2nn, n—arcsina- 2nn) 
sinz<a(|a{<1) | ~€(—xn—arcsina-+2an, arcsin a+ 2nn) 
cosz>a(|a|<1) | x€(—arccosa-+2nn, arccos a+ 2mn) 
cosr<a(ja|<1) | x€(arccosa+2nn, 2x—arccos a- 2nn) 


tanz>a z€(arctana-+-nn, 1/2-+- mn) 
tanz<a x€(—xn/2-+-an, arctan a+ an) 
cotz>a x€(mn, arccot a-+-nn) 

cotz <a z€(arccota-+an, x--1n) 


Solve the following inequalities. 

6.4. sing > —1/2. 6.2. tan z > 2. - 
6.3. cotz > —3. 6.4. sin (cx — 1) < —V 3/2. 
6.5. sinz? < 1/2. 6.6. sinz + cosz > —Y2. 
6.7. cos (sin xz) << 0. 6.8. sin (cos z) > 0. 


Inequalities of the form R (y) > 0, R (y) <0, where Z is a cer- 
tain rational function and y is a trigonometric function (sine, cosine, 
tangent, or cotangent), are usually solved in two stages: first the ra- 
tional inequality is solved for the unknown y and then follows the 
solution of an elementary trigonometric inequality. 


Example 6.1. Solve the inequality 
2sin?=z—T7sinz+3>0. 
Solution. Designating sin x = y, we get an inequality 
2y2— 7yt3>0, 


whose set of solutions is y < 1/2, y > 3. Returning to the initial 
unknown, we find that the given inequality is equivalent to two in- 
equalities: 

sin z < 1/2 and sinz > 3. 
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The second inequality has no solutions and the solution of the first is 
xE (+200, + 2nn ) » ned. 
7 EL 
Answer, 2€ = u-+-2nn, —e +2nn} (n€ Z). 


Solve the following inequalities. 

6.9. cot? z + cot? c — cotz —1< 0, 6.10. 2 cos 2z + sin 2x > 
tan z. 

6.11. tanz + cotz < —3. 6.12. sin 2x > cos z. 


6.13. sinz+ Y3cosz<0. 6.44. YW3—4cos?2>2sinz+1. 
2sin?z-+sinz—1 


6.15. V 3sinz+1>4sinz+1. 6.16. et eg <Q. 
6.17. 5+ 2cos2zx [3 |2sinz — 1 |. 


Solution of inequalities by factorization. 


Example 6.2. Solve the inequality 
cos z + cos 2x + cos 3z > 0, 


Solution. Transforming the sum of the end terms into a product, 
we get an inequality 
cos 2z +. 2 cos 2x cos x > 0. 
Putting cos 2x before the brackets, we obtain 


cos 27 (2 cosz-+ 1) > 0. 


This inequality is equivalent to two systems of elementary inequal- 
ities: 

cos 2x <Q, cos 2x > 0, 

cos 2x < —1/2, cosz > —1/2. 


Uniting the solutions of these systems, we get a solution of the initial 
inequality. 


Answer. (+ 2nn, = + 2an) U (=F +2nn, a. ann ) 


U (—+2an, = + 2nn ) (n€ Z). 


Solve the following inequalities. 

6.18. sin x sin 2x — cos z cos 2x > sin 62. 

6.19. 2 sin z sin 2z sin 3x < sin 4z. 

6.20. sin x sin 3x > sin 5z sin 7z. 

6.21. cos® x sin 3z + cos 3z sin? x < 3/8. 6.22. sin x > cos 2z. 
6.23. 2 tan 2x < 3 tan x. 6.24. sinz < | cosz |. 


7* 
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7. Inequalities Containing Inverse 
Trigonometric Functions 


Solutions of elementary inequalities. 


Inequality Solution 

arcsinz >a ([a|[< 1/2) x€(sina, 4] 
arcsin z <a (|a| < 7/2) x€[—1, sina) 
arccosz>a (O<a< 721) z€[—1, cos a) 
arccoosr<ca (O<a<n) x€ (cosa, 4] 
arctanz>a (|a|]< 1/2) x€ (tana, -+0o) 
arctanz <a (|a|[< 1/2) xE(—oo, tana) 
arccootz>a (0<a<72t) xE(—oo, cota) 
arccootr<ia (O<a<n) xE (cota, +0) 


Solve the following inequalities. 
7.4. arcsinz <0. 7.2. arcsin x > —2. 


7.3. arccos x < arccos [: 7.4. arccos x > n/6. 
7.5. arctan x > —/3. 7.6. arccot x > 2. 


Inequalities of the form R (y) > 0, R (y) <0, where R is a cer- 
tain rational function and y is an inverse trigonometric function (arc 
sine, arc cosine, arc tangent, arc cotangent), are usually solved in two 
stages: first the inequality is solved for the unknown y and then fol- 
lows the solution of an elementary inequality containing the inverse 
trigonometric function. 


Example 7.1. Solve the inequality 
arccot? z — 5 arccotz + 6> 0. 


Solution. Designating arccot x = y, we write the initial inequality 
in the form 
y? = oy + 6 => 0, 
whose solutions are y < 2 and y > 3. Returning to the initial un- 
known, we find that the initial inequality reduces to two elementary 
inequalities: 
arccot « < 2 and arccotz > 3 


whose solutions are x € (cot 2, oo) and z € (—ovo, cot 3) respectively. 
Uniting these solutions, we get the solution of the initial inequality. 


Answer. (cot 2, 0c) U (—o, cot 3). 
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Solve the following inequalities. 
7.7. arctan? z — 4 arctanz + 3>0, 7.8. log, (arctan z) > 1. 


7.9, Qarctanx | 9-arctanx ~ 9. 7.10. 4 (arccos x)? — 1 > 0. 


To solve the inequalities connecting the values of various inverse 
trigonometric functions, or the values of one trigonometric function 
calculated from different arguments, it is convenient to calculate the 
value of a certain trigonometric function of both sides of the inequality. 
It should be born in mind that the resulting inequality is equivalent 
to the initial one only in the case when the sets of values of the right- 
hand and left-hand sides of the initial inequality belong to the same 
interval of monotonicity of that trigonometric function. 


Example 7.2. Solve the inequality 
arcsin x > arccos z. (*) 


Solution. The set of permissible values of x entering into the ine- 
quality is z € [—1, 4]. For z < 0 we have arcsin z < 0, arccos z > 0. 
Consequently, the values z < 0 are not solutions of the inequality. 
For zx > 0 both the right-hand side and the left-hand side of the in- 
equality have values belonging to the interval [0, 2/2]. Since the sine 
function is monotone increasing on the interval [0, 2/2], it follows 
that for x € [0, 4] inequality («) is equivalent to the inequality 


sin (arcsin z) > sin (arccos z) <> z > Y 1 — 2’. 
For the values of the unknown we consider, the last inequality is equiv- 
alent to the inequality 


2x° > 1. (* x) 


Thus the solutions of inequality (*+) belonging to the interval [0, 14] 
are solutions of the initial inequality. 
Answer. x € (V 2/2, 4). 
Solve the following inequalities. 
7.41. arcsin x < arccos x. 7.12. arccos xz > arccos 2”. 
7.13. arctan z > arccot z. 7.14. arcsin z < arcsin (1 — z). 
7.15. tan? (arcsin x) > 14. 


8. Proving the Validity 
of Trigonometric Inequalities 


The proof of the validity of inequalities relating the values of 
trigonometric functions on the entire number axis or on its interval is 
usually based on the investigation of the properties of functions: 
monotonicity, boundedness, etc. 


Example 8.1. Prove that 


ie a+B > cos a-+ cos B 
2 2 : 
if a, BE (—n/2, xn/2). 
Solution. To prove the given inequality, it is sufficient to repre- 
sent its right-hand side in the form 
cosa-+cosp _ 
—— = 


a-+B a—Bp 
cae i cos a 
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: a—B un 6 ot 
and take into account that E (—+ : +) for a, BE (—+ 


2 99 
+) and, consequently 0 < cos at 


Prove that the following inequalities hold true_ for x € [0, 2/2] 


8.1. sinzcosx < 1/2. 8.2. sinz+-cosx< Vy 2. 
8.3. tanz-+ cotzr >2. 8.4. tanz > sin z. 


8.5. sinQe<2sinz. 8.6. Ycosz< Y2cos 
8.7. Prove that 


x 


2 


sina-+sin fp 
y) ? 


if a, BE [0, a). 
Prove that the following relations hold true for any real z. 


8.8*. | acosz-+bsinz |< V a?-+b?, 


ggte, ate Vat bry dae 


c : ; 
5 < asin? x-+ b sin’z cos z-+-c cos? x 


ate+ Yat+b2-+ c*— 2ac 
Ser ge 


To prove the validity of trigonometric inequalities, use is often 
made of algebraic inequalities which establish a relationship between 
the geometric mean and the arithmetic mean of two or several posi- 
tive numbers. 


Example 8.2. Prove that 


4 4 4 
ae ee > 6, (+) 
sin > oo. BIND. 


ifeo+ B+ y=a anda, Bp, y>0. 
Solution. Since sin , sin > ; sin + are nonnegative, we can 


use the inequality relating the arithmetic mean of the three numbers 
and their geometric mean and obtain 


4 4 1 3 
—— 4} > —eeeee—e (#8) 
sin = - sin 2 sin + 1/ sin % on B gin ® 
2 2 2 ] 2 2 2 


Transforming now the radicand, we get 


B 


_ a, _ yp 1. 24 B— 
Sin -~- sin — sin -—-=—— SIN — | cos 


2 2 2 2 2 


8 Proving Trigonometric Inequalities 103 


Since a+ B+ y =a, we have 


By _ (+ a a 
a laa a —F)=siny, 
== 
cos 5 <1. 
and, consequently, 
in sin $ sin ¥ <7 sin & (1—sin 5) 
sin > sin 5 sin 5 < 5 sin 5 (4 sin . 


The greatest value of the function appearing on the right-hand 
side of the inequality f (y =a (4—y) (y= sin >) , on the inter- 
val [0, 1] is equal to 1/4. Consequently, 


eM a DP cee. OY 
sin sin > SN ZR. 


Snce the value of a fraction decreases with an increase in the denomi- 
nator, we can substitute the value of the denominator obtained into 
the right-hand side of (**), extract a cubic root of 1/8 and make sure 
of the validity of the initial inequality. 


Prove the following inequalities. 
8.10*. Prove that 
(1 — cosa) (1 — cos B) (1 — cos y) < 1/8 


ifeatBp+y=—n anda, B, y>0. 
8.11*. Prove that 


nema 
ifa+tp+y=n and a, f, y€ (0, 2/2). 
8.12*. Prove that 
tan? aw + tan? 6 + tan? y > 9 
ifa+tpPp+y=—n and a, B, y€ (0, n/2). 
8.13. Prove that 


CR 
COS => COS -> COS | KG V3 


ife+tp+y=na. 
8.14**. Prove that 


sin? + +sin® Ft sin’ S > 


ife+tBp+y=nu. 


Go 


4 
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8.15. Prove that 
cos a@ + cos B + cosy < 3/2 
ifa+BP+y=4%. 
In Example 8.2 we had to find the greatest value of the function 


a sin + (1—sin }} . Making a substitution, we have found that 
the required value coincides with the greatest value of the function 
f (y) =35Y (1—y) on the interval [0, 1]. A similar technique is 
often used when it is required to find the sets of values of some complex 


trigonometric expressions. 
8.16. Prove that 


4 
—4< cos2z+3sinz< a5. 
8.17. Prove that 


cos? x + cos®z <= 4/4, 
8.18. Prove that 


. — p?—4q 
sin? r+ p sin cae an 


if |p| <2. 
8.19. Prove that sin? x cos? x < 1/4. 


Inequalities relating trigonometric functions and certain poly- 
nomials considered on certain intervals of variation of the arguments 
can be proved by using combinations of the techniques discussed 
above. In that case, the proof is often based on the inequality 


sinz<2z< tang, (1) 
which is valid for x € [0, 2/2]. 
Example 8.3. Prove that 


z— + <sine 


on the interval (0, x). : ; 
Solution. Let us represent the function sin z as 


< HO Lt x a “= ) 
sin z=-2 tan -> cos?-5 = 2 tan 5 (4 sin 5 )- 


Using (1), we obtain 
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Substituting the estimates obtained into the right-hand side of the 
initial inequality, we make sure of its validity. 


8.20. Prove that the inequality 
z* , «4 
cosz< {——- 6 


is valid on the interval (0, 1). 
8.21. Prove that the inequality 


x3 
t—-y-<tanz 
is valid on the interval (0, 2/2). 
8.22. Prove that 
2 


1—cosz< 7° 


Chapter 5 


Complex Numbers 


The notation for the complex number z in the form a- bi, where 

a and b are real numbers, is known as an algebraic form of a com- 
lex number. The number a is called a real part of the complex num- 

her and is designated as Re z, and the number b is called an imaginary 
part of a complex number and is designated as Im z. The symbol i 
is called an imaginary unit. 

Two complex numbers z = a; + b,i and 2, = a, + bdgi are equal 
if ay + ag and b; = Do. 

The complex number —a — bi is said to be opposite to the com- 
plex number a + bi. 

Rules for operating with complex numbers. Assume that z; = 
a, + byt and z, = a, -+ bgt are two complex numbers. The sum z -- 
Za, the difference z; — 2, the product 2;+z,, and the  beddi 74/Z5 

u 


(2, = 0) of the complex numbers z, and z, can be calculated by the 
formulas 
24 + 23 = (4; + a) + (by + Da) ft, 
2q — Z_ = (a; — aq) + (by — 5) 2, 
24 *Zq = (aja — bybg) + (ajbg + aby) ft, 
2 ajba t+ aebj ok Agbj — ab, i. (1) 


Zo a2--b2 az -- b2 


Addition and multiplication of complex numbers are commutative 
and associative and multiplication is distributive with respect to 
addition. 

The complex number a — bi is a complex conjugate of z = a + bi. 
Tt is designated as z. The property of complex conjugate numbers 
is 2-2 = a? + 53, 

Assume that z = a-- bi is a nonzero complex number (a? +- 
b? +0). The modulus (absolute value) of the complex number, de- 
signated as |z|, is a quantity r =Y a +. b?; the argument of the 
complezr number z is an angle m found from the conditions 


Ne Ta a 


V a?+33 
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The argument of the complex number z is designated as arg z. The 
notation for the complex number z = a + bi in the form 


z=r(cosq@ + isin @) 


is known as a trigonometric form of notation of a complex number. 

The principal value of the argument of the complex number z (arg z) 
is the value of m which belongs to the interval [0, 2x]. In terms of 
geometry, the modulus of a complex 
number can be represented as a line 
segment (radius vector) with the points 
(0, 0) and (a, b) as its ends, the argu- 
ment of a complex number jis an angle 
which the radius vector forms with the 
positive direction of the x-axis (Fig. 5.1). 

Two complex "numbers written in 
trigonometric form are equal if and 
only if their moduli are equal and the Fig. 5.4 
arguments differ by 2k (k € Z). 

The product and the quotient of two nonzero complex numbers z, = 
r; (cosg, + ising,) and 2, =r, (cosg,+ isin g,), written in 
trigonometric form, are the numbers 


24 *Zy = Ty "Tq [Cos (Py + Pa) + isin (p + Oa)], 
21 


41 [cos (p;— G2)-+ i sin (p, —a)]. 
2 2 


The nth degree of the complex number z = r (cos + i sin @) 
can be calculated by de Moivre’s formula 


2" = r® (cos np + i sin ng). 
The root of degree n of the complex number z is acomplex number w 
satisfying the equation 
wn = Zz, 
All solutions of this equation are designated as }/ z and for the num- 


ber z written in the trigonometric form z = r (cos g + isin q) are 
calculated by the formula 


Vz= Vr (cos Pree sin ere) ; 


n 


where k= 0, 1, 2,..., n—1. 


1. Operations with Complex Numbers 


When calculating a product and a quotient of complex numbers, it 
: often convenient to represent complex numbers in trigonometric 
orm. 


Example 1.1. Represent the complex number z = —3-+ i in 
trigonometric form. 
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Solution. By the definition of the modulus of a complex number, 
we have 


lz} = V(—3?+1= 10. 


Designating the argument of the complex number as q, we get 


4 3 
sin O@=>=-——— , cos O = —_—_—_ 
i V 10 . V 10’ 
whence it follows that the angle m belongs to the second quarter and 


is equal to arccos (—3/Y 10). Consequently, the complex number z = 
—3 4 i has a trigonometric form: 


— 3 3 
z= V 10 | cos ( axceos( -—— | i sin ( arecos — —)) |. 
v V 10 a y 10 
Represent the following complex numbers in trigonometric form. 
4° 1.2 1 j 


. —3. 1.3. i. 


14.44% 1.5. -1+% 16.14 773. 
137% 3 ee ie 4i. 1.8. se 4i. 

vu, . Ot ; ‘ 4 \ 100 
1.9. — cos fisin=. 1.140. sina—icosa. 1.11. (—) 3 


The roots of degree k of complex numbers are usually calculated 
by representing the complex numbers in trigonometric form. 


Example 1.2. Calculate j/ i. 


Solution. We write the complex number i = 0 -+ 1-i in trigono- 
metric form. Since | i | = 1, arg i = n/2, the number i is in the tri- 
gonometric form 


e JU e e It 
zt1=cos —— usin —, 
at 5 


According to the definition of a root of degree n of the complex number 
/ i, these are complex numbers z satisfying the equation 


23 = i, («) 
Writing the required number z in the trigonometric form z = r (cos @ ++ 
isin qm) and using de Moivre’s formula, we write equation (*) in 
the form 
var I 52 SO 
r3 (cos 39-+ i sin 3@) = cos a + isin->. 


By the definition of the equality of two complex numbers written in 
trigonometric form, we obtain 


3 = 1, 39 = 5 + ank, k EZ, 


whence it follows that 


- qt 
r=y i=1, ay a 
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Among the infinite set of numbers z with modulus 1 and argu- 
Ment gu tye, those numbers obtained for k=0, k=1, k=2 


are distinct: 


s,, © y3,,1 
cos +i sin 6 a a 79 
mT... V3 4 
cos —.— i sin —F— Sea a +i a3 
ans ON, 
cos —_— isin —-= —t. 


Fig. 5.2 
They are precisely the values of / i. In geometrical interpretation the 


3/7 : ° * : 
complex numbers "A i can be represented as points lying on a unit cir- 


cle (since r = 1), whose radius vectors form the angles 1/6, 5x/6, and 
3n/2 with the positive direction of the z-axis (Fig. 5.2). 


Calculate the following expressions using the trigonometric notation 
for complex numbers. 


1.42. ¥ 2i. 1.43. YW —8i. 1.44, f3—4i. 
145.71. 146. 72-273. 147. 4/7. 


1.418. /3+4i. 1.19. 7/1. 


2. Geometrical Representation 
of Complex Numbers 


An algebraic notation for complex numbers which satisfy certain 


relations is usually used to represent them geometrically in the coor- 
dinate system Ozy. 


Example 2.4. Find the set of points of the coordinate plane Ozy 
which represent the complex numbers z for which | 2 + i —2|]<2. 

Solution. Let us write the complex number zin algebraic form z = 
x + iy. Then we have 


2-i—2=(e—2)4+i(y+ 1). 
By the definition of the modulus of a complex number, we have 
|z+i—2 |= V (e#—2?+(y+1)?, 
and hence the inequality | z 4+- i — 2 | < 2 assumes the form 
V (@—2)?-+ (y+ 1)? < 2 <> (x —2)? 4 (y $1)? < 22. 


The set of points of the coordinate plane Oxy, which satisfy the last 
inequality, is the set of all points lying in the interior of the circle and 
on the circle with centre at the point (2, —1) and radius 2. 
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Example 2.2. Find the set of points, belonging to the coordinate 
plane Oxy, for which the real part of the complex number (4 -++ i) z? 
is positive. 

Solution. Let us represent the number z in the algebraic form: 
z= 2-+ iy. Then 

a= 2? — y? + i (2zy), 
(1+ i) 2 = (1 + i) [x? — y? +i (2zy)] 
= (a? — Ary — y*) + i (x? + Ary — y?). 
By the hypothesis, the real part of the complex number (4 + i) z? 
is positive: =i 
_ es xz? — Ixy — y? > 0. (*) 
Assuming that:y ~ 0, and dividing both sides of the inequality by y?, 


we get an inequality 
2 
(=} ~2 (=)-1>0. 
y 


LY 
Solving this quadratic inequality, we obtain 


tly>1+Yy2, z/y<i—y2. (##) 
For y > 0, we can write inequalities (**) in the form 


4 
—— r, < ——_ 2. 
x y 1-y3” 


The set of points of the plane Oxy which satisfy these conditions is 


hatched in Fig. 5.3. 
For y < 0, inequalities («*) can be written in the form 


ong 

1—/2 

and the set of points of the coordinate plane Ozy which satisfy these 
hatched in Fig. 5.4. 


y> 


inequalities is 


yoy t 


Fig. 5.3 Fig. 5.4 


For y = 0, we cannot divide both sides of inequality (*) by y?, 
but for y = O inequality (#) itself turns into an inequality z? > 0 


3 Solution of Equations in the Set of Complex Numbers 114 


whose solution is any real number z different from zero, i.e. any point 

on the z-axis except for zero is a solution of inequality (x). 
Uniting these three cases, we definitely establish that the required 

set is constituted by the angles, without their boundaries, whose sides 


Y 
QD L 
Fig. 5.5 
are the straight lines y = ease zandy = a xz containing 
14+ y2 1—Yy2 


the z-axis (Fig. 5.5). 


n/3. 


2.4.1<|2| <4. 2.5. |22—4[>2. 2.6. | Jz] +il < 10. 
2.7.|/2+1/=]2—1]. 28 Jztil= [z+ 2]. 

2.9. [zfil> [2]. 240.1<]z2+ i] <4 

244. 4—N)2= (44 Hz. 


z+ pr+q=0 
do not exceed unity in absolute value. 
2.13. Indicate all points of a complex plane such that 
(1) za, (2) z + @ are real numbers (2 = a + bi is a given complex 
number). 
2.14. Find the set of points of the coordinate plane Oxy which 


satisfy the inequality 
|z—1|+4 


i ae 
2 
2.15. On the plane Oxy find the set of all points whose coordinates 
satisfy the following conditions: the number 2? -++ z+ 1 is real and 
positive. 


3. Solution of Equations in the Set 
of Complex Numbers 


The solution of equations in the set of complex numbers reduces 
to the solution of systems of equations in the set of real numbers _re- 
sulting from the comparison of real and imaginary parts of the left- 
hand and right-hand sides of the initial equation. 
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Example 3.1. Solve the equation 
2z2= |z|-+ 2i 


in complex numbers. 
Solution. We write the complex number z in the algebraic form 


z = x + iy, where z and y are real numbers. Then | z| = Vx? + y? 
and the given equation assumes the form 

22+ 2iy= Y x? y?2+-2i, 
From the definition of the equality of two complex numbers we get 
a system of equations for determining zx and y: 


2x — V z2+y?=0, 
2y—2=0. 


From the second equation we find y = 1. Substituting y = 1 into 
the first equation of the system, we get an equation 2z = Y x? -+. 4 


whose solution is z = Vs Thus the complex number z = V3 +i 
is a solution of the given equation. 


1 

Answer. 2=—=-+i. 

V3 

Ex mple :.2. For every real number a > 0 find all complex num- 
bers z satisfying the equation 

z[|[z|/taz+i=0. 

Solution. We write the complex number z in the algebraic form 
z= 2-+ iy. Then |z | =Vir + y? and the equation assumes the 
form 
(a--iy) V 22+ y?+a (x+ iy) +i=0 

<> (x V 227+ y? +02) +i (y V2? + y?4+ay+1) =0+4 0.3. 
It follows from the definition of the equality of two complex numbers 
that the last equation is equivalent to a system of two equations: 
z VY z?+y?+ar=0, 
y V2?+y?+ay+1=0, 
whose solutions are sought in the set of real numbers. 
It can be easily seen that the set of solutions of the first equation 


of system (+*) can be found as a union of the sets of solutions of two 
equations: 


(*) 


z=0, Y2?+y?+a=—0. 


The second equation has no solutions by virtue of the condition a > 0. 
Substituting z = 0 into the second equation of system (*), we get 
an equation for the real number y: 


ylylta+t+i=9Q, 
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whose set of solutions is obtained as a union of the sets of solutions 
of two systems: 

y > 0, y <0, 
y>tayti=0o0, —y?+ay+1=0. 


Bearing in mind the condition a > 0, it is easy to verify that the first 
system has no solutions and the second system has a unique solution 


a _ 2 
y= ae, Thus, the purely imaginary number 
— 2 
oi tel SC 


in a solution of the given equation. 


Solve the following equations. 

3.4. (21+ i 2—(5—it24+2—21=0.3.2.242=0. 
3.3. [2] —iz=1—2i. 3.4. 22 = (2)8, 

3.5. (x + y)?+64+ iz=5 (2+ y)+i(y+1) (x, y are real 


numbers). 
3.6. For what real values of x and y does the equality 


z—2-+(y—3)i —1{—3; 


ti ; 
hold true? 
3.7. Prove that the equation 23 + iz — 1 = 0 does not have real 
solutions. 
3.8. Calculate z!4 + 1/214 if z is a root of the equation 
z+. 4/2 = 1. 
3.9. Solve the equation 
2—z2?1t2—1=0 
in complex numbers. 
3.10. Solve the following systems in complex numbers: 


(a) zw? = 1, (b) z8wl® = 1, 
22 — ws = 0, 2°w? = 1, 
22+ we = —2. 


3.11. What condition should be satisfied by the complex num ber 


a -+ bi for it to be representable in the form 
; 4—iz 
Ol Gee 


where z is a real number. 
3.12. Among the complex numbers z find all those for which 


1 


logy, (13-+ | 22—4i |) 4- logigg G3) 284i |e 


80263 
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3.13. For every real number a> 1 find all complex numbers z 
which satisfy the condition 


zta|[ztij[+i=o0. 


3.14*. Find the real values of the parameter a for which at least 
one complex number z = xz - iy satisfies both the equality 


[zt V2] =a? —3a4 2 

and the inequality 

[z+ iV 2| <a’, 

3.15. Find the real values of the parameter a for which at least 
one complex number z = z + iy satisfies both the equality 
Jz—ailj=a+4, 

and the inequality 

[z—2|< 1. 


3.16. Find the complex number z, the least in the absolute value, 
which satisfies the condition 


[2—24 2|=4. 


Chapter 6 


Sequences 


1. The Definition and the Properties 
of Sequences 


A set of quantities enumerated in a definite order is called a se- 
quence of numbers. The elements of a number sequence are terms of the 
Sequence; the first term is designated as z,, the second term as zg, the 
nth term as zy and so on. The whole number sequence is designated as 
Iy, Tq) «+ +9 Lny --. OF (tp), n E N*. The concept of a sequence can 
also be introduced by means of the concept of a function: an infinite 
number sequence (z,), n € N, is a numerical function f (n) defined on 
the set of all natural numbers. The formula which makes it possible 
to calculate any term of a sequence from its number n is known as the 
formula for the general term of the sequence. 

The sequence (z,), n € N, is said to be bounded if there are two 
numbers m and M such that the double** inequality 


mt, iM (1) 


holds true for all n € N. The sequence (z,,), n € N, is said to be monotone 
increasing if the inequality 


Int1 > Ip! (2) 
holds true for any natural n, and monotone decreasing if the inequality 
Znti Tp (3) 


holds true for any natural n. The sequence (z,), n € N, is said to be 
nondecreasing (nonincreasing) if inequality (2) ((3) respectively) is 
nonstrict. 


Increasing, decreasing, nonincreasing, and nondecreasing sequences 
are known as monotone sequences. The definition of monotonicity 
can be generalized to the sequences which possess this property only 
beginning with a certain term. In that case, the corresponding in- 
equality must_be satisfied for all n > no, where ny is the number of 
the term beginning with which the sequence becomes monotonic. 


Example 1.4. Prove that the sequence defined by the formula for 
the general term 
S __ 3n—t1 
nm 5n+2 
is increasing. 


* We shall also designate number sequences as (yj), (zn), n € N. 
,** We shall omit the word “double” everywhere for brevity. 


¢ 


8* 


116 Ch. 6 Sequences 


Solution. Let us consider the difference 
Se pe atten en ee ce 
mene 8 (n-+1)+2  5n-+2 
and verify the validity of the inequality z,,, — z, > 0 foralln€ N: 
3(n+1)—1 3n—1 14 
Sin t)ae bade! [Gan Gade 


Since the last inequality holds for all n € N, it follows, according 
to (2), that the sequence is increasing. 


1.1. Prove that the sequence 


6—n 
yua=— Co” EN, 
is decreasing. 
1.2. Is the sequence 
2n—3 
rn 7 ’ n€N, 
monotonic? 
1.3*. Is the sequence 
Qn 
Yn “nl ’ n € N, 
monotonic? 
1.4. Find the ratios between a, b, c, d for which the sequence 
_ an-+b 
Yn = en-+d 9 n € N. 


is increasing. 
Example 1.2. Find the greatest term of the sequence 
Yn = —n? + Sn — 6, nEN. 
Solution. Let us consider the function 
y (x) = —z? + Sze — 6. 


It assumes the greatest value at the point x = 2.5, the function y (z) 
being increasing on the interval (—oo, 2.5) and decreasing on the 
interval (2.5, -|-co). Consequently, returning to the sequence, we can 
write 


Y¥y< yo and yyg>yn, n>4. 


Thus either y, or y, is the greatest value of the function, but y, = ys, = 


Answer. The second and third terms of the sequence are the 
greatest. 


Find the greatest and the least terms of the following sequences. 
1.5. y, = n?—1, n€N. 
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1.6. y, = 6n — n?— 5, nEN. 
1.7*, t= In, n€N. 
1.8. The sequence (z,), n € N, is defined by the formula for the 


general term z, == ad 7 z . Findthe natural values of n which satisfy 


the following conditions: 
(a) |z, —2|< 0.1; (b) | z, —2!/< 0.01. 
{.9*. How many terms of the sequence 
Yn = | n?— dsn+ 6], nEN, 


satisly the uci 2< yn < 6? 
1.10.* Beginning with what number do the terms of the se- 
quence 


J, = n*— Sn + 6, NEN, 


satisfy the inequality 2,4, > z,? 
1.1 Beginning with what number n is the sequence, defined 
by the formula for the general term y,, = ng", monotone if 0 < q < 1? 


If a sequence is defined by the formula for the general term rz = 
f (n), then the boundedness of the sequence from above and from 
rar ae can me derived from the boundedness of the function f (x) for 
re 


ea 1.3. Is the sequence 


n= on 9 n€N, 
bounded? 
Solution. Let us consider the function 
3x -+8 
(j=, 


which defines the terms of the given sequence for r = n, n€ N. 
find the interval of variation of the function on the interval [1, oo). 
Writing the function f (x) in the form 


f (x) = 3/2 + 4/z, (*) 


we ascertain that the function decreases monotonically | for «> 1. 
Consequently, the function has the greatest value for x = 1, and it 
is equal to 11/2. It can be seen from notation (*) that 


f (x) > 3/2 


for all x€[1, +00). Consequently, f (n) € (3/2, 11/2). 
Answer. The sequence is bounded: all its terms are contained in 
the interval (3/2, 14/2]. 
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Find out whether the following sequences are bounded. 
1.42. x, = 2-1)", ne N, 

3+ n? 

a n€N., 


1 
sain ESTEE 


4 4 | 
(n+-4)1 (n-+2)! ee aoe 


1.13. tn= 
n€N. 


1.15%, 2, = ( 


2. The Limit of a Sequence 


We say that the number a is the limit of the sequence (z,), n € N, 
and write lim z, = a, if, for any ¢ > 0, there is a number n, (e) such 
that the inequality | z, — a| < e holds for all n > ny (e). If the se- 
quence (z,,), n € N, has a limit, it is said to be convergent. 

Here is the necessary condition for the convergence of a number se- 
quence: for a sequence to be convergent it is necessary that it should 
be bounded. 


Example 2.1. Prove that 


lim mri 4. 
n-o nh 
e e e nN +. 4 
Solution. To prove that the limit of the sequence z, = 3 


n€N, is equal to unity, it is sufficient to indicate the way of con- 
structing the number n, (¢), appearing in the definition of a limit, for 
any e > 0. Let us specify e > 0 and set up an inequality 


n--4 
n — <8, (*) 


which is equivalent to the inequality 1/n < e. Consequently, if we 

choose the number [1/e] + 1* as the number nj (e), then inequality (*) 

is satisfied for all n > ny (e). Thus we have proved the assertion that 
n+ 


unity is a limit of the sequence z, = ee EN. 
Prove the following: 
2.4. lim Sat 5. 2.2. lim o> =0. 
2.3. bed a 2.4. en 
2.5. lim — =0!, 2.6. lim = —=1, 


It is convenient to use the following geometric interpretation of 
the concept of a limit of a sequence in order to solve some problems 
which require proving the convergence of sequences. 


* The symbol [z] designates the integral part of z. 
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The number a is a limit of the sequence (z,), n EN, if, for any posi- 
tive number e there is a number n = ny (e) such that all terms of the 
sequence, beginning with z,, war belong to the e-neighbourhood of the 


number a, i.e. to the interval (a—e, a+ 8). 


Using the geometric interpretation indicated above, let us ascer- 
tain the validity of the following statements: 

2.7*. If a sequence converges to a certain number, it is bounded. 
(The necessary criterion of convergence). 

2.8*. It is known that lim tn = a, a <q. Prove that almost all 


terms of the sequence (z,), i “4 N (with the exception, perhaps, of a 
finite number of terms), are smaller than q. 
2.9*. It is known that lim 2, =p, lim 6b, —q, p #q. Is 
sta] TN» 0o 
there a limit of the sequence a,, by, dg, bg, .. +, andy, st 
2.10. Using the result of the preceding problem, ‘prove that the 
sequence 


= 44 (-4)" 
has no limit. 
2.41*. Find whether the sequence 


‘ IU 


2 


lias a limit. 
2.42*. Find whether the sequence 


ee Me ey 
nn 2 


has a limit. 
2.13. Find whether the following sequences have limits: 


(a) mq =1- =, p= [14 1. 


3. Calculating the Limits of Sequences 


Limits of sequences are usually calculated with the use of the 
following properties of convergent sequences: 
If two sequences (z,), n € N, and (y,), n € N, converge to lim z, 


nN— co 
and lim y,, then 

n—- oo 
the sequence (z, + y,), n € N, converges to 

lim (tn + yn)= bale Zr+& lim yn, (1) 

nm — oO n> 0 
the sequence (rt,yn), n € N, converges to 

lim ztpy,=(limz,) (lim yn), (2) 


n+ oo n—-> oo nr 0c 
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if, in addition, lim y, ~«0, then the sequence ( 7n Ie 


nr —> 0c Yn 
n €N, converges and 


lim zy, 
lim. —a 2S (3) 
n-oo Yn lim yn ° 

n—- co 


When calculating limits, the direct application of formulas (1)-(3) 
ie usu preceded by some identity transformations. When limits 
ot the torm 


In 


lim 


9 
n+oo Yn 


where z, and yy are infinitely increasing sequences, are calculated, 
the division of the numerator and the denominator of the fraction by 
the same expression is such a transformation. 


Example 3.1. Calculate the limit 
li 5n-+-1 
in “sas 
n+ © 7—9n 
Solution. Since the numerator and the denominator are infinite 
sequences, it is impossible to make a direct use of formula (3). Let us 
divide the numerator and the denominator by n. We can now apply 
formula (3) to the resulting fraction: 


S-+4/n lim (5+ 41/n) 


ln = = - 
nso iin—9 Pes (7/n—9) 


Applying now formula (1), we obtain 


lim (5+-1/n) lim 5+ lim (1/n) 
Tt — ©€ near nm-—- 0o nr —- CO 

lim (7/n—9) ~— lim =(7/n)— lim 9 ° 
nm —» oO n —- oo n —+ OO 


Taking into account that the limit of a constant is equal to that con- 
stant, and 


lim ——0Q, 
n—+>oo 
we obtain 
lim 5n+1 a i) 
n—> oo 7—9n 9 


Answer. —5/9. 


Calculate the following limits by means of a division of the numer- 
ator and the denominator of the fraction by the leading power of n: 


Bn? —Tn-+4 _ VP P+2n—1 
3.4. lim 3 Bnebnt * Bee lim —- a 


n> oo n -> C& 
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3.3, lim (+t—ie—IM gg tim Veter h 


n+ co (nF IF (n— 1 n+ one po+ Vrept 


In a number of cases, calculation of limits of expressions contain- 
ing exponential functions with natural argument can be based on 
the following equality: 


lim q™"=0 if Iq| <1. (4) 
Tl co 
Example 3.2. Calculate the limit 
lim nti 1 gn+1 
n+o a2r+gnrn ° 


Solution. We divide the numerator and the denominator of the 
fraction by 3"+!,. Applying formula (4), we obtain 


2\nt+i1 : 2 \n+1 
2 { l (=) 1 
(3) 1 = eee a5 ___ 0+1° _2 
n>o 1/2\", 4 ~ 4) (2\7, 1 ~ 1 4° 
3(3} tz 3,.™, (+) tz gp OTs 
Answer. 3. 


Calculate the following limits. 
2n 1 3n 3-2n+l__7.3n4 | 
3.9. jim ~9n__3n ° 3.6*. pint “gnti_5.gnti 6 
It is sometimes convenient to use the following property of se- 


quences, when calculating limits: if the terms of two sequences, (a,,), 
n€N, and (b,), n € N are related as 


lan |] <1|05, | for all ne€N, 
then the equality of the limit of the sequence (b,) to zero yields the 
equality to zero of the limit of the sequence (a,), n € N. 
Example 3.3. Calculate the limit 


lim (s"7)" 
n—- oo 2n -- 4 : 
Solution. Let us first make sure that the inequality 
n | 
2n-+14 = 20 
is valid for all n € N. Dividing the numerator and the denominator 


of the fraction appearing on the left-hand side of the inequality by n, 
we get an obvious inequality 


1 1 
5° 
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Using the property of powers, we infer that the inequality 


4 n 4 \n 
( 2+141/n = (=) 
is valid for all n € N. Since lim (=-)"=0 according to (4), 
nr —-> 0 
it follows from the property of sequences cited above that 
lim ( a )"=0. 
Nn -» oO 2n-+4 


Answer. 0. 


Calculate the following limits. 
: 3n+1 \n 

3.7*, lim (+) 

oan 
3.8*, lim ——, e 

n+oo L (2n-+-1) (n+2) } ° 
3.9%. lim _7sinnl 

n—-> co n?t4 ; 
When limits containing irrational expressions are calculated, the 


irrational expression is often transferred from the denominator to 
the numerator and vice versa. 


Example 3.4. Calculate the limit 
lim (n?+2n—n). 


nr —- co 


Solution. Let us multiply and divide the expression under the 
limit sign by the conjugate expression. Then we get 


; (VY n?+2n—n) (VY n?+2n-+n) n?+ 2n—n? 
n+ © V n?+2n-+n n + co V n2-+2n-+n 
lim 2n ae 
= ~~ oO. pa _._ « * 
= V n?-+2n-+n 
Dividing the numerator and the denominator by n, we obtain 
li ae fie, ee 
Dn O=_=_=_=_=_———————*- > m —_—_—_— —_— 
neo Vritintn nro Vit2n+1 
Answer. 1. 


Calculate the following limits. 
3.10. lim(VYn+2—Yn). 3.44. lim (Wn?—5n-+ 6—n). 


n—-> oO n — © 


3.42. lim n(Yn?+i—n). 3.43%. lim (n+37/1—n3). 
r> Oo 


Tl —- © 
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If the limit of the sequence (z,), n € N, is known to exist, then it 
is convenient to use the following formula for its calculation: 


lim z,= lim 2py4}.- (5) 
rl & nrn—> © 
Example 3.5. Find the limit of the sequence x, = gq", n€N, for 
|q| <1 (i.e. prove formula (4)). 
Solution. We designate the required limit as a. Note that the given 
sequence can be written in a recurrent form: 


In+1 = WTn- 
Passing to the limit in this equality and using (5), we get 
lim z,=q lim gn, 
n—- oo TN -» CO 
or a == aq, or a (4 ma 0, and since | qq] <1, we have a = 0. 


Answer. lim zx, = 
nl->co 


3.14*. The sequence (z,,), n € N, whose first term is x, = V2 
can be determined from the recursion formula 


Tn41> V 242. 
Find the limit of (z,), n € N, if it is known to exist. 
3.15*. The sequence (z,), n € N, whose first term is z, = 1, can 
be determined from the recursion relation 


Ini. = 22+ (1 — 2a) x, + a?. 
Find the limit of (z,), n € N, if it is known to exist. 
3.16. The sequence is defined by the recursion relation 
1 a 
Tn+1= “9 (+2) ’ 
n 


x 


where x, > 0, a> 0. Find the limit of (z,), n € N, if it is known to 
exist. 


4. The Arithmetic Progression 


A sequence whose first term a, is specified and each successive 
term, beginning with the second, is equal to the sum of the preceding 
term and a constant d, is known as an arithmetic progression: 


Anti = a, + d, (1) 
a,, is the nth term of the progression and d is the common difference, 
or simply difference, of the progression. The formula for the general 
term of the arithmetic progression is 


Qn = 4, -+ d(n — 1). (2) 
The sum 5S, of n terms of the progression can be calculated by the 
formula 
oben re ane Uae _ (3) 


Sn — 
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The property of the terms of an arithmetic progression. Any term 
of an arithmetic progression (except for the first) is equal to half 
the sum of the terms which are equidistant from it: 


an = Socbt Sask k<n, (4) 
for k = 1 we get 
i — (5) 


An arithmetic progression is completely defined if a, and d are 
known. 


Example 4.14. When we divide the ninth term of an arithmetic 
progression by its second term, we get 5 as a quotient, and when we 
divide the thirteenth term of that progression by the sixth’ term, 
we get 2 as a quotient and'5’as a remainder.' Find the first term and 
the common difference. 

Solution. The hypothesis can be written as the following system 
of equations: 


Ag = g°0, 

ay, = 2a,-+ 9. 
Using the formula for the general term of an arithmetic progression, 
we obtain a system 


a, + 8d = (a, + d)-5, 
a, + 12d = 2 (a, + 5d) + 5, 


containing only two unknowns, a, and d. Collecting terms in the 
equations of the system, we get a system 


4a, = 3d, 
a,— 2d +5= 0, 


whose solution is a, = 3, d = 4. 
Answer. a, = 3, d= 4 


4.1. The sum of the first and the fifth term of an arithmetic pro- 
gression is equal to 5/3, and the product of the third term by the 
fourth term is equal to 65/72. Find the sum of the first seventeen terms 
of the progression. 

4.2*. Find the arithmetic progression if it is known that 


a, + a,+ a,= —12, ayadgazg = 80. 


4.3*. The sum of three numbers which are consecutive terms of 
an arithmetic progression is 2, and the sum of the squares of those 
numbers is 14/9. Find the numbers. 

4.4. Given in an arithmetic progression: ay = q and ag = p; 
find the formula for the general term of the progression a, (p # q). 

4.5*. Show that if for the positive numbers a, b, and c the numbers 
a, b?, c? are consecutive terms of an arithmetic progression, then the 


numbers are also consecutive terms of an 


1 
btec’atec’atb 
arithmetic progression. 


4 The Arithmetic Progression 125 


4.6*. If a,, ..., a, are terms of an arithmetic progression, none 
of which ‘is equal to zero, then the following identity holds true: 
4 1 1 n 
aeaivepy eeicee Carer 2 So, 
A;a2 aod anane1 414n+1 


When solving problems in which use is made of the concept of the 
sum of terms of an arithmetic progression, it is convenient to employ 
the following formula relating the nth term and the sum of n terms: 


Ont+1 = Snti— Spn- (6) 
Example 4.2. It is known that for any n the sum S, of the terms 
of a certain progression is expressed by the formula 
S, = 4n* — 3n. 


Find the general term of the progression. 
Solution. Using (6), we obtain 


Qn4y = Spay — Sp = 4(n + 1)? — 3 (n + 1) — (4n? — 3n) = 8n+-1, 
a, = 8(n— 1) +1 = 8n — 7. 


Example 4.3. Find the sum of all even two-digit numbers. 

Solution. The first even two-digit number is 10, and the last is 98. 
Using the formula for the general term of the progression for d = 2, 
a, = 10, a, = 98, we get 


n=tf— > = 45. 


Substituting the value of n we have obtained into the formula S, = 


“+ on n, we find 


98 +10 


Answer. 2430. 


4.7. Solve the equation 2 + 5 A 8t41+t...+2¢= 155. 

4.8. Ten roubles were paid for the manufacture and installation 
of the first reinforced concrete ring, and then 2 roubles more were 
paid for each successive ring than for the preceding one. In addition, 
40 roubles were paid when the job was completed. The average cost 
of the manufacture and installation of one ring turned out to be 


22 roubles. How many rings were installed? 


—4 z—2 4 
[ ) pot Engen 
T z + SS 3. 


4.10*. The sum of the first m terms of an arithmetic progression 
is equal to that of its n first terms (m = n). Prove that in this case 
the sum of the first m + n terms is equal to zero. 


4.9.Solve the equation 
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4.41*. Find the sum of all even three-digit numbers which are 
divisible by 3. 

4.12. Find the arithmetic progression in which the ratio of the 
sum of the first n terms to the sum of n terms succeeding them does 
not depend on n. 

4.13*. Find the sum 50? — 49? 4 48? — 477 1... 4 22 — 14. 

4.14*. Find the sum of the first nineteen terms of the arithmetic 
progression a,, dg, ... if it is known that 


Qy + Gg 4- Qyq + M9 = 224, 


4.15. Find a, + ag + ay, + ay, if it is known that a,, ag, ... 
is an arithmetic progression and 


a, + Qg+a,+...-+ a3, = 147. 


4.16*. Find the sequence in which the sum of any number of 
terms, beginning with the first, is four times as large as the square 
of the number of terms. 

4.17*. Prove that if S,, Sgn, Ss, are the sums of n, 2n, 3n terms 
of an arithmetic progression, then 


Sgn = 3 (San — Sp). 
2 
4.18*. It is known that the equality au = 5 holds for a certain 
n 
arithmetic progression and for a certain pair of natural numbers m 
and n. Prove that 


4.19*,. For what values of the parameter a are there values of zx 
Such that 
a 
Hite 4. Ginx, 3 9 20% +-25-* 
are three successive terms of an arithmetic progression? 

4.20, Find the values of z for which three numbers, log 2, 
log (2* — 1) and log (2* + 3) are three successive terms of an arith- 
metic progression? 

4.21, Prove that if uy, ug, ws (uy Ug) are terms (not necessarily 
successive) of an arithmetic progression, then there is a rational num- 
ber A such that 

Ug— Ug = 4, 
Ug — Uy 


4,22*,. Prove that the numbers VY 2, V3, V5 cannot be terms 
(not necessarily adjacent) of an arithmetic progression. 
4.23*. Can the numbers 2, 6, 4.5 be terms of an arithmetic 


progression? 
4.24*. The lengths of the sides of a quadrilateral form an arith- 
metic progression. Can a circle be inscribed into the quadrilateral? 
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5d. The Geometric Progression 


A sequence whose first term 0b, is specified and each successive 
term, beginning with the second, results from the multiplication of 
its predecessor by the same number q is called a geometric progression: 


by = bn-195 (7) 
b, is the nth term of the progression, and gq is its common ratio, or 


simply ratio. The formula for the general term of a geometric pro- 


gression is 
bn = bg”. (8) 


The sum of n terms of a geometric progression can be calculated by 
the formula 

_ _5;(1—q") 
If | ¢ | <4, then the progression is infinitely decreasing. The limit 


of the sum of its terms, S = lim S,, is called the swm of an infinitely 
N]N— CO 


decreasing geometric progression. It is calculated by the formula 


Giesaet (40) 


The property of the terms of a geometric progression. The square of 
any (except for the initial) term of a geometric progression is equal 
to the product of the terms which are equidistant from it: 


bg = bp-nonthe (14) 
A geometric progression is completely defined if b, and g are known. 
Example 5.1. Find four successive terms of a geometric progression 


of which the second term is smaller than the first by 35, and the third 
term is larger than the fourth by 560. 

Solution. Assume that b,, bg, bs, b, are four successive terms of the 
geometric progression. The hypothesis can be written as the following 


system of equations: 


b, — 35 = dg, 
bs, — 560 = by. 

Using the formula for the general term, we write the system as 
by — bq = 35, 


b4q? — bg = 060. 


Substituting b, (4 — q) into the second equation of the system, we 
get for gq an equation g? = 16, whose roots are equal to 4 and —4. 


Then, using the values g = 4 and g = —4 we get from the first equation 
of the system the respective values b, = —35/3, b, = 7. 

35 30°4 35-16 35:64 \. 
Answer. (->,.---.- 3.3 -= >): 


(7, —28, 412, —448). 
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5.1. Prove that for any even number of terms of a geometric 
progression Soqq (the sum of the odd terms) and Seyen (the sum of 
the even terms) are related as qSoqaq = Seven: 

5.2. Find the first and the fifth term of a geometric progression 
if it is known that the common ratio is equal to 3 and the sum of the 
first six terms is equal to 1820. 

5.3. Find four successive terms of a geometric progression if it is 
known that the sum of the extreme terms is equal to —49 and the sum 
of the middle terms is 14. 

5.4. In a geometric progression with positive terms S, = 4 and 
Ss = 13. Find Sy. 

5.5. The sum of the first three terms of a geometric progression is 
13 and their product is 27. Find the numbers. 

5.6. The sum of the first three terms of a geometric progression 
is 13 and the sum of the squares of those numbers is 91. Find the 
numbers. 

5.7. Find three numbers which are three successive terms of a 
geometric progression if their sum is 21 and the sum of the inverse 
values is 7/412. 

5.8. The sum of the first four terms of a geometric progression is 
30 and the sum of their squares is 340. Find the given numbers. 

5.9. The product of the first three terms of a geometric progression 
is 64 and the sum of their cubes is 584. Find the progression. 

5.10. The sum of the first three terms of a geometric progression is 
31 and the sum of the first and the third term is 26. Find the progression. 

5.41. The number of the terms of a geometric progression is even. 
The sum of all its terms is thrice as large as the sum of the odd terms. 
Find the common ratio of the progression. 

5.12. Given a geometric progression with positive terms. Express 
the product of its first n terms in terms of their sum S, and in terms 
of the sum S;, of the inverse values of those terms. 

5.13. The sum of any five successive terms of an increasing geo- 
metric progression is 19 times as large as the third of them. Find the 
progression if it is known that its mth term is unity. 

5.14. Calculate the sum of the squares of n terms of a geometric 
progression whose first term is equal to u, and the common ratio 
q # 1. 

5.15. Prove that the ratio of the sum of the squares of the odd 
number of the terms of a geometric progression to the sum of the first 
powers of those terms is a certain polynomial with respect to q (q is the 
common ratio of the progression). 

5.16. Prove that ifs Son» Sgn are the sums of the first n, 2n, 3n 
terms of a geometric progression, then 


Sn (Ssn — San) = (San — Sp)?- 
5.17*. Find the sum 


(rE) Ett) te tnt) aw st 


5.18*. Find the sum 


1 


2 3 4 , on 
i a oe 
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5.19*. Find the sum 
S, =a2-+ dz? + 38 +... 4+ nz®™ ct #1. 

Example 5.2. Find the nonzero common ratio of an infinitely de- 
creasing geometric progression whose every term is 4 times as large 
as the sum of all its successive terms. (It is assumed that b, = 0.) 

Solution. Let us derive an equation which by the hypothesis relates 
the nth term of the progression with the sum of the terms beginning 
with the (n + 1)th term. We have 

_, One 
bn — 4 4—q ° 
Expressing b,, 6,4, in terms of b, and g, we get an equation 
byq” 
1—q?’ 
which, upon the division of the right-hand and left-hand sides by 
4q 


bq =4 


b,qg"™-1, assumes the form 1 = 7" Its root is gq = 4/5. 


Answer. q = 1/5. 


5.20. The sum of an infinitely decreasing geometric progression 


is 16 and the sum of the squares of its terms is 153 = Find the fourth 


term and the common ratio of the progression. 

5.21*. Find the common ratio of an infinitely decreasing geometric 
progression whose every term is related to the sum of all successive 
terms as 2 to 3. 

5.22. In an infinitely decreasing geometric progression with 
positive terms the sum of the first three terms is 10.5 and the sum of 
the progression is 12. Find the progression. 

5.23. The sum of an infinitely decreasing geometric progression 
is 4 and the sum of the cubes of its terms is 192. Find the first term 
and the common ratio of the progression. 

5.24. The first term of an infinitely decreasing geometric progres- 
sion is unity and its sum is S. Find the sum of the squares of the 
terms of the progression. 

5.25*. At what value of z is the progression 


a+2z a—zx ( a—z 
a—x’? atx’ \ a+z 


infinitely decreasing? Find the sum of the terms of the progression. 

5.26. The side of the square is equal to a. The midpoints of its 
sides have been connected by line segments, and a new square resulted. 
The sides of the resulting square were also connected by segments so 
that a new square was obtained, and so on. Find the limit P of the sum 
of the perimeters and the limit S of the sum of the areas of the squares. 

5.27. Find the condition under which three numbers a, b, and c 
are, respectively, the Ath, the pth, and the mth term of a geometric 
progression. 

5.28. Can the numbers 11, 12, and 13 be terms (not necessarily 
adjacent) of the same geometric progression? 


“942.0263 


3 
pooh, where a>), 
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6. Mixed Problems on Progressions 


Mixed problems on progressions are probiems whose solution requires 
the use of the properties of both arithmetic and geometric progressions. 


Example 6.1. Three numbers are successive terms of a geometric 
progression. If we subtract 4 from the, third number, these numbers 
will become successive terms of an arithmetic progression. Now if 
we subtract unity from the second and from the third term of the 
resulting arithmetic progression, the numbers obtained will again 
become successive terms of a geometric progression. Find the numb.rs. 

Solution. Let us designate the required numbers as a, b, c. To 
derive the first equation relating a, b, and c we use the property of the 
terms of a geometric progression: 


b2 = ac. 
The second equation can be obtained from the hypothesis and from 
the property of the terms of an arithmetic progression: 
2b=a+te—A4, 
And, finally, the last condition of the problem can be written as an 
equation 
(6 — 1)? = a (ce — 9). 
To solve the system 
b? = ace, 
2b=a+ec—4, 
(b — 1)? = a(e — 5), 
we subtract the third equation from the first. We obtain a linear 
equation 2b — 1 = 5darelating b and a. Expressing now the unknowns 
a and c from the system of linear equations 
2b — 1 = 5a, 
2b=ate—4 
in terms of b, we get 
2b—1 pee 8b-+- 21 
i > 
We exclude the unknowns a and c from the system substituting their 
expressions in terms of b into the first equation of the system. Then 
we get a quadratic equation for b: 
9b? — 34b + 21 = 0, 
whose roots are equal to 3 and 7/9. Substituting these values of b 


into the expressions for a and c, we get the required numbers. 
Answers. (1, 3, 9), (4/9, 7/9, 49/9). 


6.4. Find three numbers which are successive te1ins of a geometric 
progression if it is known that an increase of the second number by 
2 makes the three numbers terms of an arithmetic progression, and if 
then the last number is increased by 9, the resulting numbers become 
again terms of a geometric progression. 


7 Miscellaneous Problems 131 


6.2. Three numbers the third of which is 12 are three successive 
terms of a geometric progression. If we take 9 instead of 12, then the 
three numbers become three successive terms of an arithmetic progres- 
sion. Find the numbers. 

6.3. Given a three-digit number whose digits are three successive 
terms of a geometric progression. If we subtract 792 from it, we get 
a number written by the same digits in the reverse order. Now if we 
subtract 4 from the hundred’s digit of the initial number and leave 
the other digits unchanged, we get a number whose digits are succes- 
sive terms of an arithmetic progression. Find the number. 

6.4. Given four numbers, the first three of which are three succes- 
sive terms of a geometric progression and the last three are successive 
terms of an arithmetic progression. The sum of the extreme numbers 
is 32 and that of the middle numbers is 24. Find the numbers. 

6.5. The first terms of an arithmetic and a geometric progression 
are the same and equal to 2, the third terms are also equal, and the 
second terms differ by 4. Find the progressions if all their terms are 
positive. 

6.6. The first term of an arithmetic progression is 1 and the sum 
of the first nine terms is equal to 369. The first and the ninth term of 
the geometric progression coincide with the first and the ninth term 
of the arithmetic progression. Find the seventh term of the geometric 
progression. 

6.7. Among the 11 terms of an arithmetic progression, the first, 
the fifth, and the eleventh term are three successive terms of a certain 
geometric progression. Find the formula for the general term of the 
arithmetic progression if its first term is equal to 24. 

6.8. The second term of a certain arithmetic progression is the 
mean proportional of the first and the fourth term. Show that the 
fourth, the sixth, and the ninth term of the progression are successive 
terms of a geometric progression. Find the common ratio of that 
progression. 

6.9. Prove that if a, b, and c are simultaneously the 5th, the 17th, 
and the 37th term of an arithmetic and of a geometric progression, then 


a>-cphc-aca-b — |, 


6.10. Prove that if a, b, and _c are three successive terms of a 
geometric progression, then 


See fete, eae 
logg N ’? logyN ? loge N 


are successive terms of an arithmetic progression. (The numbers a, b, 
and c are assumed to be positive and not equal to unity.) 


7. Miscellaneous Problems 
Verify whether the following sequences: are bounded. 
7A, 2p=1+(—1)" +. 7.2. In=n(t—(—1)”). 
3n-+5 


Cs. fs a3 
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7.4*. The general term of a sequence is represented as 


4 1 1 
aa a a 
1023 
How many terms of the sequence are smaller than 1024 ? 


7.5. Prove that the sequence 


2 
2th né& N. 


Uy = 3, Une = lu, ? 


is decreasing. 
7.6. Prove that the sequence 


1 1 1 
aaa a a a a 


is increasing. 

7.7*. Leta, be a side of a regular 2"*!-gon inscribed into a circle 
of radius 1. Prove that the sequence (a,), n € N, is decreasing and 
the sequence of the perimeters (P,), n € N, is increasing. 

7.8. The leg of an isosceles right-angled triangle is divided into n 
equal parts and inscribed rectangles are constructed on the resulting 
line segments. Find the limit of the sequence (S,,), n € N, of the areas 
formed by the stepped figures. 

7.9. Find the “area” of the figure, bounded by the parabola y = z?, 
the interval [0, 1] of the abscissa axis, and the straight line z = 1, 
as the limit of the sequence of the areas of the stepped figures consisting 
of rectangles constructed in the same way as in the preceding problem. 


7.40. Find lim 7/(n3+1—n). 


ni > 0 


7.11*. Find a three-digit number which is divisible by 45 and 
whose digits are terms of an arithmetic progression. 

7.12**. Prove that if S, = n?p, Sp = k*p, k #n, in an arith- 
metic progression, then S, = p’. 

7.13*. Prove that if a,,..., a, are terms of an arithmetic progres- 
sion with the common difference d, then 


1 4 4 

(ava vali °° Verve 
= V tui — Va 

Van Var 


7.44. Four numbers a, b, c, d are terms of a geometric progression. 
Prove that 


(a — c)? + (b — c)? + (b — d)? = (a — d)?. 
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7.15*. Solve the following system of equations: 


x y Zz wus 
y 2 we ss ¢” 
x=8u, 


gtytztuts+t=15 = 


7.16*. Prove the equality 


(66... .6)2-+88...8=44...4. 
en ee ee’ a oe 


n digits mn digits 2n digits 


7.17*. Assume that xz, and z, are roots of the equation z?— 3z+- 
A=0, and zg and z, are roots of the equation z?—12x-+ B=0. 
The sequence z,, 2X2, 3, 2, is known to be an increasing geometric 
progression. Find A and B 


When calculating limits of sequences whose terms are the results 
of summation, use is often made of the following formulas: 


1424 ...$na Ord, (1) 


pee pate EINE (2) 


194.294... pnp EY (3) 


Using (1) and (2) and the formulas for the sums of n terms of an 
arithmetic and a geometric progression, calculate the following limits: 
1+2+...+2” 
(410. im. <4 en 
neco thot... 5" 


7.49. lim (44+ Pee eel, Mi 


2 
N-+ 0o 


ttt. +e), 


7.20*. lim (Vit. syat 


N-> 00 V3 


124, tim (ESS beh) Bet) 
aS —1)? j 
7.22, ba (++ aed 444+) : 


7 29 on Qn 
7.23. 1. (s5+aq+ oe +7aa-} ; 
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; 1 1 1 
ve. Im (Getaat s+ +e): 


7.25%. lim ( 1 +++) +52), 


n+ oo\ @ 142 a2a3 Gn2n+1 


where (a,), n €N, is an arithmetic progression with the common 
difference d whose terms are nonzero. 


; 4 8 . 
7.26. lim (+4 ...44), 


nt —- CO 


Chapter 7 


Limit of a Function. 
Continuity of a Function 


1. Limit of a Function 


Let (a, b) be an interval of the number axis and z, € (a, b). We 
assume that the function y = f (r) is defined at all the points of the 
interval (a, b), except, maybe, the point z,. We say that the number A 
is a limit of the function y = f (x) at the point x, and write lim f (r) = A 


Lx 
if for any e > 0 there is a number 6 (e) > 0 such that the inequality 
| f (rc) —A|<_e holds for all x € (a, b) satisfying the inequality 

We say that the number A is a limit of the function y = f (zx) for 
x tending to infinity and write lim f (rz) = A if for any e > 0 there is 


@-- 00 
a number n, (ge) such that the inequality | f (r) — A | < ¢ is satisfied 
for all x > ny (e). 

The function f (z) is said to be bounded on the interval [a, b] if 
there are numbers m and M such that the inequality m < f (tr) < M 
is satisfied for all xé [a, )b]. 

The function f (zr) is said to be infinitely small as x —> 2, if lim 
f (t) = 0. X20 

The function f (z) is said to be infinitely great as x > x, if for 
any number EF >’0 there is a number 6 (ge) such that the inequality 
| f (x) | > E is valid for all zx € (a, b) satisfying the inequality 0 < 
| z — xz, | <6 (EZ). In that case we write lim f (zr) = o. 


x x9 

To ‘prove that the number A is a limit of the function f (z) as 

x —> x, it is sufficient to find, for any e, a number 6 (eg) entering into 
the definition of a limit. 


Example 1.1. Prove that 


Solution. To find the required number 6 (e) for the given e, we 
derive an inequality 


xz*?#—4 


— 9 eae 


0O< <e. (+) 


For z ~ 2 it is equivalent to the inequality 
O<|r—2l<e, (**) 
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’ mplies that 6 (e) = © can be taken as 6 (e), and by virtue of the 
equivalence of inequalities (*) and (**) for all values of zx, satisfying 


inequality (**), inequality (*) is satisfied. 
Example 1.2. Prove that 
lim 21/*?= oo, 
x +> 0 
Solution. To find the required 6 (EZ) for the given E, we derive an 
inequality 
gi/x* S EB, («) 
Taking logarithms of both its sides to the base 2, we get an equivalent 
inequality 


1 
7 > logs E, (#*) 
solving which with respect to z, we obtain 
1 1/2 
log, E 


al < | 


Thus we can take 


ee, 4 \4/2 
§()=(q 5-7) 2 
as 6 (E). 
Prove that 


1.4. lim (74+5)=8. 1.2. lim (r?—4)=0. 
x—+3 x72 


1.3. lim Yzr=Ya,a>0. 1.4 lim (—2z)=4. 
x—+>i 


x->a@a 
a ee 
1.5. lim Ewe | 1.6. lim 2!*-¢l ~ wow. 
x—>-0co F x-a 
: 4 
i ey lim — — o~, 
x 0 x? 


When solving certain problems, it is convenient to use the following 
definition of a limit of a function. Suppose the function f (x) is defined 
at all the points of the interval (a, b), except, maybe, for the point 
Zo € (a, b). We say that the number A is a limit of the function f (zx) 
as x tends to zy if for any sequence of the values of the argument (z,) 
tending to zo (t, # 2), 

lim f(zn)=A 


nrn—-> CO 


for the corresponding sequence of the values of the function. 


Example 1.3. Prove that the function f (x) = lel has no limit 
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Solution. Let us take two sequences of the values of the arguments 


which converge to zero: zi}? = 1/n, r°23 = —1/n. Then 
: (Dy) — | 1/n ‘ a 
lim f(z) = lim = lim 1=1, 
n -» oOo n + oO /n nm — CO 
lim f (es) = lim —1/"*_— lim (—1)= —4. 
n+ co n - oOo —1/n Tn > OO 


lim f(z?) & lim f (ei). 
nr —- Co nr -> 0O 


We have thus constructed two sequences of the values of the argument, 
different from zero, whose limit is zero, and which are such that the 
respective sequences of the values of the function converge to different 
numbers (one to 4 and the other to —1). But since it is stated in the 
definition of a limit that the limit of the sequence of the values of the 
function should be the same number for each of the sequences of the 
values of the argument, we have thus proved that the given function 
has no limit as z > 0. 


Prove that the following functions have no limits. 
1.8*. f (c)=sin (1/r) as x > 0. 
1.9. f(z) =e?* aszx—>0. 


2. Methods of Calculating Limits of Functions 


If there exist lim /, (x) and lim f, (z), then there are limits 
x->a x—~a 


Es cfr (2)=e lim fr (2), (1) 

Jim [fi (2) + fa (@)]= lim fy (@) + lim fa (2), (2) 

om [fa (2) fe (z= be fy (2) es fe (x); (3) 

Jim [fs (2)/fe (2) = lim fi (z)/ fim fa (z) (im fa(z) 0). = (4) 


When seeking the limit of the ratio of two polynomials dependent 
On xz, aS X — oo, it is first necessary to divide both terms of the ratio 
by z", where n is the highest degree of the polynomials. 
ae (z—3) (z—2) 


x00 
Solution. Let us divide the numerator and the denominator of the 
fraction by z?. Then we have 


zr—3 Z—2 
lim (x — 3) (x —2) tT ( zr ( x 
coo ov—5r+3 25 /z+3/2? 
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Using now formulas (4), (3) and also (2) and (1) (for c = —1), we 
obtain 


lim (4—3/z) lim (1—2/z) 
xX-> 00 x-> 00 


a eee (+) 
ee 
Using t' 2 equation lim — =0, we get 
xXx 0O 
_ 3 _ 2 
(1—him $) (1m) 
Be ey ee a eS 
2— lim ea. lim = 
x-> OOo x00 
Answer. 1/2. 
Calculate the following limits. 
: (x-+- 1)? —xz*+ 5z—6 
Ae GH ar eee) 
is 2 
2.3. lim ee < 2.4. lim sis 


=“ VeqVerva Tete 


If P (x) and Q (x) are polynomials and Q (a) + 0, then the limit 
of the ratio 
_ P (2) 
era O (2) 


x-a 


can be found directly by means of formulas (1)-(4). Now if P (a) = 0 
and Q (a) = 0, then, writing the polynomials P (x) and Q (z) as 


P (x) = (© — a/R Py (x), Q(x) = ( — a)? Qi (@) 


(zk and n are the multiplicities of the root z = a of the polynomials 
P (x) and Q (z)), it is necessary to cancel the numerator and the deno- 
eee the fraction P (x)/Q (x) by the common factor before passing 
to the limit. 


Example 2.2. Calculate 
, #%—d$2+6 
a 
Solution. We write the expression under the limit sign as 
z%—Sz+6 (x—3) (r—2) xr—2 


e—9  (x—3)(r+3) °° 2+3° 
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The limit of the obtained fraction can be calculated by means of 
formulas (1)-(4): 


Answer. 1/6. 


Calculate the following limits. 


2.5. lim 


x>-1 


+1 _ (e-+4) 
a 2.6. a Batt 
823 — 4 (-+h)8—23 
eae eee 


2ebe LM Mag 2.8. lim 
x+1/2 622—52-+-1 h-0 


1 3 
2.9. lim (3—= — gaa) 
[| {=e (x — 2a)-1-+ 2a (x +) —=.| 


2.10. lim 
x—a 


2.44. (a) lim f(z), (b) lim f(z), 
x 1/2 x 3/2 


x3 — a2zx xr—a 


where 


le—4| 2 
eet 
jG si 


V2e—2 +14 /z 
2.12. (a) cer f(z), (b) ep f(z), 


z|z—3| 
(@—a—6) 121" 
zt—_z—z+1 
x’ — 5224+ 7x—3° 


where f (xz) = 


2.13*. lim 


x1 


Calculation of the limits of irrational expressions can sometimes 
be simplified by an introduction of new variables. 


Example 2.3. Calculate 


lim V@—2V 2+4 
soi (@—1? ° 


Solution. We introduce the designation j/ x = t. Then, for the 
ae t, the expression under the limit sign can be written in the 
orm 


1?—2t+-1 
(8—1)? 
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The number to which the new variable t tends, as z — 41, can be found 
as the limit of the function ¢ (z) = A x as z— 1, i.e. 


lim ¢(z)=lim /z=1. 
x>1 x1 


Thus we have 


li 1? 2t+-1 1; (t — 1)? = 4 4 
et (81? ay DFE D? (Bete 9” 
Answer. 1/9. 
Calculate the following limits. 
Vz—! Vi+z—1 
2.44. lim —=—-. 2.15. lin ———. 
: ze! Vz—1 0 VYi+rc—1 


_ Ve+Va—i-1 
2.16. lim - pat 


x1 


The limit of a fraction containing an irrational expression can 
sometimes be calculated by transferring the irrational expression 
from the numerator to the denominator and vice versa. 


Example 2.4. Calculate 


z?-+-1—1 
lim Varti-t . 
x0 < 
Solution. ME vce the numerator and the denominator of the 
fraction under the limit sign by the expression which is a conjugate 
of the numerator, we obtain 


—— a4 24 x3 
ca x a: z (py 2?+1+-41) x+0 2 (pV 2?+1-+-14) 


Answer. 0. 


Calculate the following limits. 


— V2z?+4—2 
2.17. lim 2 1 — e 2.18. lim er 
x 00 (Ve 23 =) x->0 V z?7+9—3 
z—3 3— Vx 
2.19. lin ——_. 2.20. lin ————_ 
x23 Vr-~i—2 ig Vea 
Vz—2 a “WV eg=2 


2.21. lim ————- . 2.22. lim —= ° 
x74 V¥r+5—3 x—~2 Vz+7—3 
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a —3 
2.23, lim 2(V4e2?4+7+22). 2.24. lim =— 
x+3 


x4 ~— 00 z2#—1—2 


2.25. lim 27 V 27-4 | 996. lim VE@47—-4 
x x+3 z*—52+6 : 


When calculating the limits of expressions containing trigonometric 
functions, use is often made of the limit 


x—> co 


_ sing 
lim 


x+0 


== 4. 


Example 2.5. Find the following limit: 


4—cos 2x 


lim 
x0 


Solution. We transform the numerator of the fraction by the formula 
1 — cos 2x7 = 2 sin? z. 
Then we obtain 
= in2 _ simz,,., 
lim 1098 22 _ jim 2810? 2 _ojim S27 lim sinz—U. 
x—+0 zt x+0 z x0 x0 


Answer. 0. 
Example 2.6. Find the following limit: 


arcsin x 
x0 ad 


Solution. We designate y = arcsinz; then x = sin y. Since 
arcsin z tends to zero as z — 0, we have 


_ aresinz .. 
lim ———— = lim = 
x0) y~0 sin y 


Answer. 1. 


Calculate the following limits. 


sin nz sin z—sina 
e e im rrr ry 2. * im —————— e 
2.27. li Sine 28*, li pela 


x0 x-a 


SU tan nz 
2. * li ( i =) @ e =, j eh e 
29 ls nsin — 2.30 oe zo 
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9.34. lim sin z—cosz ee tan’ r—3tanz 
ol, 11M “V~Fyan7 ° of, Ll ——_ ——_——_—, 
xm /4 {—tanz x 7/3 cos (z-+ 1/6) 

sin (t— 7/3) _. 41—sin (z/2) 
2.33*., cera 4—2 cosz ° 2.34. ies ae e 


2.35*. lim Vi+sinz— V1—sinz 


x0 7 


3. Continuity of a Function at a Point 


The function f (xz), defined on the interval (a, b), is said to be con- 
tinuous at the point Zp € (a, b) if 
(1) there is a limit be f (2); 


_ (2) this limit is equal ‘to ‘the value of the function at the point zp, 
i.e. 


lim f (z) = f (2). 
X-> Xe 


The proof of the continuity of the function f (x) at the point 29 
consists in verifying the validity of the equality 


lim f (z) = f (29). (1) 
X+> Xo 


Example 3.1. Prove that the function 
f (xz) = 327-4 5 


is continuous at the point z = 2. 
Solution. Applying the theorems on limits, we have 


lim (38z7 + 5) = 3 lim 2? + 5 = 17. 
x2 x2 


On the other hand, the value of the function at the point 2 is also 
equal to 17. Consequently, equality (1) is satisfied and the given 
function is continuous at the point z= 2 


Prove the continuity of the following functions at the indicated 
points. 
3.1. f (x) = 2? — 2x 4+ 1 at the point 1. 


__1-++- cos 2x 7 
3.2. i (x) eae. at the point Th, * 
3.3. f(z)= te: sat theron =: 


ra<i 
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sin z 
3.4. f(z) “4 fr Gan at the point z=0. 
1, z=0 


etx? x = 0 


xz=0 


3:5. =| "at the point r=0. 


? 


1 
3.6. { (2)={ on a oo at the point z=0. 


rE Ya ere 
Vi+2—j1+2 ss aaa Ge 
3.7. f (x)= z at the point z=0. 


1/6, r= 0 


When proving the continuity of the function f (x), defined on the 
interval (a, b) at the point z, € (a, b), it is sometimes more convenient 
to verify the validity not of equality (4) but of the equality 


a [f (2o+ Ax) — f (%9)]=9, (2) 


whose validity ensures the continuity of the function at the point zp. 
Example 3.2. Prove that the function 
f (xc) = sing 
is continuous for any value of the argument z. 


Solution. Let us form a difference f (z+ Az) — f (x) for the given 
function: 


sin (z-++ Az) —sin r= 2 sin oF cos (ie : 


Taking advantage of the fact that 


sin (Az/2) _ 


Az 
Ar/2. cos (2-+-} <1, 


lim 
Ax—+0 


we obtain, by means of formulas (2) and (5) from Sec. 2, 
lim [sin (z+ Az)—sin z]=0. 
Ax 0 


Prove the continuity of the following functions on the whole domain 


of their definition. 
3.8. f (x) = 27. 3.9*. f (x) = cosz. 
3.10*. f(x) = Inz. 3.11%. f (xz) = e*. 


7 
wood 
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The following theorems are often used to prove the continuity. 

If the functions f (z) and g (x) are continuous at the point Z, 
then their sum, difference, product, and quotient (provided that 
& (x9) ~ 0) are continuous at the point zp. 


Example 3.3. Prove the continuity of the function 
f (z)= 


throughout the number axis. 

Solution. Since f (z) is a ratio of two polynomials, the denominator 
being positive everywhere, the continuity of f (z) at any pointreé R 
follows from the continuity of the numerator and the denominator at 
that point. 

é az-+b 

3.12. Prove that the fractional rational function w rer s 


(ad — be ~ 0) is continuous in its domain of definition. 

3.13. Is the function y = tan z continuous throughout the number 
axis? 

If lim f (z) exists, but the function is not defined at the point zo, 

xs Xo 

then we say that z, is the point of removable discontinuity. In that case 
we can extend the definition of the function f (z) “by continuity”, 
setting 


f (to) = lim f (2). (3) 


X+Xo 
Example 3.4. Define the function 


z?—4 
zr—2 


f (x)= 


at the point z= 2 by continuity. 
Solution. The point z = 2 does not belong to the domain of defini- 
tion of the given function, but 


z?—4 
zr—2 


lim = lim (x2) =4. 

x+2 x+2 

Let us complete the definition of the function f (x) at the point z = 2 
by the value equal to 4. Then we get a function 


r2—4 
~ r—2 
f(z) = 


for x % 2, 


4 for r=2, 


which coincides with the initial function throughout the domain of 
definition of the initial function and is continuous on the entire num- 
ber axis. 
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A nswer. fi (2) = 4. 


Define the following functions by continuity at the indicated points. 


3.44. f(z) =o 


at the point z=0. 


ex — ex 


3.15. f(z) = at the point z=0. 


3.16. f(z) = a LEE toe AES at the point z=0. 


pis 
3.17, Fe at the point z= 81. 


9— Vax 


Choose the egestraata such that f (z) become continuous at an indicated 


point (if the point is not specified, then on the entire number line): 
pe 
x re . pS: 
3.18. f(z)= “= 
A, == 3. 
2-tst) 2% 0, 
3.19. f (x)= * 
A, z=0. 


sin dz 
in2dz’ ~ e: 
3.20, f(z)= 2 59 at the point z=0. 
A, r=0 
Lads x » eee: 
3.21. f (x)= seis at the point x—0. 
A, z= 
2 
Ta , ¢#0, 
3.22. f (z)= oe ter at the point r=0, 
A, x=0 


(1—z) tan , c#i, 


3.23%, f (z)= at the point +=1. 


A, z=1 


Suppose the function f (xz) is defined on the interval (a, z,). We 
call the number A a left-hand limit (or limit on the left) of the function 
f (z) at the point x, and write 


lim f(z)=A 


7 o->x,—0 
40-0263 
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if for any e > 0 there is 6 (e) > 0 such that the inequality 
lf@—-Al<s 


holds for any zx € (a, x.) satisfying the inequality xz, — 6 (e) < z. 
The function f (z) is said to be continuous at the point xq from the 
left if the point zx, belongs to the domain of definition of the function 


and 
lim f (z)=f (Xo). 
O->X_ = 0 


The right-hand limit of a function and the continuity of a function 


on the right are similarly defined. 
For the function f (x) to be continuous at the point z,, it is necessary 
and sufficient that it be continuous on the left and on the right of the 


point xo. 


ar 3.5. What conditions should be satisfied by the parameters 
a and b for the function 


i (2) —1 for z< 1, 
a nee for x>1 


to be continuous? 
Solution. Let us calculate the left-hand and right-hand limits 


of the given function at the point zx = 1: 
lim (#—1)=0, et (ax? +-br)=a- b. 


x-1-0 


Since at the point zx = 1 the given function is continuous on the left 

and f (4) = 0, it follows that for this function to be continuous it is 

necessary and irae that the equality a+ b= 0 be satisfied. 
Answer. a+b= 0. 


Choose attend entering into the definition of the function, 
such that the function f (xz) become continuous: 


ax-+-1, £< 1/2; 
sinz+b, z>n/2. 
r<i; 
cies 
| 2?7—57+6], r>2; 
az—b, <2. 
| z2—-52+6|, #< 33 
{ ax z>3. 
214(x-1), a<i; 
az?-+-br+1, 2«>1. 


3.24, #(2)={ 
3.25. j(2—{ if 
3.26, f(z)= 
3.27. f(2)= 


3.28. f (x)= { 
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3 
3.29, f (2)= +1 +1, «+>0; 
xz*-+b, r<0. 
z2+<2-+14, xz >—1; 
sin(m(z-+a)), t<1. 
z+3, r<3; 
a2X, Feo as 


3.30. f (z)= { 


3.31. f(z)= { 


. Miscellaneous Problems 


Calculate the following limits. 


pavat cos x sin x— tan x 4.2. Li 1—cot® z 
oi. Siro Oe ee okie Mm “5. ne nts 
rae x? sin x ees 2—cot x—cot® z 


Verify the validity of the following inequalities. 


z+3 222 —5r—3 
4.3, lim ——3>= hi 
<— ma or agra 4x?—18z—10 x+0 8 23 


4.4. lim Vite+oe—t lim V2—2 0082 Io, 0.005. 
x0 x x+n/4 Sin (7 — 1/4) 


Calculate the following limits. 


li eee 6. 1i __ Sin (22—n) 
ae ae xz2+-52—6 * anv: ae cos 3(z-+ 7/2) ° 
sin 22 V 22+1—1 
44 im; 3S in -————_—"—_, 
con 1+cos8z * 4g W32+4—2 
1; 1t—cosz 9. li tan z—tana 
4.8. bee sine 4.9. ea ar ; 
4.40. li sin z—sina e440 tain sin z— sina 
10; 11. BG eb repre peeaengr 
x+q COS E—COS a x+q anz—tana 
_ gsinz—cosz . sinz—cosz 
4.12. Baer tan z—cot z 4.13. es tan r—1 
_ tanz—sinz _ cos(n/4+2) 
4.14. aes 3s . 4.15. oe tan 
4.16. lim cos 2x aT a sin 2x 
e e 1 area Ey a ° e e 1 eg se a te 
x+~t/4 COS t— V 2/2 x 32/2 1+-sinz 
. cos x . tan x 
4.18, ei naa 4.19. es foc 
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_ sin(n/3—z) ; xsinz 
ay AME coed, ee A cones | 
; sec 2z-+-1 _ 41—cos 2x 
4.22, a) Coa 4.23. fay “tanta 
_ 41+ cos 2z ; sin? x—sin? a 
4.24. easy 7 ae 4.25. aes —sin@@—a) . 
; ; 1—sinz _ sin (%/4—z2) 
athe TN eonte Fel costes 2 
;  tanz—sinz 99. 1; tan? z—tan?a 
cos? z— cos? ; tan 32—tan? x 
4.30. lim a F 4.31. io ee 
x->a 7 x—> 
sin— 
: tan? 2+ tanz—2 
4.32, lim —~sine—cose 
| I 
4.33. zn | (sin x — Cos z) tan (+2) | ; 
x+m1/ 
x 
4.34. lim [(4—sin z) tan? z}. 4.35. lim | (a—2) sec = | é 
x>mn/2 xa 
: _ az 2X 
4.36. eee (sin 5 tan > 
4.37 tan? 7—2tanz—3 


hit... 74 4 
x-arctan 3 6an? s— 4 tanz-+3 


(— 2 4.39. lim (2 sin} 
4.38. per x tan a e e e ee 2x e 
; 4— cos? xz 
4.40. a zsinzcosz- 


Extend the definition of the following functions by continuity. 


r—3 4 
= >. at the point s=3. 


—a 

4.42. §(2)= 2 Vets t the point z=0. 
sin 22 

cos? x—sin? x—1 


4.43. f (x)= — Yepi-i at the point z=0. 
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Find the parameters for which the function f (x) is continuous. 


2 —_— e 
yeti , « + 3, at the point z=3. 
A c=. 


2x+2__ 16 
pom tH 4, 


4.44. f (x)= 


4.45. f(a)= 
A, c= 2, 


Chapter 8 
The Derivative 


and Its Applications 


1. Calculating the Derivatives 


If the function f (zx) is defined on the interval (a, b), then the 
derivative of the function f (x) at the point zx, € (a, b) is the limit of the 
ratio of the increment of the function 


Af (9) = f (xo + Az) — f (29) (1) 


to the increment of the independent variable Ax (Ax = x — zy) as 
Az tends to zero: 
Af (0) 
lim ——. 2 
Ax-+0 Az *) 
If the limit exists, then we say that the function f (x) pessesses a 
derivative at the point x, or that f (x) is differentiable at x). The derivative 
of the function f (x) at x, is designated as f'f(z,). If the limit does not 
exist, then we say that the function f (x) is not differentiable at zo. 
The problem connected with calculations of the derivative, pro- 
ceeding from its definition, consists in direct calculations of limit (2). 


Example 1.1. Calculate the derivative of the function 
f (x) = sin z. 
Solution. Let us derive the increment of the function Af (z,): 
Af (xo) = sin (zr + Az) — sin 2p. 
To find the limit ; : : 
Ax+0 
we use the formula 


sin (x5 + Az)— sin x)= 2 sin sa cos (xo +) ; 


Taking into account the continuity of the function cos z, we get 


9 


2 sin = cos (2 +>) 
lim 2 2 

] er 
Ax+0 Az 


. Az 
sin — 


: : Az 
im ——— lim cos ( <F ) = 008 20. 
Ax-Q <Az/2 Ax-0 Zor 2 9 
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Since the point zx, is arbitrary, we can infer that 
(sin x)’ = cos z, 

Answer, (sin x)’ = cos zg. 

Proceeding from the definition of a derivative, calculate the deriva- 
tives of the following functions. 

4.4. f(c =1/r. 1.2. f (xz) = cose. 

1.3%. f (xr) = e*. 1.4%. f (xz) = Ine. 

1.5%. f(s) = 2% 1.6. f (x) eee. 


The one-sided limits 


A 
he . 
lim Af (0) (4) 
Ax++0 Az 


are called, respectively, the left and the right derivative of the function 
f (x) at the point xz) and are designated as f! (z,) and fi, (x9). For the 
derivative f’ (z,) to exist, it is necessary and sufficient that both 
derivatives (left and right) exist at z, and be equal: 


ft (0) = FE (zo). (5) 
Example 1.2. Prove that the function 
£, z>1, 
f (zyme { x3, et, 


is not differentiable at the point zs = 1. 
Solution. The increment of the function at z = 1 is 


a) = 1+ de—7={ G4 gaps, arco. 


or, after transformations, 


Az, Az = 0, 
2Az-+-(Az)?, Ar<0. 


Consequently, by definition (3), (4), we have 


; 2Az-+-(Azx)? 
‘4)= lin —-—= 
io ) Ax—+-—0 Az 


Af (1)= 


2, 


Az 
: 4 — lim —— =i, 
fy (1) hoon g he 
Since f, (1) + f2 (1), the derivative f’ (x) does not exist at z = 1. 
Prove that the following functions are not differentiable at the 


indicated points. 
1.7. f (xc) = |2| for z=0, 
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1.8. f(x) = [a2?— 52+ 6| for r= 2 and «=3. 


x for z<1, 


1.9. f (2)= { 2—z for z>1. 


1.10*. Show that the function 


x sin x , c# 0), 
f (x)= 7 
0, z=0Q, 
does not have either a right or a left derivative at the point z = 0. 
1.41. Prove that the function f (x) = x|-2| is differentiable at 
the point z= 0 


Table of derivatives of the principal elementary functions. 


(x%)’ = aze-, (6) 
(a*)’ = a* Ina, a>O0; (e*)’ = e%, (7) 
1 : 4 
(loga 2)’ =——, a>0, a#4; (Ina! =—, (8) 
(sin x)’ = cos z, (9) 
(cos x)’ = —sin z, (10) 
4 
(tan x)! = Coste 5 (14) 
; 4 
(cot Z) = Sin? 2 5 (12) 
es 1 
(arcsin Zz) = Vito 5 (13) 
(arctan 2)’ = es , (14) 


Rules of differentiation. Assume that c is a constant and f (x) and 
g (x) are differentiable functions. Then 


ce’ = 0, (15) 

[f (x) + g (x)! = f (z) 4+ B’ (2), (16) 

[f (x) g (z))’ = f (z) g (x) + 2’ (2) f (2), (417) 
f(z) )'_ f (x) ge (2)—8' (2) f(z) 

say] = z (a) aa 


Theorem on the differentiation of a composite function. Assume that 
y = f (x) possesses a derivative at the point xz , and g (y) possesses a 
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derivative at the point yy = f (x); then the composite function 
F (x) = g [f (x)] also possesses a derivative at zx ), which is 


F’ (xo) = 8" (Yo) f' (20). (49) 
Example 1.3. Calculate the derivative of the function 
F (x) = (a? + x + 1)100, 
Solution. Setting y = f (x7) = 7? +241, g(y) = y©, we get 
g’ (y) = 100y%, ff (x) = 2x + 1. 
Then, in accordance with (19), we get 


F’ (x) = 100 (7? + x2 + 1)99(22 + 1). 


Calculate the derivatives of the following composite functions. 


2+ Vz = /1—2? 
1.12. sine ET 1.13. y=] {23° 
1.14. y=V sin Vz. 1.15. yoeV In (ax*+bx+e), 
n\m 
1.16. y=arctan — 1.47. y= Sl i 


(a-—bx")™ ° 
1.18. y= 7 cos z (3 cos? x— 5). 
(tan? z— 1) (tant z+ 10 tan? z+ a 


1.149. y= 3 tan? g 


1.20. y=Incos — 


Beginning with simplification of the expressions, calculate the 
derivatives of the following functions 


_ (V2+1) (22 2) 

1.21. f(z)= aise 
Jet V2—2t fi—sz ViI—@ V2—2 
22, | i Mii ite Bisse ae 
1.22, f(2)= a 
{ -2 

| dat) 44+ | 

2—22?—2 W1—2? 


(x2/™ _ Qz2/N) (F/ zi-m _.3 y zn) 
(a1 /™ + 321/")2— 4{2z(mM*n)j(mn)* 


(as 


1.23. f(z)= 


1.24. f (x)= 


1.25. f(x) =(1—24+1): 


*¢ 
Py 
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(Var ee 
| 


viv vit Visvi 

(2— aa (VE) 
1.28, faye Lost h 

(SS TS) 

VV it VV Bev 
Sa 


Vi1+ Vi-# (VG+e— Va—9) 
24+ VY1—2? 


1.26. f (x)= 


| le i (x) = 


1.29. f (z)= 


1.30. f (x)= 
1.31. 


j= (Yee | vey V142/ 24. 


If the function f (xz) is defined on an interval [a, b], then the value 
of its left derivative on the right end and that of the right derivative 
on the left end are taken, respectively, as the values of its derivatives 
at the end-points of that interval. 


Example 1.4. Calculate the derivative of the function 


f(t) = Vx?—22-+1 
on the interval [0, 2]. 
Solution. Since the expression under the radical sign is a perfect 
square, we can, according to the definition of the modulus, represent 
the given function in the following form: 


—1, 1, 2], 
jst Ge es if (*) 


Differentiating f (x) separately on the intervals [0, 1) and (1, 2], we 
obtain 

’ uid —4, LE [0, 1), 
re={ 4" red, 2} 


Since the left and right derivatives of f (z) at the point zr = 1 do not 
coincide, the derivative does not exist at x = 1; we take the values 
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of the left derivative of function (*) at the point 2 and of its right 
derivative at the point 0 as the values of f’ (x) at the end-points of 
the interval [0, 2]. 
’ = —1, rE [0, 1), 

Answer. f (2) = { 1, xe(4, 2h 

Calculate the derivatives of the following functions. 

1.32%, f(z)=2 Vi2—2 Voi yz—i : 

Vzx—i-1 


4/1 \i_ 
WV (vet vi) rea eae 


 (#?—4 \2 
1.34. poe te) 
(x? + 1) ys 


1.35%. f(2)=V 2+2 V2e—44+V c—2 Vor—4. 


2. Intervals of Monotonicity and Extrema 
of a Function 


We say that the function y = f (z) increases on the interval (a, b) 
if for any x, and z,, belonging to (a, b), the inequality z, < z, yields 
an inequality f (z,) < f (z,). We say that the function y = f (z) 
decreases on the interval (a, b) if for any xz, and z,, belonging to (a, b), 
the inequality +, < 2x, yields an inequality f (z,) > f (a,). 

Sufficient conditions for a function to be monotonic. Assume that 
the function y = f (zx) is defined and differentiable on the interval 
(a, b). For the function to be increasing on the interval (a, b), it is 
sufficient that the following condition be satisfied: 


f' (xt) >O for any 2x € (a, Db). 


For the function to be decreasing on the interval (a, b), it is sufficient 
that the following condition be satisfied: 


f' (ec) <0 for any 2 € (a, b). 


The points, belonging to the interval (a, b), at which the derivative 
is zero or does not exist are called critical or stationary points of the 
function y = f (z). It follows from the definition of a critical point 
that if the derivative of a function changes sign, it can occur only 
when it passes through a critical point. Thus the intervals of decrease 
and increase (the intervals of monotonicity) of the function f (x) are 
bounded by critical points. Therefore, to determine the intervals of 
wonotonicity of a function, it is necessary 
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(1) to find the critical points of f (zx); 
(2) to determine the sign of the derivative f’ (x) inside the intervals 
bounded by critical points. 


Example 2.1. Find whether the function 
f (x) = 2e-®, 


increases or decreases. 
Solution. We find the derivative 


f' (x) = e-3X% — B3re-3X% = e-3X (i = 32). 


The derivative f’ (x) exists everywhere and vanishes at the point 1/3. 
The point zx = 1/3 divides the number axis into two intervals, 
(—oo, 4/3) and (1/3, +00). Since the function e-®~ is always positive, 
the sign of the derivative is defined by the second factor. Consequently, 
f’ @ = — the interval (—oo; 1/3) and f’ (z) < 0 on the interval 
4/3; +o). 

eee The function f (z) increases on the interval (—oo, 1/3) 
and decreases on the interval (4/3, +00). 


Find the intervals of increase and decrease of the following func- 
tions. 


29 
2.4. f(2)=a Tg. 2.2. f@=z—. 


2.3. f (ai Zz, 2.4. f (x) =2 In (x— 2) — 2? + 42-41. 


2 
es — 72 
2.5. fe\=s ae. 2.6. f (2)=2 ——, 


2.7*. Find the set of all values of the parameter a for each of which 
the function 


f (x) = sin 2x — 8 (a + 1) sin x + (4a? + 8a — 14) x 


increases for all z € R and has no critical points. 
2.8*. Find all values of the parameter a for each of which the 
function 
y (x) = 8ar — asin 62 — 7x — sin 5z 


increases and has no critical points for all xz € R. 


Wesay that the function y = f (xr) possesses a maximum (or minimum) 
at the point zx, if there is a 6-neighbourhood of the point z,, belonging 
to the domain of definition of the function, such that the inequality 


f (x) <f (9) (f (x) > f (eo) respectively) 


holds for all x ~ zy belonging to the interval (z, — 6, x, -+- 5). The 
points of maximum and minimum are known as points of extremum and 
the values of the function at those points are called extremal values. 

The necessary condition for the existence of an extremum of a function. 
Assume that the function f (x) is differentiable on the interval (a, 5). 
If the function f (x) attains its extremum at a certain point x, € (a, b), 
then f’ (z)) = 0. 
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The sufficient condition for the existence of an extremum of a function. 
Assume that the function is defined and continuous on the interval 
(a, b) and is differentiable throughout the interval (except, maybe, 
for a finite number of points). If the derivative changes sign when it 
passes through a critical point, then the critical point is a point of 
extremum of the function. It is a point of maximum if the sign changes 
from plus to minus and a point of minimum if the sign changes from 
minus to plus. 


Example 2.2. Find the extremum of the function 


f(z)= V 2x? —xz+2. 
Solution. We find the derivative: 


ee 47 —\ 
J So: V 22?Q—2+2 © 


Then we equate the derivative f’ (x) to zero: 
4 42 —1 


ey, 


2 22% —2+2 


From this we find a critical point: z) = 1/4. It can be seen from 
expression (*) that /’ (z) > 0 for z > 1/4 and f’ (x) < 0 for z < 1/4, 
i.e. when the derivative passes through the point z, = 1/4 it changes 
sign from minus to plus. Consequently, z) = 1/4 isa point of minimum, 
with f (z,) = V 15/8. The denominator of expression (*) is positive 
for all x € R. Consequently, the function has no other critical points 
except for z = 1/4. 


Answer. zmin = 1/4, ymin = V 15/8. 


(*) 


Find the extrema of the following functions. 


2.9. fay= oer) | 2.40. f(x) =2-+sin 2z. 


2.41. f (x)= ae*-*, 2.12. fear. 


2.43. f (x)= 2034322127215. 2.44, f@)=——. 
x*—2r+2 
x—1 ‘* 
The methods of finding an extremum of a function make it pos- 


sible to ascertain the validity of certain transcendental inequalities. 
Example 2.3. Prove the validity of the inequality 


e~—z>1 for «<0. (*) 
Solution. Let us consider the function 
f(z) =e*—1-—--2z 


and find its extremum. Solving the equation /f’ (x) = 0, i.e. the equa- 
tion e~ — 1 = 0, we get « = 0 


2.15. f (x)= 223—622—182+7. 2.46. f (2)= 
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For x = 0 the function f (x) attains its only minimum since when 
assing through the point z = 0 the derivative f’ (x) changes sign 
rom minus to plus. Since f (0) = 0, the inequality f (z) > 0 holds 

true for all z 0, i.e. e* —1—2>0, or e —zx>1. And this 
is what we wished to prove. 


Prove the following inequalities. 

2.147. 2 — 2/6 < sinz<2z for r>0. 
2.48. cosz > 1 — 27/2 for rx ~ 0. 
2.19. n@tQ+2)<2 forz>0. 


3. The Greatest and the Least Value 
of a Function 


Assume that the function f (z) is defined and continuous on a finite 
interval [a, b]. To find:the greatest (the least) value of the function 
it is necessary to find all maxima (minima) of the function on the 
interval (a, b), choose the greatest (the least) of them, and compare 
it with the values of the function at the points a and b. The greatest 
(the least) of these numbers is precisely the greatest (the least) value 
of the function f (x) on the interval [a, b]; it is designated as 

aa f (x) ( min f (z)). When we seek the greatest or the least 
x € [a, x € [a, 
value of a function, it may turn out that inside the interval [a, 5] 
the derivative exists at all points of the interval and does not vanish 
at any point of the interval (i.e. the critical points of the function are 
absent). This means that in the interval being considered the function 
increases or decreases and, consequently, it attains its greatest and 
least values at the end-points of the interval. 


Example 3.1. Find the least and the greatest value of the function 
f(z) = $42 on the interval [1, 6]. 


Solution. Since 


4 2 
NO aia ml Br 


the only critical point getting into the given interval is the point 


a = 4, Comparing the values of the function at the point z = 4, with 
its values at the end-points of the interval 


{ 4 
f(4)=1, f (1)=2 3? f (6)=1 2? 


we infer that the function f (z) attains its least value at the point 
x = 4 and its greatest value at the left end-point of the interval for 


eo =" 4 


4 
AnsweP. ae f(x)=f (1) = 2 : evel (xz) =f (4)=1. 
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Find the greatest and the least value of the following functions 
on the indicated maeietay Ss. 

3.1. f(z) = 2° — ae 2, «€{[—1, 4]. 

3.2. f (t) = 324 ae +4, r€[—2, 14]. 


3.3. f (x) = cos? = sin z, x€ (0, x]. 


3.4. f(z)= > cos 22-+sin 2, rE | + |. 


_ ‘ mn ot 
3.5. f (2) =-3-—- sin 22 = Cos’ 7—COS Zz, re ex ae 
Take into account the following remark when seeking the greatest 
(the least) values of certain functions. 
If the continuous function F (x) on the ee [a, b] can be re- 


presented as F (x) = f [g (x)], where g (x) and f (y) are continuous 
functions on the intervals z € Pe b] and y € [c, d] respectively, ¢ = 
min g(r), d= max g (zx), then 
x € [a, x € [c,d] 


max F (x) = max f(y) and min F (xz) = min f (y). 
x € ta,bl y € [c,d] x€ [a,b] y € [c,d] 


Example 3.2. Find the greatest and the least value of the function 


sin 2x ; st 
ECE) on the interval 9, + | F 


Solution. Using the formulas 


F (2)= 


sin (+ +z} = ue: (sin s-+-cos 2), 
sin 2x=3(sin z-++-cos z)?—1, 
we represent the given function as a composite function 


F (x) = f [g (2)], 


where 


fyw= 


a V2, g(z)=sinz+cosz. 

Let us find the greatest and the least value of g (x). The critical points 
of g (x) are the roots of the equation 

cos z — sinz = 0, 


from which only z = 1/4 gets into the interval [0, x/2]. Comparing 


g (0), g (x/4), and g (x/2), we infer that the interval [1, V 2] is the 
domain of variability of g (x). It is easy to see that 


w= V2 (t1+—) >0 


on the whole domain of definition of f(y), for y € [1, V 2] inclusive. 
Consequently, the function f (y) increases on the interval [1, V 2] 
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and attains its greatest and least values at the right and left end-points 
of the interval, respectively: 


max f(y)=f(V 2)=4, 
ye [1,V 2] 
min f(y) =f (1) = 0. 
g€ [1,V2] 
The same values are the greatest and least values of the initial function 
F (xz) as well. 


Answer. max F(z)=—1, min F (r)= 0. 


x€[0,1/2} x € [0,7/2] 
Vind the greatest and the least value of the following functions. 
sin az _ on 
3.6. f (x) = “sin (0/42) 5 rn | 3 = | ‘ 
Sele. f (2) = , : xrER. 


sinz+4  cosr—4°? 
3.8. f (z) = tanz + cotz, z€[n/6, x/3]. 
3.9*. Find the least value of the function 
_ [{ 2+cosz \2 
f(z) = ( sin x 
on the interval [0, x]. 


Seeking the greatest and the least value of functions containing the 
sign of an absolute value. 


Example 3.3. Find the greatest and the least value of the function 
f (x) = | 2? — oz + 6| (+) 
on the interval [0, 2.4]. 

Solution. To express the modulus in expressio (#*), we find the 
roots of the equation f (x) = 0. Solving the equation x? — 57 + 6 = 0. 
we get z = 2, x = 3. Thus, 

2)={ x?—5zr-+6 for r€(—oo, 2) (3, ©); 
P= 1 _(g2—52-+46) for x€ [2, 3). 
It can be seen from (**) that on the interval in question [0, 2.4] the 


function f (x) admits of two representations depending on the values 
of the argument: 


(#s) 


__ f —(#?—52+6), rE (2, 2.4], 
f (2)={ z?—5zr-+6, x€[0, 2]. 


We calculate the derivative of the function f (z): 
17... f —(2z—5), x€(2, 2.4], 
@={ "35," 26 (0, 2). 


For x € (2, 2.4] we have f’ (x) > 0 and, consequently, f (x) increases, 
and for x € [0, 2) we have f’ (x) < 0 and, consequently, f (x) decreases; 
the point z = 2 is a critical point since the derivative f’ (x) does not 
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exist at that point. Comparing the values of the function at the end- 
points of the interval [0, 2.4] with its value at the critical point, we 
infer that 
max f(z)=/f(0)=6, min f(r) =f (2)=0. 
x€(0,2.4] x€[0,2.4] 


Answer. max f (x) =f (0) = 6, min f(z) =f (2)= 0. 
xE[0,2.4] xE€[0,2.4] 
Find the greatest and the least value. of the following functions 
on the indicated intervals. 


3.40. f (z)= ote , ze[—2, O]. 


3.44. f (z)= V1—22+224 VW1-4 224-23, 
(a) z€[0, 2], (b) cE[—2, 0}. 


3.42. f (z)= V1—22-4+23— V14 22-422, x€(—00, +00). 
3.13. f (x)= |2?-++27—3 | +5 Inz, z€ Ee 4 | : 


3.14. Find the points of minimum of the function 
f (e) = 48 —2z|x— 2], z€[0, 3], 


and its greatest value on that interval. 
3.15. Find the greatest and the least value of the function 


f (z)= Vz (10—z2z). 
3.16*. Find the greatest and the least value of the function 


f (z)=(x—1)2 W2?—22+3, 2x€[0, 3]. 


4. Some Problems Which Reduce to Those 
on Seeking the Greatest 
and the Least Value and the Extrema 


The hypotheses of some problems do not state explicitly that it 
is required to find the greatest and the least valuee and the extrema. 
ee are, for instance, problems on seeking the set of values of a 
unction. 


Example 4.1. Find the image of the interval [—1, 3] under the 
mapping specified by the function 


f (xz) = 42° — 122. 


Solution. To find the image of the given interval, we must find 
the set of values of the function f (x) for z € [—1, 3], which, by virtue 
of the continuity of the initial function, is an interval [ min f (2); 


x€{—-1, 
a f (x)]. Thus the initial problem reduces to that on seeking the 
x€[-1, 3 
greatest and the least value of the function f (x) on the interval [—4, 3]. 


41-0263 
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The critical points of f (x) can be found from the equation 
122? — 12 = 0, 


whose roots are z; = 1 and z, = —1. Comparing the values of f (z) 
at the critical points and at the end-points of the interval, we obtain 


max f(z)=/f(3)=72, min f(z)=f(1)=—8. 
x€[-1, 3] x€[-14, 3] 
Consequently, the image of the interval [—1, 3] under the mapping 
specified by the initial function is the interval [—8, 72]. 
Answer. [—8, 72 


4.1. Find the set onto which the derivative of the function f (z) = 
x (In z — 1) maps the ray [1, oo). 

4.2. Find the image of the interval [0, 0.5] under the mapping 
given by the derivative of the function f (x) = tan 3z. 

4.3. Find the intersection of the sets onto which the derivatives 


of the functions y = - a : y= / 6x + 5 map the interval [0, 1]. 


4.4*. Into what interval does the function y = 


z—ti 
z?— 3744+ 3 
transform the entire real line? 

4.5. Find the ranges of the following functions: 


x* x 
(a) y= F411? (b) y=" ° 
4.6*. Prove that the following inequality holds true: 


a+b = 


_i 
2V ab- 
4.7*, Prove that the inequality 


min f(z#)>—7/9 
xE€(—7, 1] 


holds true for the function f (z) = cos z sin 2z. 
4.8*. Prove that the inequality 


max f(z) <0.77 


x€[—1, 1 


is satisfied for the function f (2) = sin z sin 2z. 
4.9*. Prove that the inequality 


cosz Y sinz < 21/2.3-3/4 


holds true for x €[0, x/2]. 
4.10. Prove that the inequality 


ja. oe 
zx 
1<VY sr <V = 


holds true for z € [3/4, 2]. 
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4.11*. Prove that the function 


_ z?+2-+1 
a g2t4 
cannot have values greater than 3/2 and values smaller than 1/2 for 
any real values of z. 

4.12*. Find all a for each of which there is at least one pair of 

numbers (z, y) satisfying the conditions 
et (y+ 3)?< 4, y = 2az?, 

4.13*. The sum of the third and the ninth term of an arithmetic 
progression is equal to the least value of the quadratic trinomial 
2z* — 4x + 10. Find the sum of the first eleven terms of the progres- 
sion. 

4.14*. For what value of the parameter a do the values of the 
function 

y= 28 — 62724 9r +a 
at the point z = 2 and at the points of extremum, taken in a certain 
order, form a geometric progression? 


4.15. The sum of the terms of an infinitely decreasing geometric 
progression is equal to the greatest value of the function 


f(z) = 84 32 —9 


on the interval [—2, 3]; the difference between the first and the second 
term of the progression is equal to /’ (0). Find the common ratio of 
the progression. 

4.16. The sum of an infinitely decreasing geometric progression is 
equal to the least value of the function 


2 
i (2) = 8242 ; 


and the first term of the progression is equal to the square of its com- 
mon ratio. Find the common ratio of the progression. 
4.17*. Find the least value of a for which the equation 


4 1 
sinz 7 {—sinz 
has at least one solution on the interval (0, 1/2). 
4.18*. Prove that the function 


z= (x + 4/2)? + (y + 4/y)? 


is not smaller than 12.5 if z>0, y>0, r+y= 1. 
4.19*. Show that the function 


2= 227 + Qry + y*? — 2x4 Ay4+ 2 
is not smaller than —3. 
4.20*. For what value of a does the sum of the squares of the 
roots of the equation 


x*—(a— 2)r—a—1i=0 
assume the least value? 
11* 
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4.21*. Prove that the inequality 


holds true for all values of x € R. _ 
4.22. Prove that the inequality 0 < 27 + 3 / z2< 1 is valid 
on the interval 


3 108s 5 ms , 1088 7G 
| -+: 40-8 y/ 18 8755 4 Toe V3). 
4.23. Prove that the inequality 
ee Oe OS 2) 
sin (t/3-+a) sin (%/3— a) 3 


is valid for a € [0, 2/3). 
4.24. Prove that the inequality 


2 


rey? 


era oe > 4 
is valid for all x and y. 
' 4.25*. Prove the validity of the inequalities 


9— Y 85 eo t8 94+ Y 85 
2 z*+ 62+ 10 2 : 
4.26*. Prove that 1/4 < sin® z + cos®§z < 1. 
4.27. Prove that the inequality 


5el/3 < (322—Tx-+7) ex < Va 
is valid for z € [0, 2/3]. 


9. Textual Problems on Finding the Greatest 
and the Least Value and the Extrema 


To solve a problem on an extremum and on the greatest (least) 
value, it is first necessary, using the hypothesis, to form a function 
f (z) and determine the interval of the variability of its argument, 
and then find the extremum or the greatest (least) value of the function 
on the interval obtained. 


Example 5.1. Represent the number 26 as the sum of three positive 
terms the sum of whose squares is the least, if it is known that the 
second term is thrice as large as the first. 

Solution. We designate the unknown terms as z, y, z. By the 
hypothesis, the terms we have introduced satisfy the following system 
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of equations: 
z+y-+2= 26, (*) 
y = 32. 
Using (*), we express the unknowns y and z in terms of z: 
y= 3x, z= 26 — 4z. (#%) 
Let us now form a function whose minimum we have to find: 
S (x) = 2? + 9x? + (26 — 4z)?. 


In this case, the interval of the variability of the argument is deter- 
mined from the condition that all the terms be positive. Solving the 
system of inequalities 
z>9d0, 
26 — 4x > 0, 


: =) . We have thus reduced 
the problem to seeking the minimum of the function S (z) onthe 


we find that the required interval is (0 


interval (0, =) . The only critical point of the function S (z) on the 


interval (0, =) is the point « = 4. When passing through that point, 


the derivative of the function S (x) changes sign from minus to plus, 
and consequently, S (x) decreases on the interval (0, 4) and increases 


on the interval (4 . Thus, for z = 4 the function S (zx) attains 


nD, 
its minimum. Substituting z= 4 into equation (**), we get the 
values of the other unknowns. 

Answer. 26 = 4+ 12 + 10. 


5.1. Represent the number 18 as a sum of two positive terms so 
that the sum of their squares be the least. 

5.2. Represent the number 36 as a product of two factors so that 
the sum of their squares be the least. : 

5.3. Represent the number 180 as a sum of three positive terms 
so that the ratio of two of them be 1 : 2 and the product of the three 
terms be the greatest. 

5.4. Represent the given positive number a as a sum of two positive 
terms so that their product be the greatest. 

5.5*. The parabola y = z?+ px -+ q cuts the straight line y = 
2x — 3 at a point with abscissa 1. For what p and q is the distance 
He the vertex of the parabola and the Oz axis the least? Find that 

istance. 

5.6. Find the least distance from the point M with coordinates 
(0, —2) to points (z, y) such that 


y= 280s a x>0. 
V 323 


5.7. Inscribe a rectangle of the greatest area into the segment 
of the parabola y? = 2pz cut off by the straight line x = 2a. 
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Geometric Problems. 


Example 5.2. Find the height of a cone of the greatest volume if 
its generatrix is equal to l. 

Solution. The volume of the cone the area of whose base is S and 
the height is H, can be calculated by the formula 


1 
=a SH, 


where S = 2 R?, and R is the radius of the circle lying at the base of 
the cone. By the Pythagorean theorem, R and Z are related as 


R24. H? = i, 
Using this equality, we express V as a function of only one variable H: 


V= = nm (1? — H?) H. 
Solving the equation 


V’ (H) = > (12 3H) = 0, 


we find two critical points of the function V (H): H, = +U/V3 and 


,= —l/V3, from which only the point H, belongs to the interval 
(0, 72). When passing through the point H,, the function V’ (7) = 


a (P — 3H?) changes sign from plus to minus and, consequently, 


on the interval (0, 1/Y 3) the function V (H) increases and on the 


interval (1/V 3, 1) it decreases. Thus H = 1/Y 3 is the height of the 
cone of the maximum volume for the given length of the generatrix /. 


Example 5.3. Inscribe a rectangle of the greatest area into the 
trapezoid ABCD, one of whose nonparallel sides AB (8 cm long) is 
perpendicular to the base, so_ that 
one of its sides lies on the larger 
base of the trapezoid. The bases of 
the trapezoid are 6 and 10 cm in 
length, respectively. Calculate the 
area of the rectangle. 

Solution. Let us consider two 
cases separately. The first case: the 
vertex P of the rectangle lies on one 
of the nonparallel sides CD of the 
trapezoid (see Fig. 8.4). The second 

Fig. 8.4 case: the vertex P lies on the base BC 
of the trapezoid. In the first case we 
designate the sides of the rectangle 

|AQ|=2z and |AK|=y. We set up an _ equation relating 
the unknowns z and y. For that purpose we draw an auxiliary line 
segment BL parallel to the side CD and consider tworight triangles 
ABL and QPD. The legs of those triangles are equal, respectively. to 
|AB|= 8, |AL| = 4, |QD|=10—2, |PQ|=y. We obtain 
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the required equation from the condition of the similarity of the 
triangles ABL and QPD: 


yo ss 
10—2zx 
The area of the rectangle AKPQ is 
S (xz) = x (20 — 22). 


In the first case the interval of the variability of z can be found from 
the condition that the point Q is the projection of the point P lying 
on the side CD and, consequently, z > 6. Thus the problem has 
reduced to seeking the least value of the function S (z) on the interval 
[6, 10]. The only critical point of the function S (xz), z = 5, does not 
belong to the interval obtained. Consequently, the derivative of the 
function S (z) does not change sign on this interval. Calculating the 
derivative of S (x) at an arbitrary point of the interval [6, 10], we 
ascertain that it is negative. Thus the greatest value of S (x) is attained, 
at the left end of the interval, i.e. 


max S$ (x) = S (6) = 48 cm?, 
xE[6,10] 
In the second case, the area of the rectangles does not exceed 48 cm? 
since with the same nonparallel side equal to 8 cm, the lengths of their 
bases cannot be greater than 6 cm. 
Answer. 48 cm?., 


or = 20 — 2r. 


5.8. From all the cones inscribed into a ball of radius R find that 
the area of whose lateral surface is the greatest. 

5.9. Find the dimensions of the cylinder having the greatest volume 
if the area of its total surface is 2n. 

5.10*. Among all the right triangles of area S find that for which 
the area of the circumscribed circle is the least. 

5.11*. A trapezoid ABCD is inscribed into a semi-circle of radius | 
so that the base AD of the trapezoid is a diameter and the vertices B 
and C lie on the circumference. Find the base angle g of the trapezoid 
ABCD which has the greatest perimeter. 

5.12*. From all the triangles with the same base and the same 
vertex angle a choose the triangle with the greatest perimeter. 

5.13. Given an isosceles triangle ABC and a rectangle whose 
two vertices lie on the base AC and the other two, on the sides AB and 
BC, inscribed into it. Find the greatest value of the area of the rectangle 
if | AC | = 12, | BD | = 10, BD is the height of the triangle ABC. 

5.14. Given various trapezoids whose two nonparallel sides and 
the smaller base are equal to a. Find the value of the greater base of 
the trapezoid which has the greatest area. 

5.15. The length of the side of a square ABCD is 10 cm. The 
segments AA,, BB,, CC,, DD,, each of length z, are laid off on its 
sides, with A, € AB, B, € BC, C,€ CD, D, € DA. Prove that the 
quadrilateral A,B,C,D, is a square and find the value of z for which 
the area of the square is the least. 

5.16. An isosceles triangle is inscribed into a circle of radius R. 
For what magnitude of the vertex angle a of the triangle is the height 
# drawn to the lateral side, of the greatest length? Find that length, 
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5.17*. Find the magnitude of the vertex angle a of an isosceles 
triangle of the given area S such that the radius r of the circle inscribed 
into the triangle is the greatest. 

With the velocity with two components the path of the body (or 
the projection of the path onto a certain direction) is a function of 
two or more variables whose relationship can be established from 
physical considerations. 

5.18. A traveller has to cross a river. At what angle a should he 
sail to attain the least drift if the speed of the boat is Vp and that of 
the river is V,? 

5.19*. A stone is thrown at an angle @ to the horizontal with a 
velocity Vj. At what angle a will the stone travel the furthest? 

5.20*. Find the lowest height h = | OB | of the entrance ABCD 
to a vertical tower that will admit a rigid bar of length J. The end 
of the bar will slide along a horizontal line which passes across the 
base AB of the tower. The width of the tower is | AB | = d < l. 

5.21. A section of the text must occupy 384 cm? on the page. The 
upper and the lower margin of the page must each be 3 cm wide and 
the right and the left margins must each be 2 cm wide. If the only 
consideration is the economy of paper, what the optimal size of the 
page is? 

5.22. A beam of rectangular cross section must be sawn from a 
round log of diameter d. What should the width x and the height y 
of the cross section be for the beam to offer the greatest resistance: 
(a) to compression, (b) to bending? 

Remark. The compressive strength of a beam is proportional to the 
area of the cross section and the bending strength is proportional to 
the product of the width of the section by the square of its height. 

5.23. A lamp is hung above the centre of a round table of radius r. 
At what height h of the lamp above the table is an object lying on the 
edge of the table illuminated best? (The illumination of an object is 
directly proportional to the cosine of the angle of incidence of the 
light and inversely proportional to the square of the distance from its 
source.) 

5.24. A rectangular area must be designed so that it is surrounded 
by a guard net on three sides and a long brick wall on the fourth side. 
What are the most advantageous dimensions of the area that will 
maximize the surface area, if / running metres of net are available? 

5.25. A straight line segment AB of length a connects two light 
sources A (with intensity p) and B (with intensity q). Find the point M 
which is illuminated the worst. (The illumination of a point is inversely 
proportional to the square of the distance from the light source.) 

5.26*. A boat is 3 km away from the nearest point A of the river 
bank. A passenger on the boat wants to reach a point B which is on 
the bank and 5 km away from A. The boat can travel at 4 km/h, 
while the passenger, having left the boat, can walk at 5 km/h. At 
what point along the bank should the passenger alight from the boat 
in order to reach B in the shortest time? 

5.27*. A rain drop with an initial mass my falls under gravity, 
evaporating uniformly as it does, the decrease in the mass being pro- 
portional to time (the proportionality factor is k). How many seconds 
after the drop starts falling is the kinetic energy of the drop the greatest 
and what is it equal to? (The air resistance is neglected.) 
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5.28*. The cost of fuelling a ship is proportional to the cube of 
its peed It is known that at 10 km/h the cost of the fuel is 30 roubles 
per hour; the other expenses, which are independent of the speed, are 
480 roubles per hour. At what speed is the total cost per kilometer 
travelled the least? What then is the total cost per hour? 

5.29. To transport a factory’s produce from point NV to a town A 
a highway WP is being built to connect the factory with a railway AB 
which passes through town A. Carriage by road is twice as expensive 
as that by rail. To what point P should the highway lead for the total 
transportation cost of the produce from point N to town A by road 
and by rail to be the least? The distance between N and the railway: 
is 100 km, while A is a km away from the railway station, located on 
the circle that passes through both A and N, which are the end-points 
of a diameter of that circle. 


When solving problems concerning the time of attaining the least 
distance between two objects moving at an angle to each other, use 
the fact that the distance between the objects after a time moment ¢ 
is one side of a triangle the other two sides of which are functions of the 
distances covered by the objects up until that moment. 


5.30. Two cars are moving towards each other at constant speeds 
of 40 and 50 km/h respectively along two intersecting streets. Assuming 
that the streets intersect at right angles and knowing that at a certain 
moment in time the cars are respectively 2 and 3 km away from the 
intersection, when will the two cars be closest? : 

5.31*. Three points, A, B, and C, are located so that 2 ABC = 60°. 
A car starts from point A the moment a train leaves point B. The 
car travels towards B at 80 km/h and the train travels towards point C 
at 50 km/h. How long after they started will the car and the train be 
closest if | AB | = 200 km? 

5.32*. Two airplanes are flying horizontally at the same altitude 
along paths that are 120° apart and at the same speed of v km/h. At a 
certain moment one of the airplanes reaches the point where the two 
te intersect. At that moment the other airplane is a km away (not 

aving reached the intersection). How soon after will the planes be 
closest? 

5.33. Determine the diameter of a round hole in a dam for which 
the flow rate Q of water per second will be greatest given that Q = 


cy Vh — y, where h is the depth of the lowest point of the hole, 
and assuming that h and the coefficient c are constant. 

5.34. The cost of a diamond is proportional to the square of its 
mass. In the process of grinding the diamond was broken in two. 
How big were the parts if it is known that the accident entailed the 
maximum loss in value? 

5.35. An electric circuit contains two resistances in parallel. For 
what ratio of resistances is the resistance of the circuit the least if 
the total resistance of the two resistances connected in series is R? 

5.36*. A courier has to reach a point B on one bank of a river from 
a point A on the other bank. Knowing that the courier can walk along 
the bank k times faster than he can row along the river, find the angle a 
at which the courier must cross the river in order to reach point B in 
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the shortest time. The width of the river is h and the distance between 
A and B (along the bank) is d. 

5.37*. Points A and B are in different optical media divided by 
a straight line. The speed of light in the first medium is v, and in the 
second v,. Using Fermat's principle, which states that a light ray 
propagates along the path AMB which will be traversed in the least 
time, derive the law for the refraction of a light ray. 

5.38*. Using Fermat’s principle, derive the law for the reflection 
of a light ray from a plane surface in a homogeneous medium. 

5.39. If a current J flows in an electric circuit with a resistance R, 
then the heat liberated per unit time is proportional to J?R. Determine 
how the current J must be divided into two branches J, and J, with 
the aid of two wires, whose resistances are R, and R»,respectively, for 
the liberation of heat to be the least. 

5.40. A rectangular area of 9000 m? must be surrounded by a fence, 
with two opposite sides being made of brick and the other two of wood. 
One metre of wooden fencing costs 10 roubles while one metre of 
brick walling costs 25 roubles. What is the least amount of money that 
must be allotted to the construction of such a fence? 

5.44*. A number of identical buildings must be constructed to 
yield a total living area of 40 000 m2. The cost of a single building 
depends on the cost of the foundation, which is proportional to the 
square root of the living area in the building, ant on the cost of the 
surface area of the structure, which is proportional to the cube of the 
square root of the value of the living area. The construction of a 
building that has 1600 m? of living area costs 184.8 thousand roubles, 
the cost of the surface area being 32% of the cost of the foundation. 
How many buildings must be constructed for the cost to be the least? 
Find how much the whole project will cost. 


When solving certain problems on finding the greatest (or least) 
value of the quantity in the hypothesis, it is more convenient to seek 
the greatest (or least) value of another quantity which is a monotonic 
function of the first quantity. 


5.42*. A statue 4 metres high sits on a column 5.6 metres high. 
How far from the column must a man, whose eye level is 1.6 metres 
from the ground, stand in order to see the statue at the greatest angle? 

5.43". A tourist bus is travelling along a straight highway. An 
ancient palace is located to one side of the highway and a road has 
been built from the main entrance at right angles to the highway. 
How far from the point where the roads intersect should the bus stop 
for the tourists to have the best view of the facade of the palace if the 
length of the palace is 2a, the facade is at 60° to the highway, and the 
distance from the main entrance, which is the centre of symmetry of the 
palace, to the highway is b? 

5.44*, A certain force must be applied to move a body oi weight P 
at rest on a horizontal plane. The friction force is proportional to the 
force pressing the body onto the plane and opposes the force acting to 
move the body; the proportionality factor Nae coefficient of friction) 
isk. At what snglea to the horizontal must the moving force be applied 
for it to be the least? Find the least value of the force. 
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5.45*. A body of weight P is !ying on an inclined plane. A thread 
runs from the body over a pulley at the top of the inclined plane to 
a weight p (p < P). At what angle a will the body be kept on the 
inclined plane by the least weight if the coefficient of friction is k and 
a € [arctan k, 1/2)? 

5.46. A lever of the second order has its fulcrum at A and a load P 
is suspended from point B (AB = a). The weight per unit length of 
the lever is p. What should the length of the lever be for the load P 
to be counterbalanced by the least force? (The moment of the balancin 
force must be equal to the sum of the moments of the load P an 
the lever.) 


Sometimes problems having the greatest or the least value for- 
mulations can be more simply stated by using geometrical considera- 
tions. 


Example 5.4. The beds of two rivers (within a certain region) are 
a parabola y = x? and a straight line +r — y — 2 = O. The rivers 
must be connected by a straight canal. Through what points must it 
pass for the canal to be the shortest? 

Solution. The loci of all the points which are at a distance d from 
the straight line are two straight lines, parallel to the given line and 
one on either side of it. The points in the interior of the resulting 
strip are obviously closer than d from the line while those outside the 
strip are farther than d from the line. If the given straight line does 
not cut the parabola, then we can increase the width of the strip until 
we touch the parabola. The resulting point of tangency is the point 
at which the parabola is closest to the initial line. Consequently, to 
find this point, it is sufficient to find the coordinates of the point of 
tangency which is parallel to the given line. From the condition of 
parallelism (see Sec. 6), we have 


22=1=>2=1/2 and y= 14/4. 
To find the point on the straight line (the other end of the canal), 
we write the equation of the straight line which is perpendicular to the 
line z — y — 2 = 0 and which passes through the point (4/2, 4/4). 
y — 1/4 = —(x¢ — 1/2), or y= —2z-+ 3/4, 
Solving the system of equations 
= —z-+ 3/4, 
ae ee 2, 


we get z = 11/8, y = —5/8. 
_ Answer. The coordinates of the ends of the canal are (1/2, 1/4) and 
(11/8, —5/8). 


5.47. A straight line / passes through the points (3, 0) and (0, 4). 
The point A lies on the parabola y = 2x — x?. Find the distance p 
from point A to the straight line when A coincides with the origin, 
and indicate the coordinates of the point A (z,, yo) on the parabola for 
which the distance from the parabola to the straight line is the least. 

5.48*. Four points A, B, C, D lie in that order on the parabola 
y = az? 1+ bx +c. The coordinates of A, B, and D are known: 
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A (—2, 3), B (—1, 1), D (2, 7). Find the coordinates of C for which 
the area of the quadrilateral ABCD is the greatest. 

5.49*. Given two points A (—2, 0) and B (0, 4) and a straight 
line J on a coordinate lane: y = zx. Find the perimeter of the triangle 
AMB, where M isa point with an abscissa of 3 which lies on the line J. 
At which position of the point M on the line Z is the perimeter of the 
triangle AMB the least? 

5.50*. Given an angle ZAOB and a point M in its interior. How 
should a straight line be drawn through the point M for that line to 
cut off a triangle of the least area from the angle? 

5.51. Given an angle ZAOB and a point M in its interior. How 
should a triangle of the least perimeter be constructed such that one 
of its vertices is at point M, the second is on the side AO and the third 
is on the side BO of the given angle? 

5.52. Consider various trapezoids inscribed in a circle of radius R 
such that the centre of the circle is in the interior of the trapezoid and 


one of the bases is R VY 3 long. Find the length of the nonparallel side 
of the trapezoid that has the greatest area. 

5.53. Given a regular triangular pyramid DABC (D is the vertex 
and ABC is the base with | AB | = a, |AD|= b). A plane a, which 
is parallel to the edges AD and BC, cuts the pyramid. How far from 
the edge AD should the plane be drawn for the area of the cross section 
to be the greatest? 

5.54. Consider various right parallelepipeds whose bases are 
squares and whose each lateral face has a perimeter of 6 cm. Find the 
parallelepiped with the greatest volume and calculate the volume. 

5.55. A rectangle is inscribed in a sector of a circle of radius R, 
the central angle of the sector being a right angle. One of the vertices 
of the rectangle coincides with the centre of the circle and the opposite 
vertex lies on the circumference. Find the lengths of the sides of the 
rectangle that has the greatest area. 

5.56. The chord AB is as long as the radius of a circle. The chord 
CD, which is parallel to AB, is drawn so that the area of the quadri- 
lateral ABCD is at a maximum. Find the smaller of the central angles, 
that which rests on the chord CD. 

5.57*. A rectangle with the greatest area is inscribed in a sector 
a a circle of radius R (the central angle of the sector being «). Calculate 
the area. 


6. Geometrical Applications of a Derivative 


Assume that the function y = f (z) is differentiable at a point z, 
and yp = f (z»). The straight line defined by the equation 


y= Yot fF (Zo) (e& — 2p) (1) 
is said to be tangent to the graph of the function y = f (x) at the point 
M (Zo, Yo). Writing equation (1) in the form 

Y — Yo = f' (Zo) (@ — 2), (2) 


we can infer that of all the straight lines passing through the point 
M (zo, Yo), that straight line is tangent to the graph of the function 
f (z) whose angular coefficient is equal to f’ (z,) (an angular coefficient 
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is a tangent of the angle of inclination of a straight line to the positive 
direction of the Oz axis). 

The straight line which is perpendicular to the tangent line at 
the point of tangency is called a normal to the graph of the function 
y = f (x) at that point. The equation of the normal has the form 


(y — Yo) f’ (xo) + (@ — ao) = 0. (3) 
The angle between the graphs of the functions 
=f, (x) and y= fs, (2) 


at their common point M (z,, yo) is an angle a between the tangents 
to those graphs at the point M (zp), y)). The tangent of an angle is 
calculated by the formula 


fo (Xo) — fi (£0) 
1+ fi (Zo) fa (Zo) 


If the expression 4 +- hh (to) fg (to) in the denominator vanishes, then 
the curves intersect at right angles. 

To derive an equation of a tangent (normal) to the graph of the 
function y = f (x) at the point whose abscissa is known and is equal to 
Zo, it is sufficient to find the values of f’ (z,) and yy) = f (zo) and 
substitute them into equation (1) (equation (3) respectively). The 
coordinates of a point on the graph of a function at which a tangent 
must be drawn are determined from the conditions of the problem. 

Conditions of parallelism and perpendicularity of two straight lines. 
Assume that the straight lines are defined by the equations y = k,z + 
b, and y = kax + by. For those straight lines to be parallel, it is 
necessary and sufficient that k, = k,. For those lines to be perpendic- 


: (4) 


tana = 


ular, it is necessary and sufficient that kk, = —1. 
Example 6.1. On the curve y = 2? — 7x + 8 tind a point at which 
the tangent is parallel to the straight line y = —5 


# . 

Solution. From the condition of parallelism of ae straight lines 
it follows that the angular coefficient of the tangent at the required 
point must be equal to —5. Then we can find the abscissa of the point 
of tangency using the equation y’ (x) = 2x — 7: 


22 — 7=-—9>27=— 1, 


and the ordinate can be found by the substitution of z = 1 into the 
equation of the curve: 


y (1) = —3. 
Answer. The required point has the coordinates (4, —3). 


6.1. Find the points on the curve y = x? — 32+ 2 at which 
the tangent line is parallel to the straight line y = 37. 

6.2. Write the equation of a horizontal tangent to the graph of 
the function y = e* + e-*, 

6.3. Write the equation of the tangent line to the graph of the 
function y = cos (2x — n/3) a 2 at the point with abscissa z, = n/2. 

6.4. What angle is formed by the abecisas axis and the tangent 
to the parabola y = x2 + 4x — 17 drawn at the point M (5/2, —3/4)? 
Write the equation of the tangent. 
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6.5*. The straight line y = — s rz = is known to be a tangent 
to the graph of the function f (z) = Sigh — x. Find the coordinates 


2 
of the point of tangency. 

6.6. Show that the coordinates of the point of intersection of the 
tangents to the curve y = 1 — z?/a? drawn through the points with 
the ordinates y = 0 do not depend on the parameter a. Find the coor- 
dinates of the intersection point. 

6.7. Calculate the area of the triangle bounded by the coordinate 
axes and the tangent to the graph of the function y = 2/(2x — 1) at 
the point with abscissa zx, = 1. 

6.8. Find the equation of the common tangent to the curves 


y=o?4t 444+ 8 and y= 224+ 84 4. 
6.9. At what value of z, € [0, n/2] are the tangents to the graph 
of the function 
f (xz) = sin z+ sin 2z 
at the points with abscissas z, and zx, + 2/2 parallel? 


6.10. Find all values of z, for each of which the tangents to the 
graphs of the functions 


y (x) = 3 cos 52, y (tz) = 5 cos 38z + 2 


at the points with abscissa z, are parallel. 
6.41. Find the coordinates of the points of intersection of the Oz 
axis and the tangents to the graph of the function 


y (x)= = 


which form an angle 32/4 with the Oz axis. 

6.12*. On the graph of the function y (z) = x? — 322 — 7z + 6 find 
all points at each of which the tangents to that graph cut off on the 
positive semi-axis Oz a line segment half that on the negative semi- 
axis Oy. Find the lengths of the cut-off segments. 

6.13*. The cord of the parabola y = —a’x? + 5azx — 4 touches 
the curve y = 1/(1 — z) at the point z = 2 and is bisected by that 
point. Find a. 

6.14. Write the equation of the tangent to the graph of the func- 
tion f (7) =| 2? — | xz || at the point with abscissa x = — 2. 

6.15. Two tangents to the graph of the function y = Y 17 (z? + 1) 
intersect at right angles to a certain point of the Oy axis. Write the 
equations of the tangents. 


Example 6.2. Determine the angle at which the sine line 
y= V3 

cuts the abscissa axis at the origin. 
Solution. By definition, the required angle is equal to the angle 


of inclination to the abscissa axis of a tangent drawn to the sine line 
through the origin. Thus the tangent of the required angle coincides 


sin 3z 
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with the angular coefficient of that tangent and is equal to the value 


4 
V3 


sin 3z calculated for z = 


of the derivative of the function y = 
0. Since 
y= : 
V3 
it follows that tan a = 3/Y 3, and, consequently, a= 71/3. 
Answer. a = 1/3. 
6.16. Show that the tangents drawn to the graph of the function 
xz—4 
z—2 


cos 32, 


y= 


at the points of its intersection with the coordinate axes are parallel. 
6.17. At what points does the tangent to the graph of the function 


523 
2 


form an angle of 45° with the Oz axis? 

6.18. At what angle is the tangent inclined to the Oz axis if it 
is drawn to the curve y = 225 — z at the point of intersection of that 
curve with the Oy axis? 

6.19*. Show that the curves defined by the equations 


zy = a?, 2 y= b2 
intersect at right angles. 
6.20*. Show that the families of curves defined by the equations 
y = az, yit 2?= 2 
are perpendicular for any a and c. 
When it is required to find the equation of a tangent to the graph 
of the function y = f (xz) passing through the given point M (z,, y,) 
which does not belong to the graph of the function, the abscissa zx, 
and the ordinate y, of the point of tangency can be found from the 
system of equations 


f= o 


+ 7z—4 


Ya — Yo = f' (£0) (41 — 2); (9) 
f ’Xo) = Yo- 
Example 6.3. At what point of the curve 
y= 2? — dz + 6 (*) 


should a tangent to that curve be drawn for the tangent to pass 
through the point M, (1, 1)? 

Solution. We form system (5): 

1 — Yo = (2% — 9) (1 — 2p), 
2 
Yo = Ly — OF + 6. 
Substituting y) from the second equation into the first, we get a 
quadratic equation 
az — 2X9 =); 
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Hence the required points have the coordinates (2, 0) and (0, 6). 
Answer. (2, 0), (0, 6). 
6.21. At what point of the curve 


y=ari4+t bre 
should a tangent line to that curve be drawn for the tangent to pass 
through the origin? Find the values of a, b, and c for which the 
problem has a solution. 
6.22. At what point of the curve 


y= 22? — oz + 6 
should a tangent line be drawn for it to pass through the point M (a, b)? 


Find the values of a and b for which the problem has a solution. 
6.23. Write the equation of a tangent line to the curve 


y= (e+ 1)/z, 
if it is known that the tangent passes through the point M (a, b). 
How many solutions does the problem have depending on the choice 
of the point? Find the solutions. 
6.24*. Write the equation of the straight line passing through the 
point with the coordinates (1/2, 2), and touching the graph 


x2 
y(z)= ——- +2 
and cutting at two points the graph of the function 
y (zt) = V 4—22. 
6.25. At what point M, of the curve y = VY 2z%/? is the tangent 
perpendicular to the straight line 42 + 3y + 2= 0? 
It is known that the equality of the discriminant of a quadratic 
equation to zero signifies that the corresponding parabola touches the 


straight line y = 0, i.e. the abscissa axis. Similar considerations can 
sometimes be used to find the equations of tangent lines. 


Example 6.4. Find the tangents to the circle 
qe + y? = 25 
which are parallel to the straight line 
2z—yti= 0. 
Solution. All straight lines which are parallel to the straight line 
2z—yti=0 
are described by equations of the form 


y= 2r+e. 
For the circle and this straight line to intersect, the following system 
must be consistent: 
2a +ec=y, 
zt? y*? = 20. 
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Substituting y from the second equation into the first, we get 
zg? +. (27 + c)? = 25. 

For a unique solution to exist, the discriminant of the last equation 
must be equal to zero. From this condition we get for c the following 
possible values: c = 5V5 and ec = —5Yy 5. 

Answer. y = 22 -+ 5V 5, y = 2a — SY 5. 

6.26*. At what angle can. the circle 

z? + y? = 16 


be seen from the point (+8, 0)? 
6.27. Point M moved along the circle 


(s — 4)? + (y — 8)? = 20, 


then it broke away from it and, moving aronee tangent to the circle, 
cut the Oz axis at the point (—2, 0). Find the point of the circle at 
which the moving point broke away. 


6.28. Find the condition under which the straight line y = kx +- b 
touches the parabola y? = 2pz. 


6.29*. Find the locus of points from which the parahola y = 2? 
can be seen at right angles. 


6.30. Find the angle between the tangents to the graph of the 
function y = 2? passing through the point with the coordinates (0, —1). 


2 
6.31*. A right angle moves so that its sides touch the curve = + 


2 
= 4 all the time. Find the locus of the vertices of the angle. 


7. Mechanical Applications of a Derivative 


If the path traversed by a body by the time moment ¢ is defined 
by the function 


y=f (i), (1) 


then the speed of the movement v at the time moment ¢ is equal to the 
derivative of the function f (t): 


v= f’ (t), (2) 
and the acceleration is equal to the derivative of the speed: 
a= I[f' I’. (3) 


Example 7.1. With the speed of b m/s a man approaches the foot 
of a tower #2 m high. What is the speed of his approach to the vertex of 
the tower when he is at a distance of / m from the foot? 

Solution. We designate the distance from the man to the foot of 
the tower at the time moment ¢ as x (t). Then the distance y (¢) from 
the man to the vertex of the tower at time ¢ has the form 


| y (t)=V h8+23 (2). 
12—0263 
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Differentiating y (t) with respect to t, we obtain 
x (t) x’ (t) 
V 1+ 23 (2) 


and, ae into account that x’ (¢) = b and the distance between the 
man and the foot of the tower is l/, we get 


y’ (t)= 


yt 
Vite 
bl 
V +E 


Having found the law of motion, calculate the speed in the follow- 
ing problems. 

7.1*. The lower end of the ladder which is 5 m high is slipping 
along the floor_in the direction from the wall against which it is put. 
What is the speed of the upper end of the ladder at the moment when 
the lower end is at adistance of 3 m from the wall if the speed of the 
lower end is constant and equal to 2m/s? 

7.2. A man approaching a vertical wall is illuminated by a lantern 
from behind, the lantern being at a distance of / m from the wall. The 
apres of the man is v m/s. With what speed does his shadow change 
if the man is h m tall? 

7.3. A point moves along the hyperbola y = 10/z so that its 
abscissa grows uniformly at a speed of aunity per second. At what speed 
does its ordinate change when the point passes the position (5, 2)? 

7.4*. Two points having the laws of motion 


Answer. v= 


x= 100-151, a #2, ¢>0 


move along the Oz axis. What is the relative velocity of those points at 
the moment of their meeting (z is in cm and ¢ is in seconds)? 

7.5**, A wheel of radius 2 is rolling without slipping along a straight 
line. The centre of the circle moves with the velocity v. A nail 
is in the rim of the wheel. Find the velocity of the nail at the time 
moment ¢. 

7.6*. A point moves with the angular velocity w along a circle of 
radius R with centre at the origin. What is the rate of the variation 
of the abscissa of the point when it passes the Oz axis? 

7.7*. A body is thrown at the angle a to the horizontal with the 
velocity v. What is the maximum height that the body can reach? 

7.8. The angle @ (in radians) through which a wheel rotates in ¢ 
s is equal to a = 3¢2 — 12¢ + 36. Find the angular velocity of the 
wheel at the moment ¢t = 4s and at the moment when the wheel stops. 

7.9*. Two bodies move at an angle of 60° towards each other; the 
equation of motion of the first body is 


S, (t) = @ — 24, 
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and the equation of motion of the other body is 
So (t) = 2t. 


At the time moment t = 0 the bodies were at the same point. With 
what speed does the distance between them increase? 

7.10. A horse runs along a circle with a speed of 20 km/h. A lan- 
tern is at the centre of the circle. A fence is along the tangent to the 
circle at the point at which the horse starts. With what speed does the 
shadow of the horse move along the fence at the moment when it 
covers 1/8 of the circle? 

7.41*. A rocket moves rectilinearly according to the law S (¢) = 
vot + at?/2. In the time ¢, after the beginning of the movement, 
a certain object separates from it and continues moving by inertia. 
At what time moment ¢ and what new velocity v must be imparted to 
the object that, continuing a uniform motion, it would overtake the 
rocket at the moment ¢, having the same velocity as the rocket? What 
is the law of motion of the object? 

7.12*. A rocket is launched along a straight line from a certain 
point. The law of motion of the rocket is S = t?/2, t> 0. At what time 
moment ¢), reckoning from the beginning of motion, must the engines 
be switched off for the rocket, which continues moving by inertia 
with the velocity obtained, to be at the distance S, from the initial 
point at the time moment 1,? 


128 


Chapter 9 


The Antiderivative 
and the Integral 


{. Integration 


The differentiable function F (xz) is said to be an antiderivative 
(or primitive) of the functton f (x) on a given interval if the equality 


F’ (z) = f (2) (1) 


is valid for all values of z belonging to that interval. If F (z) is an 
antiderivative of f (x) on a certain interval, then the expression 


| f (2) de=P(2)-+¢, (2) 


where C is an arbitrary constant (the constant of integration), is called 
an indefinite integral of the function f (z). 


Principal Rules of Integration. 
\ af (x)dz=a \ f (x) dz, (3) 


where a is a constant quantity; 
| th@+te@lae=\ f@dz | fe (ar (4) 
if \ 1 (@)de=F(2)-+0, then 


\ f (ax+ b) dz = — F (ar+b)+C (5) 


(a0 and b are constants). 
Table of Indefinite Integrals. 


nel 
| a= +0, ne —1. (6) 
| S=n |z| +. (7) 
| o* de = — +C, a>0. (8) 


\ eX dxa=e®-+-C. 
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\ sin rdzr= —cosz-++C. (9) 

\ cos zdz=sinz+C. (10) 

\ or —=tanz+¢c. (14) 

\ 2 = —cotr+C. (12) 

\ ae —In tan | 1¢. (13) 

\ 2 —In| tan (+ +)\+e. (44) 

) “an gi = a arctan = +C, a<0. (15) 

{ Tea = arcsin = +C, «#0. (46) 


An infinite integral (an antiderivative) of a given function is 
calculated by using the integration rules to reduce the indefinite 
integral of the given function to the tabular one. 


Example 1.1. Find all antiderivatives of the function 
gm — yn 2 
f (2) = Se) 


Vz” 
where m and n are integers. 
Solution. Let us reduce f (xz) to the form 


f (x) = z?m-1/2 — Zemtn-1/3 4 y3n~1/3, 


Using now integration rules (3), (4) and formula (6), we obtain 


\ (z2m-1/2__ Dgmtn-1/84 72N-1/2) dz 


4 - 2 1 
Det Sea eee | SY a cr +n+1 /3 3n+1/2 
mae | MR ee 
_ 2eimYz damn Vo Qe Vz 
~ 4m+14 2m -+2n-+-1 si 4n-+4 mee 
3 = + a 2 ee 
yi Ve 4rmtn fx i. 2220 x 


ami Om-pIn-t | pt To 


Using the rules of integration and the table of indefinite integrals, 
find the antidcrivatives of the following functions. 


V 2+22— Y2—2? t—2Ys 
1.1%. Se «23 — 
f (a) Vie 1.2. f (@)—= = 
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a x 

1.3*. = 4—<2x. 1.4*. SS 
f(Z)=2V ey ee, 

z—1 ‘ fk op 

1.5*. 7(z)= (Qz—1)8 ° 1.6*. f (x) = 7 V i-+<c. 


Having simplified the integrand, find the following indefinite 
integrals. 


2, | WEN @— V9) 
' gWYataet+ Ya = 
eee 
1.8. a aa dt. 


| Vitel sv) a (V5) 


| Vos vee 
(112) Vi vO 


4 —47-2 xz-2— x 
1.10. | ae eee ~~ se + sce ac a ) az. 
2 Tri Vz+1 Vz—1 
is: ; mane _— VI Ts __) az 
( Seca Vite—Yi—al 
rl ~2 
(1 —24)-¥8-4+14 Gaz} 
1.13. ll oes 
et 2V1—2?) 
‘ (Se 4—4/x+-1/z? {— dz = 
Fe i cles ale ad Sa ea 
eee | (elm Bx/n)2 — 122(m*ny](mny 


(2-24-4024 = —S tS | 


of 22+ 1+ 2a/(c—N 
1.47. | _Vi-ett 
Vi—z+1/Vt+e V ara 


(Vz+2) Ue) -eye-a (Bes 
SS a ee es 


dz. 


evra: (1/ $ +1-Se) 
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at4584+1452—9 | 9 

26+. 32% x 
mae: \ (8 — 424 322—1d)/25 
1.20 \ Vict V2—z% Ve Peete ae 


1.21*. | 4cos > cos zsin in 2h x dz. 


dz. 


—4 sin > sin zsin ~ edz. 


2 Y2cosa sin (++ 2at ) de. 


1.22. 
1.23. 


1.25. cot (+ n— 2r } cos 47 dz. 


4 
| sin (+ 7) —sin® (++4)| dz. 


1.27. { [cos? (45°— x) cos? (60° -+ x) — cos 75° sin (75° — 22) ]}}dz. 


J 
1.24. \ 2 sin? (381 — 22) cos? (5%-+ 22) dz. 
1.26. \ 


1.28. { sin 27 -+- sin 52— sin 3x 


cos z+1—2 sin? 2z 
| cot? 22—1 
5 2 cot 2x 


dz. 


1.29. — cos 82 cot 4s | dz’ 


1.30. \ cos 4x-++-1 
cot r— tan z 


| sine sin (rx—qa)-+ sin? (+— a) | dz. 
I 


dz. 


1+-sin 2a 


cos (2a — 2m) cot (a = x) 


-+ cos? a | da. 


1.33. \ tan2’zdz. 1.34. \ cot? x dz. 


2. Problems on the Properties 
of Antiderivatives 


The function 
G (t) = F (2) +¢, (1) 
where F (x) is an arbitrary antiderivative of f (x) and the constant C 
satisfies the equation 
F (29) +- C= Yor (2) 
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is an antiderivative of the function f (z), the graph of the antideriva- 
tive passing through the point M (zp, y,). 


Example 2.1. For the function f (z) = cos? z find the antiderivative 
whose graph passes through the point M (n/2, 1/4). 
Solution. Let us calculate the indefinite integral of the function 
f (x) = cos? z: 
\ cos? z dr = AT O08 OF de ef sme +C. 


e 


To choose the required antiderivative from all the antiderivatives we 
have found, we derive, in accordance with (2), an equation 


4 sin x at 
Eyet pe te=7s 
whose root is C = 0. 
Answer. F(2)=— 2+ sme 


2.1. Find the equation of a curve, passing through the point A 
(1, 2), the slope of whose tangent line at each point is thrice as large 
as the square of the abscissa of that point. 

2.2. Find the equation of acurve, passing through the point A (1, 1) 
whose slope at each point is equal to double the abscissa of that point. 

2.3. Find the equation of a curve passing through the point A (0, 
—41) if all its tangent lines are parallel to the straight line y = 5z—3. 


If the graphs of the differentiable functions y = f, (zr) and y = 
f, (x) touch each other at the point M (zx, yo), then the following 
relations are satisfied: 


fr (Zo) = fa (To): (3) 
fi (Zo) = fg (2o)- (4) 


Example 2.2. Find all the antiderivatives of the function y = 
xz + 2 which touch the curve y = 2’. 

Solution. Since the function y = x + 2 is a derivative of any of its 
antiderivatives, it follows, according to (4), that the equation for 
finding the abscissa of the point of tangency has the form 


22 = r+ 2. 


The root of this equation is x = 2. The value of the function y = 2? 
at the point z = 2 is equal to 4. Consequently, among all the anti- 
derivatives of the functions y = r+ 2, i.e. the functions f (rt) = 


z2t. +. C, we must find that whose graph passes through the 
point M (2, 4). The constant C can be found from the condition f (2) = 
45 FAL 22405455 0= —2, 


Answer. F (x) = ia + 27 — 2. 
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2.4. Find the antiderivative of the function f (z) = z whose graph 
touches the straight line y = x — 1. 

2.5. Find all the antiderivatives of the function f, (x) = zx? whose 
graphs touch the parabola f, (rz) =[z? ‘ 

2.6. Find all the antiderivatives of the function f (x) = 3/z whose 
graphs touch the curve y = 23 


If a body moves with a speed changing according to the law 
v = f (t), (5) 


then the relationship between the path covered by the body and the 
time ¢ can be represented as 


S@=FM+6, (6) 


where F (¢) is a certain antiderivative of the function f (¢), and the 
constant C can be found from auxiliary conditions. 


Example 2.3. A body moves rectilinearly with a speed changing 
according to the law 


v = 2t m/s. 


Find the law of motion of the body if it is known that it covered 15 m 
in the first two seconds. 

Solution. The set of all antiderivatives of the function v (¢) = 2t 
is S (¢) = #24 C. According to an auxiliary condition we have 


S (2)= 224+ C = 15, 
whence we obtain C = 11. Thus the law of motion of the body is 
S (t) = #2 + 41. 


2.7. A particle moves rectilinearly with a speed of v (t) = sin t 
cos ¢ m/s. Find the equation of motion of the particle if for ¢ = 1/3 s 
the distance covered is 17/8 m. 

2.8. A first traveller left point A with the speed varying according 
to the law v (t) = 2, and at the same time a second traveller started 
from point B, which is 4 km away from A, in pursuit of the first travel- 
ler with a constant speed of 2p km/h. For what values of p will the 
second traveller overtake the first one? Find the value of p for which 
the travellers will meet only once. 


3. The Definite Integral 


The definite integral on the interval [a, b] of the continuous function 
f (xz) is an increment F (b) — F (a) of any antiderivative F of that 
function on the interval [a, b] and is designated as 


b 
{ f (x) dzr= F (b)—F (a) (the Newton-Leibniz formula). (1) 
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Here a and b are the lower and the upper limit of integration, 
respectively; f(z) is an integrand. The difference F (b) — F (a) 
appearing on the right-hand side of formula (4) is sometimes desig- 
nated as F (zx) |® 

To calculate the definite integral of the function f on the interval 
[a, b], it is necessary to find any antiderivative of the function and 
ealculate the difference of its values at the right-hand and left-hand 
cnds of the interval [a, b]. The calculation of the definite integral of 
the function f (z)’on [a, b] is known as the integration of that function. 


Simple Rules of Integration. 


b b b 
\ [f (z) +8 (x)] dz= f (2) dz-+ { g (x) dz. (2) 
a a 
b b 
\ kf (x) dr=k \ f (x) dz. (3) 
b ' sd 
\ f (kx p) da = —— | f(t)dt, k~0Q. (4) 
a ha+p 
i [ 2 
\ fe az= J saat | fe) ae, c€ ta, 01 6) 


Example 3.1. Calculate the definite integral 
nu/2 
cos‘ x dz. 
0 
Solution. Let us represent the integrand as 


1-+cos 22 ig 


5 a + (1+ 2 cos 2z-+ cos? 2z) 


cos! x = | 


1 1+ cos 4x 
= (14+2cos2e+—TSe | 


The function 


3 4 4 
=—g Ty 008 2a + cos 42. 


F (2) = S24 sin 22 + Jy sin be 


is an antiderivative of the function cos*z. Let us now use the Newton- 
Leibniz formula to calculate the definite integral: 


1/2 
n/2 
cos! pda=— sin Der} a sin 4z . sige 
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Answer. 37/16. 


Calculate the following integrals. 


4 = 
3.4. \ 4x2 Va Hes 
x 
cos x Sin z dz. 


cos z Sin 32 dz. 


Example 3.2. Calculate the integral 
- 18 
p= 
x 
\ gee dz. 
3 


Solution. We rewrite the integral in the form 
—18 


\ 2 1/3 
(2-3) a 


Using formula (4) for k = —1/3, p = 2, we find the lower and upper 
limits of integration of the right-hand side of formula (4). We have 


4 
—= 342=1 


and 
(— 18) (—4)+2=8, 


respectively. Thus we obtain 


— 18 oe 8 374 /8 8 
| (2-+} oe ean | 80 dt = sie ee 
A 3 4 
3 1 | 
9 
Answer. —33.75. 
Calculate the following integrals. 
8 2 
3.4. \ se ee : 3.5*. \ eZ 
V5+2/2 J V2—2/2 


-8 


188 Ch. 9 The Antiderivative and the Integral 


5/8 2 
=—— . dz 
3.6*. xr—2 32—1 dz. 3.7*. SS ee 
( yy: | Vz—14+ Vi-+z 
1/3 1 
9 7/3 ‘ 
3.8. \ Vz—i dz. 3.9. \ see ae, 
V 32+1 
2 0 
n/4 1 F 
in 2¢— 2 eee 
3.10. | (sin 2t—cos 2t)? dt. 3.41. \ (ep 4)- 
0 0 
1/2 1/4 
3.12. sin z cos 3z dz. 3.13. \ (tan z-+-cot z)-1 dz. 
0 3/6 
By | 
3.14 \ cos? (—-n—) —cos? (=-=+4) dz 
oe 4 8 4 
0 


a 
= 
it) 


3.15. } 'i-+=— ED de. 


n/ 


If the integrand contains a variable under the sign of absolute 
value, then the calculation of the definite integral with the given limits 
of integration can be reduced to the calculation of the sum of the 
definite integrals with integrands which no longer contain a variable 
under the sign of the absolute value. 


Example 3.3. Calculate 
5 


\ (jz—3] + [1—2]) dz. 
1 
Solution. We can represent the integrand as 


4—2r, z<i, 
j10)=4 2, 1<z <3, 
22 — 4, x > 3. 


Using property (5) of the definite integral, we get 
3 5 


\ (Ie—3] +1421) de-+ | (J2—sl+ tal) de 
| 3 


3 5 
= 2 az+ | (22 —4) dz = 2z|3-+ (2? — 4z)|8= 4+ 8= 12. 
1 3 
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Answer. 12. 


Calculate the following integrals. 
1 

3.46. \ Vxi—de+i dz. 3.47. 
a4 
1/2 

3.18. Vi-—cos*zdzr. 3.19. 


V z?—22-+41 dz. 


V 1—sin 22 dz. 


ow Of DY 


3.20. 


1 
(ET 


3.22. VL ztt + (4=7-)"-2]'" de. 
3710/2 31/2 


3.23. V1—cos 2z dz. 3.24. \ V 1+ cos 22 dz. 
3/2 1/4 


3.21. dis V2—ief4) dz. 


4. Integrals with a Variable Upper Limit 


An integral with a variable upper limit 


F (x)= \ f (t) dt (1) 


is the antiderivative of the function f (x) (F’ (x) = f (z)) whose value 
at the point a is zero. 


Example 4.1. Find the greatest and the least value of the function 


x 


F (2)= \ (¢-+1) dt 
0 

on the interval [2, 3]. 
Solution. Let us find the critical points of the function F (z). 
Since F (x) is an antiderivative of the function z + 1, wehave F’ (xz) = 
1; the function F’ (x) does not vanish on the interval [2, 3] 
and is positive. Consequently, the function attains its greatest value 
on the right-hand end of the interval and the least value on the left- 
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hand end: 
3 
max P (z)=F (3)= | (¢+41) dt= (S++) =75 
x€[2, 3] ) ~ A 2 0 °’ 
2 


a F (x)= F (2)= | (t+-4) dt= (+++) i =4. 


Find the greatest and the least value of the following functions 
on the indicated intervals. 


4A. F(2)= | sin t dt, x€ | 0, + |. 
0 
4.2.  F(2)= \ (2t—5) dt, c€[—1, 3], 
0 
4.3.  F (2)= \ (12—5t-+6) dt, x€ (0, 4]. 
0 


4.4. Find the greatest and the least value of the function 
x 


F (x)= \ J¢t| dt 
1 


; 1 4 4 
on the interva |— =|; 


4.5. Write the equations of the tangent lines to the graph of the 


function 
x 


F (x)= \ (2t—5) dt 
2 
at the points where the graph cuts the abscissa axis. 
4.6. Find the abscissas of the points of intersection of the graph 
of the functions 
x 


F, (z)= \ (2t—5) dt, F, (z)= \ (2t—5) dt. 
2 


3 
4.7. Find the points of intersection of the graphs of the functions 
x x 


F, (z)= \ (2t—5) dt, F, (x)= \ ot dt. 
2 0 
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4.8. Find the antiderivative of the function 


F (z)= \ (2t—5) dt, 
3 


whose graph passes through the origin. 
4.9. For the graph of the function 


F(z) = \ 2|t| dt 
0 


find the tangent lines which are parallel to the bisector of the first 
coordinate angle. 


Assume that a particle moves rectilinearly with the speed v (t); 
A is a certain point on the trajectory of movement of the particle. 
If at the time moment ¢ = ¢, the distance between the moving parti- 
cle and the point A is equal to S,, then at any time moment ¢ > ?, 
the distance between the moving particle and the point A can be 
calculated by the formula 
t 


s (y= | v (2) dz+8p. (2) 
to 

Example 4.2. The speed of the particle moving rectilinearly varies 
according to the lawv (t) = Yt + 2t (km/h). At the moment of time 
t = 1 h the particle was 5 km away from the point A lying on its 
trajectory. How far from A will the particle be at the moment ¢ = 3h? 
Solution. In accordance with (1) and (2), we represent the coordi- 

nate of the particle as the function of time in the form 

t 


S(t)= \ (V+ 22) dz-+5. 
1 
Let us calculate the value of S (¢) for t = 3: 


S (3)= (Vi+2t) d¢+5= (=o +e) 


1 


+5=273 


49-5 —145=12— 12 V3. 


Answer. At the moment t = 3 h the particle will be at a distance 
of 125-4 2Y 3 (km) from the point A. 


4.10. The speed of the body is proportional to the square of time. 
Find the relationship between the distance covered and time elapsed 
if it is known that during the first three seconds the body covered 18 cm 
and the movement began at the time moment ¢t = 0. 
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4.41. The force acting on a particle varies uniformly relative to 
the distance covered. At the hepinning of motion it was equal to 
100 N, and when the particle covered 10m, the force increased to 600 N. 
Find the function defining the relationship between work and time. 

4.12. The body moves with uniform acceleration, and it is known 
that by the moment of time ¢ = 2 8 its speed was 4 m/s and the dis- 
tance covered was 3 m. Find the law of motion of the body. 

4.13. With constant acceleration the body covered the distance 
of 4 m from the point A during the first second, and during the first 
three seconds the distance between the body and the point A increased 
to 16 m. Find the relationship between the distance covered by the 
body and the time elapsed if it is known that at ¢ = 0 the body was 
at A. 


5. Problems Requiring the Use of the Properties 
of Antiderivatives and Integrals 


5.4. Solve the inequality 


sin? > dx 


oe, A 


6 
Lo Jeune meee 


5.2. Solve the inequality 


V 5a—6—a3-4 


ol" 


1 
dz>2z \ sin? zx dz, 
0 


5.3. Solve the inequality 


x /2 
Vi—2—12— | dz<z \ cos 2z dz. 
0 0 


5.4. Find the numbers A and B such that the function of the form 
f(z) =A sinazr+ B 
satishies the conditions 


2 
()=2, | f(y aema, 
U 
5.5. Find all the numbers a (a > 0) for each of which 


a 
\ (2—42-4+ 322) dz <a. 
0 
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5.6. Find all solutions of the equation 
a 
{ (cos z-+-a?) dz=sin a 
0 


belonging to the interval [2.3]. 

5.7. Two points begin moving along a straight line at the same 
time moment from the same point and in the same direction. The 
speeds of the points are v, (t) = 32 + 2¢ m/s and v, (t) = 2t m/s 
respectively. In how many seconds will the distance between them 
equal 216 m? 

5.8. Ascertain that any antiderivative of an odd continuous func- 
tion, defined on the interval [—a, a], is an even function. 

5.9. Ascertain that an even continuous function, defined on the 
interval [—a, a], has at least one odd antiderivative on that interval. 

5.10. Verify whether the following assertion is true: for any 
antiderivative of the continuous function f (z) to be even on the 
interval [—a, a], it is necessary and sufficient that the function f (2) 
be odd on that interval. 

5.441. Find the values of A, B, and C for which the function of 
the form 


f(z) = Az?t Br+C 
satisfies the conditions 


| 
f(A) =8, f(2)-+f" (2) =33, \ jews 
0 


5.12. Find all the values of @ (a € [0, 2]) which satisfy the equa- 
tion 
a 
sin x dr=sin 2a. 
stf2 


5.13. Find the positive values of a which satisfy the equation 


\ (3224 42—5) dz—a®—2. 
0 


5.14. Find all the values of a@ from the interval [—zx, 0] which 
satisfy the equation 


2a 
sin a-+ \ cos 27 dx= 0. 
a 
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6. Calculating Areas 


The figure bounded by the graph of the continuous function f (z) 
(f (cz) > 0), the straight lines x = a and x = 3, and the Oz axis is 
a curvilinear trapezoid. Its area can be calculated by the formula 
b 


S= \ f (x) dz. (1) 

a 
If{ the condition /f, (x) > f, (rt) (f2 (x) — f, (x) > 0) is fulfilled for 
all xz from the interval [a, 5], then the area of the figure bounded by the 


graphs of the continuous functions y = f, (rz) and y = f, (x) and the 
straight lines z = a and x = 3, can be calculated by the formula 


b 
S= \ [fa (e)— fa (2))_de. (2) 


If the condition wp, (y) >, (y) (be (y) — 1 (y) > 0) is fulfilled 
for all y from the interval i i then the area of the figure contained 


between the straight lines y = c and y = d and the graphs of the 
continuous functions z = p, (y) and z = wp, (y) can be calculated by 
the formula 


d 
S= j [be (y)— Ps (y)I ay. (3) 


Example 6.1. Find the area of the figure bounded by the lines 

z2=0, c= n/2, f, (x) = sing, f, (x) = cosa. 

Solution. Since the sign of the difference f, (x) — f, (x) does not 
remain constant on the interval [0, 2/2], we divide the interval into 
domains where the difference retains sign. For that purpose we set up 
an equation 

fa (t) — fi (x) = 9, 
whose only root, belonging to the interval [0, x/2], is a point z = 
1/4. Since 
sin z>>cosz for zx € [n/4, x/2], 
sin x<cosz for z€[0, 2/4], 
we obtain, in accordance with (2), 


qt/4 n/2 
s= \ (cos x—sin z) dx+- \ (sin z—cos z) dr= 
0 1/4 
F m4 , . mf2 
=(sin z-+ cos 2) + (—cos x—sin 2) 
0 w/4 


=(V2—1)+(—14 V2)=2 (V2—1). 


Answer. S=2 ( VY 2—1). 
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Note that using the symmetry of a figure about the axis x = 2/4, 
we could have calculated the figure by the formula 
m/4 
S=2 \ (cos —sin 2) dz. 
0 


alculate the areas of the figures bounded by the indicated lines. 
~y=H=rotuy=2xz+t. 
.y = —222 4+ Be Al Be a 
-y=0, y= 20 eee 
Hla lg OY od pee. 
= (1/2)*, c—2y1+2=0, z= 2. 


= 4% — 27, y-—zr= 


y= 2? + 1, y= — 2243, 
. y = 1/cos*z, y= 0, c= 0, c= a/4, 


6.14 y= ratte, y=2-*, r=:2 (4 < 2). 


6.15. 2x=1,27=2,y=—0, 1082 = + [08a y = 0. 
6.16. y= 2 + 1, y= a4 2, y= 1 

6.17. y = 2%, y = 4%, re = 1. 

6.48. y=2?2, y=2Y 2z. 

6.19. ee ce 


6.20. y= —1+ 82? — xt, y= 15, x=1 (x> 1). 
6.214. y= A z*), y = 27/2. 
6.22. 3y = — 224+ 8& —7, y+1= 4/(x — 3). 


6.23%. y= V 2, y= V4—3z, y=0. 
6.24*. Find the area of the figure whose set of points satisfies the 
system of inequalities 


getysr, r>0, 
ct — y <0, ye 0. 


6.25. Calculate the area of a plane figure bounded by parts of the 


lines max (rz, y) = 1 and x? + y? = 1 lying in the first quadrant: 
_ ft WieDpy, 
mae Ae y={" ifz<y. 


6.26. Find the area of the figure bounded by the graphs of the 
functions y = 7”, y = 2x — 2z?. 


If the function y = f (z) is strictly monotonic on the interval 
[a, b], then it is sometimes convenient to reduce the calculation of 
the area bounded by the graph of the function on that interval and 


13* 
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the Ox axis to the calculation of the area bounded by the graph ot 
the inverse function z = g (y) on the interval [c, d] and the Oy axis, 
where 


J c= min {f (a); f (b)}, 
d = max {f (a); f (b)}. 


Example 6.2. Calculate the area 
of the figure bounded by the graph 
of the function y= In z, the 
straight line x = 2, and Oz axis. 

Solution. The inverse function 
of y= lInz is r= eY. It can be 
seen from Fig. 9.1. that the area of 
the hatched figure S, is equal to 
the difference of the areas S, of the 
rectangle with sides 2 and In 2 and 
S, of the curvilinear trapezoid 


Fig. 9.4 OABC. According to (3) we have 
§n2 — 
So= \ ey dy=eV = eln 2__ ¢0—2—-{—1, 


0 
S,; = 21n2. 


Thus the required area is 
S,= S;— S,=21ln2—1. 
Find the areas of the figures bounded by the following lines. 


6.27. y= arcsin xz, r=—=1, y= 0. 
6.28. y = arccos xz, r=0, y= 0. 


The areas of certain figures can be easily calculated using the 
known values of the areas of the parts of a circle of radius R. 
Example 6.3. Calculate the area of the figure bounded by the lines 
y= V1—z?, y=0. 
Solution. Squaring both sides of the equation y = Y 1 — z?, we 


obtain an equation of a circle of unit radius; y? + x? = 1. Thus the 


graphjof the function y = VY 1 — 2? is an upper semi-circle of radius 4. 
Consequently, the required area is equal to half the area of a circle of 
unit radius. 


Find the areas of the figures bounded by the following lines. 
x2 y? 
6.29*. qa aa 


6.30*. y2 + 224+ 22 = 0. 
re, 6.31**. In the Cartesian system of coordinates Ozy the figure F is 
boundedgby;the Oz axis, the curve y = 2z?, and the tangent to that 
curve; the abscissa of the point of tangency is equal to 2. Find the 
area of the figure F. 
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6.32. Calculate the area of the figure bounded by the parabola 
y = x? — 2x + 2, the tangent to it at the point M (3, 5), and the 
axis of ordinates. Make a drawing. 

6.33. Calculate the area of the figure bounded by the lines y = 
{/e +1, x= 1 and the tangent drawn at the point (2, 3/2) to 
the curve y = 1/x + 1. 

6.34*. Find the area of the figure bounded by the line y = x? — 
4x + 5 and the straight lines touching it at the points with . abscis- 
sas z, = 1 and z, = 4. 

6.35. A tangent line drawn from the point (3/2, 0) to the parabola 
y = 222 — 6zr + 9 makes an acute angle with the positive direction 
of the Oz axis. Determine the area of the figure contained between the 
parabola, the Oz axis, the Oy axis, and the tangent line. 

6.36**. What part of the area of a square is cut off by the parabola 
passing through two adjacent vertices of the square and touching the 
midpoint of one of its sides? 

6.37*. What part of the area of a semi-circle is cut off by the 
parabola passing through the end points of the diameter of the semi- 
circle and touching the circumference at a point which is equidistant 
from the ends of the diameter? 

6.38*. Find the area of the figure bounded by the straight line 
y = —8z — 46 and the parabola y = 4x2 + az + 2, if it is known 
that the tangent to the parabola at the point z = —5 makes an angle 
m—arctan 20 with the Oz axis. 

6.39*. For what value of a is the area of the figure bounded by the 


lines y = 1/z, y = 1/(2x — 1), cx = 2, x = a, equal to In = ? 


6.40. For what value of a does the straight line y = a bisect the 
area of the figure bounded by the lines y = 0, y= 2+ 2 — 2?? 
6.41*. For what value of the parameter a > 0 is the area of the 


figure bounded by the curves y = a Vz, y= V2 —caz and the Oy 
axis equal to the number b? For what values of b does the problem have 
a solution? 

6.42*. Find the value of a for which the area of the figure bounded 
by the curve y = sin 2z, the straight lines z = n/6, x = a, and the 
abscissa axis is equal to 1/2. 

6.43". Find all the values of the parameter b (6 > 0) for each of 
which the area of the figure bounded by the curves y = 1 — z? and 
y = bz? is equal to a. For what values of a does the problem have 
a solution? 

6.44*. Through the point (x5, y,) of the graph of the function y = 


V 1-+ cos 2 draw a normal to the graph, if it is known that the 
straight line + = xz, divides the area bounded by the given curve, 


the Oz axis, and the straight lines z = 0 and z =3N into equal parts. 


7. Problems on Finding the Greatest 
(the Least) Areas 


If it is required to find the position of curves depending on one 
or several parameters, for which the area of the figure bounded by 
those curves is maximum (minimum), then it is first necessary to 
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form a function which expresses the sd pes of the area of the 
parameters and then to solve the problem on finding the greatest 
(least) value of the function in the range of the parameters. 


Example 7.1. Find all the values of the parameter a (a > 1) for 
each of which the area of the figure bounded by the straight lines y = 1 


and y = 2 and the curves y = ar’, y = x ax” is the greatest. 


Solution. Let us calculate the value of the area for a fixed value of a. 
In the given case it is convenient to calculate the area assuming y to 
be an independent variable. Due to the symmetry of the parabolas 


y = az? and y= a ax® about the Oy axis, the area of the figure 


lying in the half-plane x > 0 is equal to that of the figure lying in 
the half-plane z < 0, and, therefore, the required area is equal to 


double the area of the figure bounded by the lines x = VY y/a, x = 
V 2yla, y= 1, y= 2: 


5 (o=2 | ( HE) y= | va-Vina 
4 


Va 


2 (lei Aa te 


= V a 3 aro }\4 
9 i 
—?_ 2 (V3—-1) (272-1), ae ft, 0) 
Va 8 
The function S (a) evidently decreases monotonically on the inter- 
val [1, oo) and assumes the greatest value at the left end of the inter- 
val [1, 00), ie. for a=1 
Answer. a = 1 


7.4. For what value of a is the area bounded by the curve y = 
a*x? + ax + 1 and the straight lines y = 0, x = 0, and x = 1 
the least? 

7.2. Find all the values of the parameter a (a > 0) for each of 
which the area of the figure bounded by the straight line y = Tra 
(x? + 2azr + 3a?) 

1+ a‘ 

7.3. For what positive a does the area S of a curvilinear trapezoid 

bounded by the lines 


and the parabola y = is the greatest. 


x 1 
y= tar, YH tae 2a de 


assume the least value? 

7.4*. Let us designate as S (k) the area contained between the 
parabola y, = x? + 2z — 3 and the straight line y, = kx + 1. Find 
S (—1) and calculate the least value of S (%). 
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Example 7.2. The tangent to the parabola y = x? has been drawn 
so that the abscissa x, of the point of tangency belongs to the interval 
[1, 2]. Find xz, for which the triangle bounded by the tangent, the 
axis of ordinates, and the straight line y = x? has the greatest area. 

Solution. The equation of the tangent at the point z, for the func- 
tion y = x? has the form y — x2 = 2x, (x — 2x,). The ordinate of 
the intersection point of the tangent and the Oy axis is 


Yy = 73 — 223 = — 2, 


and the area of the required right triangle can be calculated by the 
formula 
2 
S (x5) = Lo or eh) eae 


Pe 


It is required to find the greatest value of S (x,), on the interval [1, 2]. 
The function S (z )) evidently increases on that interval] and conse- 
quently, 
max S £ =§ 2 = 8. 
sree (29) = S (2) 


Answer. 2) = 2. 


7.5. The tangent to the graph of the function y = z? is such 


that the abscissa z, of the point of tangency belongs to the interval 
[1/2, 1]. For what value of z, is the area S (z,) of the triangle bound- 
ed by the tangent, the Oz axis, and the straight line z = 2 the least 
and what is it equal to? 

7.6*, The curvilinear trapezoid is bounded by the curve y = =z? 

4 and the straight lines += 1 and x = 2. At what point of the 
given curve with abscissa z € [1, 2] should a tangent be drawn for it 
to cut off from the curvilinear trapezoid an ordinary trapezoid of the 
greatest area? 

7.7*. Find the value of the parameter a for which the area of the 
figure bounded by the abscissa axis, the graph of the function y = 2° + 
322 +. x-+ a, and the straight lines, which are parallel to the 
axis of ordinates and cut the abscissa axis at the points of extremum 
of the function, is the least. 

7.8*. For what values of a (a € [0, 1]) does the area of the figure 
bounded by the graph of the function y = f (z) and the straight lines 
x=0,r=1,y = f (a), have the greatest value and for which values 
is ne the least value if f (z) = 2* + 325, a,8 € Rwitha > 1, 

> 

7.9*. For what values of a does the area of the figure bounded by 
the graph of the function ba — x? 1 a, the straight lines x = 0, z = 2, 
and the Oz axis, attain its minimum? 

7.10*. For what values of a (a € [0, 1]) does the area’of the figure, 
bounded by the graph of the function f (z) and the straight lines z = 0, 
x= 1,y =f (a), is at a minimum, and for what values is it at a maxi- 


mum, if f(z) = V1 — x2? 


200 Ch. 9 The Antiderivative and the Integral 


7.44*. For what values of a does the area of the figure, bounded by 
the straight lines zr = z,, x = xg, the graph of the function y = 
| sin x + cosz—a|, and the abscissa axis, where Zz, and z, are 
two successive extrema of the function f (z) = Y 2 sin (x + 1/4), 
have the least value? 


8. Calculating Volumes 


The volume V of a body resulting from the rotation of a curvilinear 
trapezoid, bounded by the lines y = f (z) (f (xc) > 0), r= a, r= 
(6 > a), about the Oz axis, can be calculated by the formula 


b 
V=n { f? (x) dz. (1) 


The volume V of a body resulting from the rotation of a curvili- 
near trapezoid, bounded by the graph of the function z= @ (y) (9 (y) > 
0), the straight lines y = c, y = d (d >), and the Oy axis, about 
the Oy axis, can be calculated by the formula 


d 
Van | 9°) dy. 


Example 8.1. Calculate the volume of the body resulting from the 
rotation of an arc of a sine curve (the graph of the function y = sin z 
on the interval [0, m]) about the Oz axis. 

Solution. By formula (1) we find 


n n ; 
V=nx \ sin!s dr=1 \ A= 808 ae 
0 
_ | gin 22x mu | ee ‘ 
=n (2+ Z pate aye. 


Answer. 12/2. 


8.1. Calculate the volume of the body resulting from the rotation 
about the abscissa axis of a curvilinear trapezoid bounded by the 
hyperbola zy = 2, the straight lines x = 1 and x= 2, and the abscissa 
axis. 

8.2*. Calculate'the volume of the body resulting from the rotation 
of the figure bounded by the parabolas y*? = z, y = x? about the 
abscissa axis. 

8.3. A category line y = (e* + e-*)/2 rotates about the abscissa 
axis. The surface that results is a catenoid. Calculate the volume of 
the body formed by the catenoid and two planes which are perpendic- 
ular’ to the abscissa axis and are at the distances a and b from the 
origin. 
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8.4*. Calculate the volume of the body resulting from the rota- 
tion of the figure, bounded by the parabola y = 2x — x? and the 
abscissa axis, about the axis of ordinates. 

8.5*. Find the volume of the body resulting from the rotation of 
the curvilinear trapezoid, bounded by the lines y = arcsin z, y = 
u/2 and x = 0, about the Oy axis. 

8.6*. Find the volume of the body resulting from the rotation 
of the figure, bounded by the lines y = In 2, y = Inz, y = O and 
xz = 0, about the Oy axis. 


9. Applications of the Definite Integral 
in the Fields of Mechanics and Physics 


Calculating the path. The path S of a body, moving with the speed 
v (t), covered during the time from the moment ¢, to the moment ¢,, 
can be calculated by the formula 


te 
S= \ V (t) dt. (1) 
ty 
Example 9.1. A body moves rectilinearly with the speed 
pv (t) = 2t2 — t+ 1 (m/s). 


Find the distance traversed in the first five seconds. 
Solution. According to (1), we have 


5 
2t8 t? 5 
= 2. = 
s(t = | ee t+1) dt=— +1] 
0 
290 25 4) 


Answer. 75 2. m. 

9.1. A body moves rectilinearly with the speed v (t) = 2t + 
a (m/s). Find the value of a if it is known that during the time 
from ¢, = 0 to ¢, = 2:8 the body covered the distance equal to 40 m. 

9.2*. A body moves rectilinearly with the speed v = 12t—#? (m/s). 
Find the length of the path traversed by the body from the beginning 
of motion to its stop. 

9.3. Two bodies began moving along a straight line at the same 
time moment ;from one point and in the same direction. One body 
moved with the speed v, (t) = 3t2 + 2t (m/s) and the other with the 
speed v, (t) = 2¢ (m/s). What distance will separate the bodies in 
six seconds? 

9.4. A particle moves rectilinearly under the action of a constant 
force with the acceleration of 2 m/s? and with the zero initial velocity. 
Three seconds after the beginning of motion, the action of the force 
ceases and the particle begins moving uniformly with the velocity 
attained. Find the law of motion S (é) of the particle. 
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If a particle moves along the Oz axis under the action of the force 
F (x), which depends on the coordinate xz, then the work done by the 
force in transferring the" particle from a to b (b >a) can be calcula- 
ted by the formula 


b 
Wiz \ F (2) de. (2) 


Example 9.2. A force which acts on a particle depends linearly 
on the path traversed. At the beginning of motion it is 100 N, and after 
the particle has covered 10 m, the force increased to 600 N. Find the 
work done by the force on the path traversed. 

Solution. It follows from the hypothesis that the force F (x) acting 
on the particle varies according to the law F (xz) = az + b, where 
the parameters a and b can be found from the conditions 


F (0) = 100, b= 100, b= 100, 
or or 
F (10) = 600, 1002 +100 = 600, a= 50. 


Thus, F (xz) = 50z -+ 100 and the work done by the force on the 
path traversed is equal, according to (2), to 


10 

A= (502 +100) dx = 252? + 100z 
0 

Answer. 3500 J. 


10 
) = 28-100-+100.10 = 35 ¥0. 


9.5*. A particle is acted upon by a force which varies in inverse 
proportion to the square of the distance to acertain object. It is known 
to equal 1 N when the distance to the object was 2 m. Calculate the 
work done by the force in transferring the particle from the point which 
is at the distance of 10 m from the object to the point which is at the 
distance of 3 m. 

9.6*. Calculate the work done in compressing a spring by 15 cm, 
if it is known that the acting force is proportional to the compres- 
sion of the spring and that a force of 30N is needed to compress the 
spring by 1 cm. 


Chapter 10 


Problems 
on Deriving Equations 


1. Motion Problems 


A system of equations which must be derived proceeding from the 
hypotheses of motion problems usually contains the following quanti- 
ties: a distance designated as S, velocities of moving bodies designat- 
ed as u,v, w,. .., or as letters with indices v,, v.,. . .; time designated 
as t, 7. In cases when the motion is uniformly accelerated (or uniform- 
ly retarded), the acceleration is designated as a. 

Uniform motion along a straight line. Accepted assumptions: 

1. The motion on separate sections is assumed to be uniform; in 
this case the distance traversed is defined by the formula S = vt. 

2. Rotations of moving bodies are assumed to be instantaneous, 
i.e. they do not take time; the velocity also changes instantaneously. 

3. If a body moves down a river then its speed w (relative to the 
bank) consists of the speed of the body in dead water u (the inherent 
speed of the body) and the speed of the river flow a: w = a + u, and 
if the body flows up the river, then its speed (relative to the bank) is 
w = u— a. If the problem deals with the flow of a raft, then it is 
assumed that the raft moves with the speed of the river flow. 

The hypothesis of problems on uniform motion sometimes includes 
a condition that either two bodies move towards each other or one 
body overtakes the other. In this case, if the initial distance between 
the bodies is S and the speeds of the bodies are v, and v,, then 

(1) if the bodies move towards each other, then the time at which 


they meet is ay 
1 2 
(2) if the bodies move in the same direction (v, > v,), then the 


time at which the first body overtakes the other is os 
1 “2: 

Example 1.1. A cyclist leaves town A for town B, and three hours 
later a motor-cyclist starts from town B in the direction towards the 
cyclist, the speed of the motor-cyclist being three times that of the 
cyclist. The cyclist and motor-cyclist meet half-way between A and B. 
If the motor-cyclist had left B two and not three hours after the cyclist 
left A, then they would have met 15 km closer to A. Find the distance 
between A and B. 

Solution. We designate the required distance between A and B 
as S (km), the speeds of the cyclist and the motor-cyclist as ve (km/h) 
and v,, (km/h) respectively. Then we tabulate the conditions of the 
problem and equations corresponding to those conditions: 
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Conditions of the problem Equation 
The speed of the motor-cyclist is three Um = 30¢ 
times that of the cyclist 
The cyclist and motor-cyclist meet half- S S 3 
way between A and B, the motor-cyclist "2" at 
having left B 3 hours later than the cyc- —— 
list left A Yo =m 
If the motor-cyclist had left B 2 hours la-| S 15 S ' 
ter than the cyclist left A, then they would | “9 — at 5 
have met 15 km closer to A ee oe +2 

m 


Using the first equation, we can write the second and the third 
equation in the forms 


S S 

Bie bug 
S—30  §+30 
99 ee 


From the first equation of the system we get v, = S/9. Substituting 
ve = S/9 into the second equation of the system, we get an equation 
enabling us to find S: 


35 — 180 
S 
Answer. The distance between A and B is 180 km. 


Example 1.2. A raft starts from a pier and travels down the river. 
Five hours and twenty minutes later a motor-boat starts from the 
same pier and travels in the same direction. Having covered 20 km, it 
overtakes the raft. What is the speed of the raft if the inherent speed 
of the motor-boat is known to be 9 km/h higher than that of the raft? 

Solution. Let us designate the inherent speed of the boat (i.e. its 
speed in dead water) as v} (km/h) and the speed of the river flow as 
v, (km/h). By the hypothesis, the inherent speed of the boat is 9 km/h 
higher than that of the raft: 


Vp — Up = 9. 


=—2=> S=180. 


Travelling down the river, the motor-boat covered 20 km in the time 

20/(vp ++ v,); the raft covered the same 20 km in the time 20/v,. Since 

the raft covered 20 km during the time exceeding by 5 h 20 min = 

ce h the time needed by the boat to cover the same distance, we 
ave 
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Thus the solution of the problem reduces to the solution of the system 
Vp vp, = Y, 


20 20 16 


Te er, 


From the first equation we get vp = v, + 9. Substituting vy» = v, + 9 
into the second equation, we obtain an equation for »,: 
20 20 16 


ee ee Se Og ee iif) 
Be EG a” BUF + Mer — 135 = 0 


Solving the last equation, we find that v, = 3. (The second root of 
the equation v, = — 45/8 does not make sense in the context of this 
problem.) 


Answer. The speed of the river flow (as well as the speed of the 
raft) is equal to 3 km/h. 


1.4. A ship sails 4 km up the river and then another 33 km down 
the river having spent an hour on the whole trip. Find the speed of the 
ship in dead water if the speed of the river is 6.5 km/h. 

1.2. A cutter sets out down the river at the same time as a raft 


in the same direction and travels down the river for 13-4 km, and then, 


; pastes «il 1 eer 
without stopping, it travels 9 z km in the reverse direction and meets 


the raft. How many times is the inherent speed of the cutter higher 
than the speed of the river flow? 

1.3. Two cars leave the same point simultaneously and start in 
the same direction. The speed of the first car is 40 km/h, the speed of 
the other car is 125% that of the first. Thirty minutes later, a third 
car starts from the same point in the same direction. It overtakes 
the first car and 1.5 h later it overtakes the second car. What is the 
speed of the third car? 

1.4. Three runners participate in a race for 120 m. The speed of 
the first runner exceeds that of the second by 1 m/s, and the speed of 
the second runner is equal to half the sum of the speeds of the first and 
the third runner. Find the speed of the third runner if the first runner 
is known to reach the finish 3 s sooner than the third. 

1.5. An artificial reservoir is a rectangle with a 1 km difference 
between the sides. Two fishermen simultaneously leave one vertex of 
the rectangle for a point located at the opposite vertex. One fisherman 
crosses the river in a boat, the other walks along the bank. Find the size 
of the reservoir if each of them has the speed of 4 km/h and one of 
them arrives 30 min earlier than the other. 

1.6. Two cyclists start simultaneously from two points 270 km 
apart and travel towards each other. The second cyclist covers 1.5 km 
less per hour than the first cyclist and meets him in as many hours as 
the first cyclist covers in an hour. Find the speed of each cyclist. 

1.7. A tourist sailed 90 km down the river in a boat and then walked 
10 km. He walked 4 h less than he sailed. If the tourist walked as 
long as he sailed and sailed as long as he walked, the distances would 
be equal. How much time did he walk and how much ti _ e did he sail? 
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1.8. The distance between two towns is S km. Two cars set out 
from these towns moving towards each other and will meet half-way if 
the first car starts ¢ h earlier than the other. Now if they start simul- 
taneously, they will meet in 2¢ h. Find the speed of each car assuming 
that the speeds are constant over the whole distance. 

1.9. A messenger sets out on a moped from town A to town B 
located 120 km from A. An hour later, a second messenger sets out on 
a motor-cycle from A. He overtakes the first messenger, passes a com- 
mission to him and immediately starts back at the same speed. He 
arrives at A at the moment the first messenger arrives at B. What is the 
speed of the first messenger if the speed of the second is 50 km/h? 

1.10. A ship starting from port A and going to port C must pass 
a lighthouse B on the way, the distance between A and B being 140 km 
and from B to C 100 km. Three hours later a high-speed cutter left 
port A in the direction of the ship and, having overtaken the ship, 
gave a command to increase the speed by 5 km/h. The command was 
immediately obeyed and, as a result, the ship passed the lighthouse B 
half an hour earlier and arrived at port C an hou and a half earlier. 
Find the initial speed of the ship and the speed of the cutter. 

1.41. A first tourist, having cycled for 1.5 h at 16 km/h, makes 
a stop for 1.5 h and then continues travelling at the same speed. 
A second tourist starts after him 4 h later, driving a motocycle at 
a speed of 56 km/h. What distance will they cover before the second 
tourist overtakes the first one? 

1.12. Two boats start simultaneously from pier A down the river 
to pier B. The first boat arrives at B two hours earlier than the second. 
If the boats started from the piers simultaneously travelling towards 
each other (the first from A and the second from B), they would meet 
3 h later. The distance between the piers is 24 km. The speed of the 
second boat in dead water is thrice the speed of the river flow. Find 
the speed of the river flow. 

1.13. First a motor boat went S km down the river and then twice 
that distance across the lake into which the river flows. The trip lasted 
an hour. Find the inherent speed of the motor boat if the speed of the 
river flow is v km/h. : 

1.14. At 9 a.m. self-propelled barge starts from point A up the 
river and some time later arrives at point B; two hours after it ar- 
rived at B, the barge starts back and arrives at Aat 7.20 p.m. on the 
same day. Assuming that the speed of the river flow is 3 km/h and the 
inherent speed of the barge is constant, find the time the barge arrived 
at B if the distance AB is 60 km. 

1.15. Acar left town A for town B and two hours later stopped for 
45 min. Then it continued travelling to town B, having increased the 
initial speed by 20 km/h, and later arrived at B. If the car had travel- 
led at its initial speed without stopping, it would have spent the 
same time to travel from A to B. Find the initial speed of the car if 
the distance between A and B is 300 km. 

1.16. A motor-cyclist left point Afor point B, the distance between 
the points being 120 km. He started back at the same speed, but an 
hour later he had to stop for 10 min. Then he continued travelling 
to A, having increased the speed by 6 km/h. What was the initial 
speed of the motor-cyclist if it is known that it took him as much time 


to get back as to travel from A to B? 
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1.17*. A motor-cyclist covers 1 km 4 min faster than a cyclist. 
How many kilometres does each of them cover in 5 hours if it is known 
pa aoe that time the motor-cyclist covers 100 km more than the 
cyclist 

1.18. According to the schedule, the train always covers a certain 
120 km span at the same speed. Yesterday the train covered half the 
span with that speed and had to stop for 5 min. To reach the point of 
destination on time, the engine-driver had to increase the speed by 
10 km/h on the second half of the span. Today, the train stopped at 
the middle of the same span, but the delay lasted for 9 min. What 
was the speed of the train on the second half of the span today if again 
the train reached the point of destination on time? 

1.19. Two motor-cyclists began the race simultaneously from the 
same start and in the same direction, one at 80 km/h and the other 
at 60 km/h. A third motor-cyclist started half an hour later from the 
same point and in the same direction. Find the speed of the third 
motor-cyclist if it is known that he overtook the first motor-cyclist 
1b 45 min later than the second. 

1.20. Two cyclists left point A at the same time and went in the 
same direction. The first cyclist travelled at a speed of 7 km/h and the 
second at a speed of 10 km/h. Thirty minutes later a third cyclist left 
point A and went in the same direction. He overtook the first cyclist, 
and 1.5 h later he overtook the second cyclist. Find the speed of the 
third cyclist. 

1.21. A ship and a raft start simultaneously from pier A and 
travel down the river. Having reached pier B, located 324 km from A, 
the ship stopped there for 18 h and then started back to A. At the 
moment when it was 180 km from A, a second ship, which left A 
40 h later than the first, overtook the raft which by that time had 
covered 144 km. Assuming the speed of the river flow to be constant, 
the speed of the raft to be equal to that of the river flow, and the speeds 
of the ships in dead water to be constant and equal, find the speeds of 
the ships and of the river flow. 

1.22. Point A is located up the river relative to point B. A ralt 
and a motor-boat left point A at the same time and went down the 
river, and a second motor-boat started from point B and travelled up 
the river. Some time later the boats met at point C and during that 
time the raft covered a third of the distance from A to C. If the first 
boat reached point B without stopping on the way, then during that 
time the raft would reach point C. if the second boat started from 
point A to point B and the first boat started from B to A, they would 
meet 40 km from A. What are the speeds of the boats in dead water and 
what is the distance between points A and B if the speed of the river 
flow is 3 km/h. 

1.23. A car and a motor-cycle left town A for town B at the same 
time, and when the motor-cycle covered a sixth of the distance, a cy- 
clist started from A in the same direction. By the moment the car 
arrived at town B, the cyclist covered a fourth of the distance. The 
speed of the motor-cyclist is 24 km/h lower than that of the car and as 
much higher than that of the cyclist. Find the speed of the car. 

1.24. A cyclist and a pedestrian left simultaneously point A for 
point B which is 100 km from A. At the same time a car-driver started 
towards them from point B. An hour after the start, the car met the 
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bicycle and then, having covered another 240/17 km, it met the pedes- 
trian. The car-driver reversed the car, took the pedestrian with him 
and they drove on together after the cyclist and overtook him. Calcu- 
late the speeds of the cycle and the car if the speed of the pedestrian is 
known to be 5 km/h. 

1.25. At noon sharp a pedestrian and a cyclist left point A for 
point B and a horseman left point B for point A. Two hours later the 
cyclist and the horseman met 3 km from the half-way point between A 
and B, and another 48 min later the pedestrian and the horseman met. 
Find the speed of each of them and the distance AB if the speed of the 
pedestrian is known to be half that of the cyclist. 

1.26. Two cyclists started simultaneously towards each other 
from points A and B and met 12 km from point B. After the meeting, 
they arrived at points B and A respectively, started back immediately 
and met again 6 km from point A. Find the speeds of the cyclists and 
the distance AB if the second cyclist is known to arrive at point B an 
hour after the first cyclist arrived at A. 

1.27. A passenger train covers the distance between towns A and B 
4 hours quicker than a goods train. If it took each train the same time 
it had taken the other train to cover the distance from A to B, then the 
passenger train would cover 280 km more than the goods train. Now 
if each train increased its speed by 10 km/h, then the passenger train 
would cover the distance from A to B 2h and 24 min quicker than 
the goods train. Find the distance between towns A and B. 

1.28. At a ski race of 10 000 m the second skier took the start 
some time later than the first skier, the speed of the second skier being 
4 m/s higher than that of the first. At the moment when the second 
skier overtook the first, the first skier increased his speed by 2 m/s and 
the speed of the second skier remained the same. As a result, the 
second skier finished 7 min and 8s later than the first. If the race course 
were 500 m longer, the second skier would finish 7 min and 33 s 
later than the first. Find the time which passed between the starts of 
the first and the second skiers. 

1.29. Two cyclists left point A for point B at the same time. The 
first of them stopped 42 minutes later, when he was within 1 km of B, 
and the second cyclist stopped in 52 minutes, when 2 km remained to B. 
If the first cyclist covered as many kilometres as the second and the 
second as many as the first, then the first of them would need 17 min 
less than the second. How many kilometres are there between points 
A and B? 

1.30. The distance between a station and a settlement is 4 km. 
A boy and a car left the station for the settlement at the same time. 
Ten min later the boy met the car on its way back from the settle- 
ment; having walked another 1/14 km, he met the car once again, 
which arrived at the station and again set out for the settlement. 
Find the speeds of the boy and the car if it is known that they travelled 
uniformly and without stops. 

1.31. The distance between a railway station and a beach is 4.5 km. 
A boy and a bus started simultaneously from the station to the beach. 
Fifteen minutes later the boy met the bus returning from the beach 
and walked another 9/28 km from the place of their first meeting before 
the bus overtook him again, having reached the station and set out 
again for the beach. Find the speeds of the boy and the bus assuming 
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that the speeds are constant and neither the boy nor the bus 
stopped onthe way but the bus stopped for 4 min at the station and at 
the beach. 

1.32. A cyclist covers half the distance between points A and B 
two hours quicker than a pedestrian covers a third of that distance. 
During the time needed by the cyclist to cover the whole way from A 
to B, the pedestrian walks 24 km. If thecyclist increased his speed by 
7 km/h, then during the time the pedestrian walks 18 km, the cyclist 
would cover the whole distance from A to B and 3 km more. Find the 
speed of the pedestrian. 

1.33. A tug-boat has a minimum time to tow two pontoons down 
the river a distance of 1 km. It was decided that one pontoon would be 
sent down the river by itself and the boat would tow the other pontoon 
for some time, then would leave it and return to the first one and tow 
it to the point of destination. For how many kilometres must the second 
pontoon be transported by the boat for both pontoons to arrive at the 
point of destination at the same time, and how much time would the 
whole operation take if the inherent speed of the tug-boat is v km/h and 
the speed of the river flow is u km/h? 

1.34*. A passenger knows that at the given part of the way the 
speed of the train is 40 km/h. As soon as a train going in the opposite 
direction began passing by the window, the passenger started his stop- 
watch and Carey that the train passed the window during 3 s. Find 
the speed of the train going in the opposite direction if its length is 
known to be 75 m. 

1.35. Two trains travel uniformly in opposite directions along 
straight parallel tracks which are 60 m apart. Each train is 100 m 
long. A switchman is at a distance of 40 m from the track which is 
closer to him. The first train obstructs from his view a part of the 
second train for 5 s. The speed of the first train is 16 m/s. Find the 
speed of the second train. (Neglect the width of the trains.) 

1.36. Two identical ships start simultaneously from two piers: 
the first ship starts from pier A down the river and the other from 
pier B up the river. By the time they meet, the first ship covers thrice 
the distance covered by the second ship. Each ship arrives at the point 
of destination, stops there for some time, and then starts back. If, 
the first ship stops at B for 40 min more than the second ship stops at A 
then on their return trip they will meet 12 km from A. Now if the 
first ship stops at B for 40 min less than the second ship stops at A, 
then on their return trip they will meet 26 km from B. Find the dis- 
tance between A and B and the speeds of the ships in dead water. 

1.37. The piers A and B are on opposite banks of the lake. A ship 
sails from A to B, stops at B for 10 min, and returns to A, its speed in 
both directions being constant and equal to 18 km/h. At the moment 
the ship starts from A, a boat, sailing with a constant speed, starts 
from B to A towards the ship. The boat and the ship meet at 11 h 
10 min. At 11h 25 min the boat is 3 km from A. Starting from B to A 
after the stop, the ship overtakes the boat at 11 h 40 min. Find the 
time of arrival of the boat at A. 

1.38. A column of motor-cycles travels with the speed of 15 km/h, 
the distance between every two motor-cycles being 50 m. A cyclist 
pedals in the opposite direction along the column (reckoning from the 
first motor-cycle). Having come up to the 45th motor-cycle, he in- 


14—0263 
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creases his speed by 10 km/h and comes up to the last motor-cycle. Then 
he goes back and overtakes the first motor-cycle with the same (increa- 
sed) speed. If the cyclist travelled with that (increased) speed from 
the very, beginning, he would have returned to the head of the column 
15/8 min earlier. Find the initial speed of the cyclist (neglect the 
lengths of the bicycle and the motor-cycle and the time it takes the 
cyclist to turn back). 


When solving textual problems, it is first necessary to choose the 
unknowns which would enter a system of equations. The following 
principle may be at the basis of such a choice: the unknowns must be 
introduced so that the equations derived would make it easier to write 
the conditions of the problem. It is not obligatory for the required 
quantity to be among the chosen unknowns. As a rule, with such 
a choice of the unknowns the required quantity is a certain combina- 
tion of the unknowns introduced, to find which it is not necessary to 
find all the unknowns entering into it separately. 

In motion problems, it is usually convenient to choose as unknowns 
the distance (provided that it is not given) and the speeds of the 
moving objects appearing in the hypothesis. 


Example 1.3. The towns A and B are on the river bank, the town B 
being located down the river. A raft starts from town A to town B 
at 9 a.m. At the same time, a boat starts from town B to town A and 
meets the raft 5h later. Having reached town A, the boat goes back 
and arrives at town B at the same time as the raft. Will the boat and 
oe He have enough time to arrive at town B at 9 p.m. of the same 

ay 
Solution. We isolate from the hypothesis the statements whose 
mathematical notation forms a system of equations of problem. There 
are two of them: 

(1) the boat and the raft start simultaneously and meet 5 h later; 

() the boat returns to town B at the same time as the raft. 

e choose the following quantities as the unknowns: the distance 
between the towns, in km, which we designate as S; the velocity of 
the river flow and the speed of the boat in dead water, which we desig- 
nate as v, (km/h) and v, (km/h) respectively. These unknowns enable 
us to write in a simple form the conditions of the problem as a system 
of equations. 


The condition of the problem The equation 
The boat and the raft start simultane- S = 
ously and meet 5 h later vp-+(vp— vr) 
The boat returns to B at the same time S ft Ss _ Ss 
as the raft Up-+Ur = Up—Ur Uy 


The ratio S/v, in the last equation is the time of travel of the raft, 
S/(vy — v,) is the time of travel of the boat up the river, S/(v, + v,) 
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is the time of travel of the boat down the river. The conditions of the 
problem form a system of two equations in three unknowns: 


ee: 
Vb 
S S 8s 
VUp-+ Ur Up—Ur Ur 


We cannot find all three unknowns from the given system. It is, 
however, only required to find whether the boat and the raft have 
enough time to arrive at town B at 9 p.m., i.e. we have to find the 
time of travel of the boat or the raft. Since the time of travel of the 
raft is S/v,, we have to find, from the system of equations, not the 
unknowns S, vp, and v, themselves, but only the ratio S/v,. We divide 
both sides of the second equation by S/v,, and the system assumes 
the form . 


— ry 


Vb 
1 4 4 


Vr/Vp 1 —dz/vyp | 1 0;/vp 


i.e. the system contains only two unknown quantities, S/v, and v,/ Vp. 


From the second equation of the system we find that v,/v, = —1 + Y 2. 
By the sense of the problem, only one value of the ratio v,/v, is suita- 


ble, namely, v,/vy, = V2 — 4. It is now easy to find the ratio S/v,: 


E =5(V3+4). 


Vr 


eed ae 
Vb ~ Ub Vv 2-1 
It is easy to prove that the value of the ratio S/v, we have found 
exceeds 12 and, consequently, the boat and the raft will not manage 
to arrive at B at 9 p.m. 

Answer. They will not have enough time. 


_ 


1.39. A passenger train set out from town A for town B and at 
the same time a goods train started from B to A. The speed of each 
train is constant throughout the way. Two hours after they met, the 
distance between them was 280 km. The passenger train arrived at the 
point of destination 9 h and the goods train 16 h after their meeting. 
How much time did it take each train to cover the whole distance? 

1.40. Two trains start towards each other at constant speeds, 
one from Moscow and the other from Leningrad. They can meet half- 
way if the train from Moscow starts 1.5 h earlier. If both trains started 
simultaneously, then 6 h later the distance between them would equal 
a tenth of the initial distance. How much time does it take each train 
to cover the distance between Moscow and Leningrad? 

1.41. Two cyclists start simultaneously from points A and B 


towards each other and, travelling at constant speeds, meet 2 é h later. 


If the first cyclist increased his speed by 50 per cent and the second by 
20 per cent, then it would take the first cyclist 2/3 h more to cover 


14* 
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the distance between A and B than the second. What time does it 
take each cyclist to cover the distance between A and B if they both 
travelled at their initial speeds? 

1.42. Two cars started simultaneously from point A and drove 
along the highway and an hour later a third car started after them. 
An hour later the distance between the third and the first car decreased 
by afactor of 1.5 and thatbetween the third and the second car de- 
creased two times. The speed of which car, the first or the second, is gre- 
ater and by how many times? (The third car is known not to overtake 
the first two.) 

1.43. A local passenger train left point A for point B. Three hours 
later an express train started from A after them and overtook the local 
train half-way between points A and B. By the time the express train 
arrived at B, the local train covered 13/16 of the distance between A 
and B. How much time did it take the local train to cover the distance 
from A to B if the speeds of both trains are constant? 

1.44. A cyclist left point A for point B. At the time he covered 1/4 
of the distance from A to B a motor-cyclist left B for A and having 
reached point A, started back without delay and arrived at B at the 
same time as the cyclist. The time it took the motor-cyclist till his 
first meeting with the cyclist is equal to the time it took him to cover 
the distance from A to B. Assuming the speeds of the motor-cyclist 
to be different on his way from A-to B and from B to A, find by how 
many times the speed of the motor-cyclist on his way from A to B is 
greater than the speed of the cyclist. 

1.45. A bus starts from point A to point B. Having reached B, it 
travels in the same direction. At the moment the bus reaches point B 
a car starts from point A and runs in the same direction as the bus. 
It takes the car 3 h 20 min less to cover the distance from A to B than 
the bus. Find those times if their sum is half as large as the time it 
takes the car to overtake the bus. 

1.46. Two cyclists and a pedestrian started from point A to point B 
at the same time. More than an hour after his start, the first cyclist 
had an accident with his bicycle and continued on foot, travelling 
4.5 times slower than he travelled on the bicycle. The second cyclist 
overtook him 5/8h after the accident and the pedestrian 10.8 h after 
the accident. By the time of the accident the second cyclist covered 
twice the distance the pedestrian covered by the moment 5/36 h later 
than the moment of the accident. How many hours after the start did 
the accident occur? 

1.47. Two pedestrians started simultaneously, the first from A 
to B and the second from B to A. When the distance between them 
became one-sixth of the initial distance, a cyclist started from B to A. 
The first pedestrian met him the moment the second pedestrian covered 
4/9 of the distance from B to A. The cyclist arrived at A at the same 
time as the first pedestrian arrived at B. Find the ratio of the speeds 
of the pedestrians to that of the cyclist. 

1.48*. A motor-cyclist covered the distance of 200 km between 
towns A and B in 6h. At first he travelled at the speed v,, exceeding 
15 km/h, and then at the speed v,, the lengths of time of movement 
at each speed being proportional to the speeds. Four hours after he 
weet the motor-cyclist was 120 km from town A. Find the speeds 
Vy and Vg. 
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1.49. A tractor moves from point A to point B. The radius of the 
front wheel of the tractor is smaller than that of the rear wheel. On 
the way from A to B the front wheel made 200 rotations more than 
the rear wheel. If the circumference of the front wheel was 5/4 times 
longer, then on the way from A to B it would make 80 rotations more 
than the rear wheel. Find the lengths of the circumferences of the 
front and the rear wheel of the tractor if the circumference of the 
rear wheel exceeds by 1 m that of the front wheel. 

1.50. Three sports cars of different makes started simultaneously 
in a motor-rally. The crew of the first car lost three hours on repairs 
during the rally and, as a result, they finished an hour later than the 
second crew. Find the speeds of the cars if it is known that the ratio 
of the speed of the second car to that of the third car is 5 : 4, the speed 
of the third car is 30 km/h lower than that of the first car and that 
3 hours elapsed between the finishes of the second and the third car. 

1.51. A ship sails between two towns, its speed in good weather 
differs from that in bad weather. On Monday, during its voyage, good 
weather lasted an hour longer than bad weather. On Tuesday the 
ship ran in good weather as long as it ran in bad weather the previous 
day, and in bad weather it ran 4 h 4 min longer. On Wednesday, 
the ship ran in good weather 2 h 30 min longer than on the previous 
day, and it was 9 km from the point of destination when the weather 
became bad. On Thursday good weather lasted 0.5 h longer than on 
Tuesday, and then an accident occurred and the ship had to decrease 
its speed by 5 km/h. Find the distance which the ship covered a day 
and the speeds of the ship in good and in bad weather if it is known 
aed the accident the ship ran half an hour longer than before the 
accident. 

1.52. Three pedestrians started simultaneously, each of them 
having his ownToute, ¢ hours later it remained for the second pedestri- 
an to walk half as much again as the first pedestrian had covered, and 
it remained for the first pedestrian to walk thrice as far as the third 
pedestrian had covered, 2¢ hours after he started, the first pedestrian 
had to walk half the distance the second had covered, and the third 
pedestrian had covered the distance that remained for the first and 
second pedestrians taken together. How long were the first and the 
second pedestrian en route? 


Some problems contain conditions whose mathematical notation 
is an inequality. 

Example 1.4. A fast (long-distance) train starts from point A to 
oint B at 8 a.m. At the same time a local train and an express start 
rom B to A, the speed of the local train being half that of the express. 

The fast train arrives at B at 1.50 p.m. and meets the express not 
earlier than 10.30 a.m. on the same day. Find the time of arrival of 
the local train at point A if it is known that the last train met the 
local train not less than on hour later it met the express. 

Solution. We introduce the following unknowns to write the 
conditions of the problem: we desi nate the distance between the 
towns as S (km), the speed of the fast train as vp (km/h), the speed of 
the local train as v,; (km/h).Then the speed of the express is 2v, (km/h). 
We write the conditions of the problem as a system of equations and 
inequalities, | 
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Condition of the problem Equation, inequality 
The fast train arrived at B at 1.50 p.m., S 35 
i.e. in 5 h 50 min, ve OO 
The fast train meets the express not S 5 
earlier than 10.30 a.m., i.e. not earlier vp + Que A> 
than in 2 h 30 min. 
The fast train met the local train not S KY 
less than an hour later it had met the Py aon 
express fri f i 


The last inequality means the following: the ratio S/(v, + 2v) 
is the time which elapsed from the start to the meeting of the fast 
train and the express and the ratio S/(ve + v,) is the time which 
elapsed to the meeting of the fast and the local train. The difference 
between these ratios is the time which passed from the meeting of the 
fast train and the express to the meeting of the fast train and the 
local train. By the hypothesis this difference is greater than or equal 
to 1. 
The inequalities which express the conditions of the problem can 
also be written as follows: 


S/Ve cs 
1+ 2v)/v) ~ 2’ 
S/v¢e S/ve 


A-uy/vpe = 1+ 2vj/vg 


Substituting the value of the ratio S/ve into these inequalities and 
performing obvious transformations, we obtain the following system 
of inequalities: 


vilvue =< 2/8, v/v; <2/3, 


12 (v;/v_)? — 17 (vy/vz) + 6< 0, 2/3 < vy/ve < 3/4. 


The last system has a unique solution: v,/vp = 2/3. 
It is required to find the time of arrival of the local train at point A, 
i.e. the quantity S/v, 


Thus it takes the local train 8 h 45 min to accomplish the trip and it 
arrives at point A at 4.45 p.m. 


1.53. A boat sails 10 km down the river and then 6 km up the 
river. The speed of the river flow is 1 km/h. What must be the range of 
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the inherent speed of the boat for the whole trip to take from 3 to 
4 hours? 

1.54. A boat sails up the river, the speed of the river flow being 
v km/h. Having sailed 1 km, it “gets into a lake with dead water”. 
What should the inherent speed of the boat be for the total distance 
of S km to be covered in not more than t h? 

1.55. Two cyclists start simultaneously towards each other from 
points A and B which are 120 km apart and meet more than 5 hours 
later. The next day they start simultaneously in the same direction 
from points C and D which are 36 km apart. The cyclist, who is leading, 
pedals at a speed which is 6 km/h higher than it was on the previous 
day and the cyclist who is behind him travels at the same speed as 
the previous day. Will 2 h be enough for the second cyclist to overtake 
the first one? 

1.56. A motor-boat, whose speed in dead water is 6 km/h, starts 
from pier A to pier B which is 12 km down the river. At the same time 
a motor-launch whose speed in dead water is 10 km/h starts from B 
to A. After their meeting, they turn back and return to their piers. 
Find all possible values of the speed of the river flow v for which the 
boat arrives at A not sooner than an hour after the motor-launch 
returns to B. 

1.57. A raft starts from pier A down the river which flows at speed 
v km/h. An hour later a motor-launch whose speed in dead water is 
10 km/h follows the raft. Having overtaken the raft, the motor-launch 
comes back. Find all the values of v for which the raft covers more 
than 15 km by the moment the motor-launch returns to A. 

1.58. A village is located on a river bank and a school on a high- 
way which crosses the river at right angles. In winter the schoolboy 
skies from the village to the school taking a straight road across the 
river and it takes him 40 min to get to the school. In spring, when the 
roads are bad, he walks along the river bank to the highway and then 
along the highway to the school and it takes him 1 h 10 min to accom- 
plish the trip. In autumn he walks along the river bank half the dis- 
tance between the village and the highway and then crosses the river, 
and in that case it takes him less than 57 min to get to the school. 
Find what is farther away: the village from the highway or the school 
from the river if it is known that the boy always walks at the same 
speed and skies at the speed 25% higher (assume that the river and the 
highway are straight lines). 


Movement in a circle. If two bodies move along a circle of radius R 
with constant speeds v, and v, in opposite directions, then the time 
between their meetings can be calculated by the formula 2nR/(v, + 14). 

If two bodies move along a circle of radius R with constant speeds v, 
and v, (v; > v,) in the same direction, then the time between their 
meetings can be calculated by the formula 2nR/(v, — v,). 


Example 1.5. Two bodies move in different directions along a circle 
1 m in circumference with constant velocities and meet every 6 s. 
When they move in the same direction, the first body overtakes the 
second every 48 s. Find the linear velocities of the bodies. 

Solution. We designate the velocities of the bodies as v, m/s and 
v, m/s respectively. Then, according to the hypothesis, we obtain the 
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following systems of equations: 


4/(v, +- ve) = 6, v, + vg = 1/6, 
1/(v, — v9) = 48, vs — Va = 1/48. 


Solving the last system, we get v, = 3/32 and v, = 7/96. 
Answer. The velocity of the first body is 3/32 m/s and that of the 
second body is 7/96 m/s. 


Example 1.6. Three racers start simultaneously from the same 
point on the highway, which has the shape of a circle, and race in 
the same direction at constant speeds. The first racer overtook the 
second for the first time when he made his fifth circle and at the point 
which is diametrically opposite to the start, and half an hour later 
he overtook the third racer for the second time since he started. The 
second racer overtook the third one for the first time 3 h after the 
start. How many circles does the first racer make in an hour if the 
second racer makes a circle in not less than 20 min? 

Solution. We designate the length of the’circular track as S (km) 
and the speeds of the racers as v, (km/h), v, (km/h), and vg (km/h) 
respectively. By the hypothesis, v, > vg > vg. 

The first racer overtakes the second with the speed v, — v, and the 
third one with the speed v, — vy, and the secant racer overtakes the 
third with the speed v, — vz. At the moment one racer overtakes 
another for the first time, he covers a distance which exceeds by S 
the distance covered by the other racer, when he overtakes him for 
the second time, he covers the distance 2S greater than that covered 
by the other racer, and so on. 

We can write the hypothesis as the following equations. 


The hypothesis The equation 


The first racer overtakes the second for 


the first time while making his fifth ar 
round, at a point which is diametri- S 2 
cally opposite to the start (i.e. having ‘Vi—Ve—tC«éOY 


made 4.5 of a circle). 


Half an hour after his meeting with the 

second racer, the first racer overtakes 9 Ss 
the third racer for the second time (i.e. 2 | 

the first racer makes two rounds more v1 pe 
than the third one). 


The second racer overtakes the third 5 
one for the first time 3 hours after the ene) 
start. Ve— Vg 


The second racer makes a round in not S 4 
less than 20 minutes. Ve ~ 3 
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To obtain a single-valued solution, it is necessary to take into 
consideration the inequality appearing among the conditions of the 
problem. By the hypothesis, it is required to find the ratio v,/S rather 
than the unknowns S, v,, v,, and vy. It is, therefore, convenient to 
introduce new unknowns z, y, 2: | 


r=v,/S, y=v,/S, z= v,/S, 


defining the number of rounds made by each racer in an hour. For 
these unknowns the system of equations assumes the following form: 


fe = gy, 8 
Ax 
I—z2= Ota’ 
y—2= 
5° 


Adding the first and the last equation together and subtracting the 
second equation from the sum obtained, we get a quadratic equation 
for zx: 


20% — 152 + 27 = 0. 


From this we find two values of z: z, = 9/2, z, = 3. Now, directing 
our attention to the first equation of the system, we find two values 
of y: y= a = a and y, = cay = 3) taking the third equation of 
the system, we find the respective values of z, and Zp. 

The value y, = 7/2 does not satisfy the inequality y< 3, and, 
consequently, the triple of numbers zx, = 9/2, y, = 7/2, and z, = 
19/6 is not a solution of the system. The value y, = 7/3 satisfies 
the last inequality of the system and, consequently, z, = 3 is the 
only solution of the problem. 

Answer. The first racer makes three rounds in an hour. 


1.59. Two bodies move in a circle uniformly in the same direction. 
The first body makes a circle 2 s quicker than the second and overtakes 
the second body every 12 s. How much time does it take each body 
to make a circle?! 

1.60. Two sportsmen run along the same closed track in a stadi- 
um. The speed of each runner is constant but the first sportsman 
makes a round 10 s quicker than the second. If they begin at the same 
start and run in the same direction, then they will meet again in 720 s. 
How much of the track does each runner cover per second? 

1.61. Two points rotate uniformly along two concentric circles. 
One of them makes a full circle 5 s quicker than the other and, there- 
fore, makes two rotations more per minute. How many rotations 
a minute does each point make? 

1.62. Two points move along acircle of radius R uniformly in 
the same direction. One of them makes a full rotation ¢ s quicker than 
the other, and the periods between successive meetings are equal to 7, 
Find the speeds of the points, | 


218 Ch. 10 Problems on Deriving Equations 


1.63. Two skaters have to run a ring S km long. When the winner 
finished, the other skater had to run one more complete circle. Find 
the length of the race-course if the winner, who completed every full 
circle a s quicker than the other skater, ran the distance in ¢ min. 

1.64*. The hour and the minute hands of a clock coincide at 
midnight. At what time of the new day will the hour and the minute 
hands coincide again if the hands are assumed to move without jumps? 

1.65. At a certain moment a watch is 2 min behind although it 
is running fast. If it was 3 min behind but was 1/2 min faster in 24 hours 
than it is now, it would show the correct time a day earlier than it 
would do now. By how many minutes a day is the watch fast? 

1.66. By a signal of the trainer two ponies started simultaneously 
and ran uniformly along the outer circumference of the circus ring in 
opposite directions. The first pony ran faster than the second and by 
the moment of their meeting it covered 5 m more than the second. Conti- 
nuing the run, the first pony ran to the trainer 9 s after meeting 
the second pony and the second pony ran to the trainer 16 s after 
the meeting. What is the diameter of the circus ring? 

1.67. Points A and B are diametrically opposite points on a cir- 
cular road 36 km long. A cyclist started from point A and made two 
circles. He made the first circle with a certain constant speed and then 
decreased his speed by 3 km/h. The time between his two passages 
through point B is known to be 5h. Find the speed with which the 
cyclist made the first circle. 

1.68. Three racers, first A, then B and then C, start with an inter- 
val of 1 min from the same point on a circular highway and race in the 
same direction at constant speeds. It takes each racer more than 2 min 
to make a circle. Having made three circles, racer A overtakes racer 
B for the first time at the start, and 3 min later he overtakes racer C 
for the second time. Racer B overtakes racer C for the first time also 
at the start having completed 4 circles. How many minutes does it 
take racer A to make a circle? 

1.69. Three racers, A, B, and C, start simultaneously but from differ- 
ent points and race at constant speeds in the same direction along a 
circular highway. At the moment of the start racer B was ahead of ra- 
cer A by 1/3 of the length of the highway, and racer C was ahead of ra- 
cer B by the same distance. Racer A overtakes B for the first time when 
B completes his first circle and 10 min later he overtakes racer C 
for the first time. It takes racer B 2.5 min less to complete a circle 
aoe Saas C. How many minutes does it take racer A to make a full 
circle 

1.70. A car and a motor-cycle start simultaneously from point A 
acircular highway and drive in the same direction at constant speeds. 
The car makes two circles in the same direction without a stop and 
at the moment when it overtakes the motor-cycle the latter reverses 
its direction, increases its speed by 16 km/h and 22.5 min after the 
reversal arrives at point A at the same time as the car. Find the length 
of the distance covered by the motor-cylce if that distance is 5.25 km 
shorter than the length of the highway. 


Problems on uniformly accelerated motion. When solving problems 
of this kind, use is usually made of the following two formulas relat- 
ing time t, the path traversed S, the initial velocity vg, acceleration 
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a, and speed v: 
S = vot + at?/2, 


a= (v — v,)/t, 


where a > 0 if the motion is uniformly accelerated and a < 0 if the 
motion is uniformly decelerated. 


Example 1.7. A car drives from point 4 to point B at a constant 
speed of 42 km/h. At point B it changes toa uniformly decelerated 
movement, decreasing its speed by a km/h until it comes to a comple- 
te stop. Then it immediately begins driving with a uniform accelera- 
tion of a km/h?. What must be the value of a for the car to be as close 
to B as possible 3 h after the resumption of movement? 

Solution. We designate the distance from point B to the place 
where the car stops as S, (km), the time it takes to travel that distance 
as t, (h), and the distance the car covered in 3 h travelling with uni- 
form acceleration as S, (km). We tabulate the conditions of the prob- 
lem with the aid of the unknowns introduced. 


The hypothesis Equation 
At point B the car, which drives at 42 
42 km/h, changes to a uniformly dece- a gia 
lerated movement, its speed decreasing : 
by a km/h, to a complete stop. S,=42t,— ati 
2 
The car drives with a uniform accele- So= a-3? 
= 


ration of a km/h? for 3 h. 


We have thus obtained a system of three equations 


a= 42/ty, 
Sy — A2t, — at?/2, 
Sq = 9a/2 


to find four unknowns a, ¢,, S,;, and S,. This system does not yield a 
unique value for the required acceleration a. The hypothesis, however, 
contains one more condition making it possible to find the quantity 
a, namely, it is necessary to find the value of a such that the distance 
S,; + S, be minimal. Wewrite the distance S, + S, as a functionof 
the acceleration a. The first equation of the system yields t, = 42/a, 
Substituting the 42/a for ¢, into the second equation of the system and 
adding the equation obtained to the third equation of the system, we 
get 


: 422 9a 
se aa a a 
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On the interval (0, + oo) the function f (a) = S, + S, attains its 
minimum value for a = 14. 
Answer. a = 14 km/h?. 


1.71. A free-falling body is known to cover 4.9 m in the first second 
and 9.8 m more than during the preceding second for every subsequent 
second. Suppose two bodies begin falling from the same height, one 
after the other, with an interval of 5s. In what time will they be at a 
distance of 220.5 m from each other? 

1.72. Two bodies pegi moving simultaneously in the same direc- 
tion from two points which are 20 m apart. One of the bodies, which 
is behind, moves with a uniform acceleration and covers 25 m in the 
first second and 1/3 m more than during the preceding second for every 
subsequent second; the other body, which moves with uniform decele- 
ration, covers 30m in the first second and 1/2 m less than during the 
preceding second for every subsequent second. In how many seconds 
will they meet? 

1.73. Two particles, which are at a distance of 295 m from each 
other, simultaneously begin moving towards each other. The first par- 
ticle"moves uniformly at 15 m/s, and the second particle covers 1 m 
during the first second and 3 m more than during the preceding second 
for every subsequent second. Through what angle will the second hand 
of a clock move during the time which passes from the moment the par- 
ticles begin moving until they meet? 

1.74. Two bodies move towards each other from two points which 
are 390 m apart. The first body covers 6 m in the first second and 6 m 
more than during the preceding second for every subsequent second. 
The second body moves uniformly at 12 m/s, having started”5°s after 
the first body. How many seconds after the first start will they meet? 

1.75. Two ships sail towards each other ina fog’at the same speed 
Vy. At the distance of 4 km between them’ the captains reverse motion 
for a certain time period with an acceleration of 0.1 m/s?. What is the 
greatest speed of the ships at which they will not collide? 

1.76. A ball rolls along a foot-ball field at right angles to its side 
line. Assume that moving with uniform deceleration the ball rolls 4m 
in the first second and 0.75 m less than during the preceding second 
for every subsequent second. A’player who is at a distance of 10 m from 
the ball runs in the same direction as the ball in order to overtake it. 
Running with uniform acceleration, the player covers 3.5 m in the first 
second and 0.3 m more than during the preceding second for every sub- 
sequent second. How long does it take the player to overtake the ball 
and will he have time enough to do that before the ball crosses the side 
line if the player has to cover 23 m to the side line? 

1.77. A car drives up ahill. It reaches point A and then passes 
30 m in the first second and 2 m less than during the preceding second 
for every subsequent second. Nine seconds after the car reached point 
A,a bus starts from point B,’which is 258 m from A, and'drives towards 
the car. In the first second the bus covers 2 m and then it makes 1 m 
more than during the preceding second for every subsequent¥second. 
What distance did the bus*cover before it met the car? 

1.78. A motor-cyclist starts from point A and travels with a uniform 
acceleration of 12 km/h? (the initial speed being zero). Having attain- 
ed the speed v km/h, he travels witb that speed for 25 km and then 
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slows down uniformly, the speed decreasing by 24 km/h, to acom- 
plete stop. Then he immediately reverses the motor-cycle and travels to 
point A at the constant speed v km/h. At what speed v will the motor- 
cyclist cover the way bark in the shortest time possible, from the stop 
to point A? 

1.79. Two cars drive along a highway one after the other at a dis- 
tance of 20 m from each other at 24 m/s. The drivers notice an obstacle, 
apply the brakes, and change to a uniformly decelerated motion 
with the accelerations a, and a, (aj < 0 and ag < 0) until they come 
to a complete stop. The driver of the front car began slowing down 2 s 
earlier than the driver of the rear car. The acceleration of the front car 
is a, = — 4m/s?. The smallest distance the cars approached each 
other is 4m. Which of the cars was the first to stop? Find the accelera- 
tion a, of the rear car. 

1.80. A service lift goes down a tower 320 m high. First its speed 
is 20 m/s then it switches over instantaneously to 50 m/s. Some time 
after the lift begins to move, astoneis thrown from the top of the 
tower which performs a free fall and reaches the ground at the same time 
as the lift. When falling, the stone was always above the lift, their max- 
imum distance being 60 m. At the moment the speed of the lift was 
switched over, the speed of the stone was higher than 25 m/s but lower 
than 45 m/s. How long after the lift began moving was the stone thrown 
down? Assume the acceleration of the free fall of the stone to be 
equal to 10 m/s?. 

1.81.* Two trains started simultaneously from points A and B 
towards each other. At first each of them travelled with uniform accel- 
eration (the initial speeds of the trains are zero, the accelerations are 
different), and then, having attained a certain speed, they travelled 
uniformly. The ratio of the constant speeds of the trains is 4/3. At 
the moment of their meeting, the trains ran with equal speeds and ar- 
rived at points B and A at the same time. Find the ratio of their ac- 
celerations. 

1.82*. Two trains started simultaneously towards each other from 
points A and B. At first each of them travelled with uniform accelera- 
tion and then, having attached a certain speed, they travelled uniform- 
ly. The ratio of the constant speeds of the trains is 5/4. At a certain 
moment their speeds became equal; by that moment one of them cov- 


ered a distance 17 times larger than the other. The trains arrived at 


points B and A at the same time. What part of the distance had each 
train covered by the time their speeds became equal? 


2. Problems on Work and Productivity 


In problems involving work, the system of equations which must 
be formed on the basis of the hypotheses usually contains the following 
quantities: time ¢ during which a job is performed, productivity N, 
i.e. work done in unit time, and work W done during time ¢. 

i The equation relating these three quantities has the form W = 
ot. 

With obvious changes, problems involving pumping of liquids, 
which are often encountered in textbooks, can be referred to as prob- 


é 
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lems on work. In such cases, it is convenient to consider the volume of 
the water pumped as the work done. 

Example 2.1. Two pipes lead to a reservoir—an inlet pipe through 
which the reservoir is filled and an outlet pipe. Two hours more are 
needed to fill up the reservoir through the inlet pipe than to drain the 
water through the outlet pipe. Both valves were opened when the re- 
servoir was a third full and it became empty 8 hours later. How many 
hours does it take the inlet pipe to, fill up the reservoir if it operates 
alone and how many hours does it take the outlet pipe to empty the 


full reservoir if it operates alone? 
Solution. Assume that V m$ is the volume of the reservoir, z m3/h 


is the productivity of the inlet pipe and y m‘/h is the productivity of 
the outlet pipe, V/z (h) is the time the inlet pipe needs to fill up the 
reservoir and V/y (h) is the time the outlet pipe needs to drain all the 
water from the reservoir. By the hypothesis 

Viz — V/y = 2. 
Since the productivity of the outlet pipe exceeds that of the inlet pipe 


(zx < y), it follows that when both pipes are opened simultaneously, 
the water is drained and one-third of the water is drained during the 


time ——— which is equal to 8 hours by the hypothesis. 


Thus according to the hypothesis we obtain the following system of 
two equations in three unknowns: 
Viz — Viy = 2, 
We have to find V/z and V/y. Let us isolate a combination of the un- 
knowns V/z in the problem, writing the system in the form 


vo Vie 

x y/e 
Vie 

ea oo 


Introducing new unknowns V/z = t and y/z = k, we get the following 
systems: 
t — tik = 2, kt —t— 2k = 0, 


t/(k — 1) = 24, ed t= 24 (k — 1). 
Substituting t¢ = 24(k— 1) into the first equation of the last system, 
we get an equation for k: 

12k? — 25k +12 = 05> ky = 4/3; kg = 3/4. 
The root k, = 4/3 satisfies the condition of the problem (y > 2). 


From the second equation of the last system we find ¢ = 8, i.e. the 
first pipe can fill up the reservoir in 8 h. Let us now find the time 


during which the second pipe can drain the water: 
VVez Voy _ A _6 
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Answer. 8 h and 6 h. 


Example 2.2. Two excavators of different designs have to dig a 
trench. One excavator alone can do the job 3 h quicker than the other. 
The sum of the times needed by the two excavators working separately 

is. ms times larger than the time it_takes the excavators to do the job 
if they work together. Find the time it takes each excavator to do 
the job if it works alone. 

Solution. We introduce the following, quantities as unknowns: 
V (m3), the volume of the earth removed, N, (m*/h) and N, (m‘/h), 
the productivity of the first and the second excavator respectively. 
V/N, is the time it takes the first excavator to dig the trench when it 
works alone, and V/N, is the time it takes the second excavator to do 
mM job if it works alone. By the hypothesis, these two quantities are 
related as 


VIN, + 3 = VINa, 


and their sum V/N, + V/N, is oe times larger than the time it takes 


the two excavators when they work together, i.e. than the time 
Al(N, + N,): 
[eee eee eer 
35° NitN, Wi Na’ 

The hypothesis can be written as the following system of two equa- 
tions: 


4 


Vy VIN, _ 144 _VINs 
Ny Ne/N, 35 14N2/Ny° 


ie the unknowns t = V/N, and k = N,,/N, the system assumes the 
orm 


t 
oleae a ’ 


t 144 ft 
ee ee 


Expressing k from the first equation in terms of ¢ and substituting 
= t/(t + 3) into the second equation, we obtain 


4t? 4. 12t — 315 = 0. 


The positive root of this quadratic equation, ¢ = 15/2 (h), is the time 
it takes the first excavator to dig the trench when it works alone. From 
the first equation of the last system we can find the value k = 15/21 
corresponding to ¢ = 15/2. Noting’ that the second required quantity 
is V/N, = t/k, we find that the time it takes the second excavator 
to do the job alone is 21/2 h. 

Answer. 7.5 h and 10.5 h. 
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2.1. According to schedule, a team of lumbermen had to stock 
216 m?® firewood in several days. For the first three days the team 
worked according to the schedule, and then each day they chopped 
8 mof firewood more than was planned. Therefore, a day before the as- 
signed date, they had a stock of 232 m3 of wood. How many cubic me- 
tres of wood a day should the team have chopped according to plan? 

2.2. A team of metal workers can doa certain job of machining parts 
15 h quicker than a team of apprentices. If a team of apprentices works 
for 18 h on the job and then a team of metal workers continues with 
the task for 6 h, only 0.6 of the total job will be done. How much time 
will it take a team of apprentices to complete the job? 

2.3. Two valves A and B fill up a tank. If valve A is switched on 
alone, then it takes 22 min more to fill up the tank than if valve B 
is switched on alone. When the two valves are opened, the tank is filled 
in an hour. How much time does it take each valve separately to fill 
up the tank? 

2.4. There are two different exits from the cinema. Using them both, 


the spectators can leave the cinema hall in 37 min. If thespectators 


use only the larger exit, it will take them 4 min less to leave the hall 
than if they use only the smaller exit. How much time will it take the 
spectators to leave the cinema hall if they use each exit separately? 

2.5. Acertain job is being done by three computers of different 
makes. It takes the second computer, working alone, 2 min more to do 
the job than the first computer working alone. It takes the third com- 
puter, working alone, twice as much time as the first computer. The 
parts of the work being equivalent, the job can be divided between the 
three computers. In that case, working together, they can finish the 
job in 2 min 40 s. How long would it take each computer to do the 
whole job if they worked separately? 

2.6. A can finish a job ¢ days later than B and 7 days later than 
C; A and B, working together, can do the job in as many days as C 
working alone. How long does it take each of them to complete the 
job if they work separately. For what ratio of t and T does the prob- 
lem have a solution? 

2.7. It takes each of the three workers a certain time to do the as- 
signed job, the third worker doing the job an hour quicker than the first 
worker. Working together they can finish the job in an hour. If the 
first worker works for an hour and then the second worker works for 4 
hours, they will complete the job together. How long would it take 
each worker to complete the job himself? 

2.8. Two workers received the same assignment: to make a certain 
amount of machine parts during a certain time period. The first of 
them did the job in time, and the second worker accomplished only 
90 per cent of the task in that time, having left unfinished as many 
parts as the first worker could make in 40 min. If the second worker 
made three parts more per hour, he would accomplish 95 per cent of 
the assignment. How many parts was each worker supposed to manu- 
facture? 

2.9. Two workers did a job in ten days, the last two of which the 
first worker did not work. How many days would it take the first work- 
er to complete the job alone if it is known that for the first seven days 
they accomplished 80% of the job working together? 
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2.10. Two teams of plasterers, working together, plastered an apart- 
ment house in 6 days. Some other time, they worked on aclub and did 
three times as much work as they did when plastering the house. 
In the club they took turns working: first the first team worked and 
then the second team completed the job. The first team accomplished 
twice as much work as the second team. The job was completed in 35 
days. How many days would it take the first team to plaster the apart- 
ment house if it is known that it would take the second team 14 days 
to do the job? 

2.141. A team of three tractors (two tractors of make A and one of 
make B) plough a field of 400 hectares in 10 days when the three trac- 


tors work together. The tractor of make B can plough the field 8 days 


quicker than one tractor of make A can do the job. How many hectares 
a day can a tractor of make A and a tractor of make B plough if they 
work separately? 

2.12*. Each of two workers has to machine the same number of 
partes The first of them began working at once and finished the job 8 

ours later. The second worker first spent more than 2 h adjusting the 

attachment and then, using it, finished the job 3 h earlier than the first 
worker. The second worker is known to machine as many parts an hour 
after he began working as the first worker machined by that time. 
How many times does the attachment increase the productivity of the 
machine-tool (i.e. the amount of the parts machined per hour)? 

2.13. Two tractors plough a field divided into two equal parts. 
The tractors begin working at the same time, each on its part. Five 
hours after they ploughed half the field working together, it was found 
that it remained for the first tractor to plough 1/10 of its part, and the 
second tractor had to plough 4/10 more of its part. How long would it 
take the second tractor to plough the whole field? 

2.14. A team of workers had to produce 360 parts. Manufacturing 
4 parts more every day than was planned, the team finished the job 
ay ii of schedule. How many days did it take the team to do 
the jo . 

2.15. Two typists had to doacertain job. The second typist began 
working an hour later than the first. Three hours after the first typist 


began working, they had to do = of the whole assignment. When 


they finished, it was found that each of them did half the job. How 
many hours would it take each of them to do the whole job? 

2.16. Three teams work with constant productivity laying rail- 
way track. The first and the third teams, working together, lay 15 km 
of track a month. When they all work together, the three teams can do 
twice as much in a month as the first and the second teams working to- 
gether. Find how many km of track the third team lays in a month if 
it is known that the second and third teams, working together, laid 
a certain part of the track four times as fast as the second team could 
do the same job. 

2.17. Two teams of dock workers are given a job of unloading a ship. 
The sum of the times it takes the first team and the second team to un- 
load the ship, if they work separately, is equal to12h. Find those times 
if the difference constitutes 45 per cent of the time it would take the 
teams to unload the ship if they work together. 


15-0263 
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2.18. Two pipes are connected to a reservoir with a volume of 
24 m*. The sie pipe only drains the water at the rate of 2 m*/h, and 
the inlet pipe only fills the reservoir. When the two valves were 
opened, the reservoir was empty. When the reservoir was half full, the 
first pipe was closed and the second pipe kept filling the reservoir. As 
a result, the reservoir was filled in 28h 48 min. What quantity of 
water does the second pipe supply per hour? 

2.19. Two pumps transferred 64 m? of water. They began working at 
the same time and with the same capacity. After the first pump trans- 
ferred 9 m® of water, it was stopped for 1 h 20 min. After that time, 
the capacity of the first pipe was increased by 1 m°/h. Find the initial 
capacity of the pumps if the first pump transferred 33 m® of water and 
both pumps completed the job at the same time. 

2.20. ‘wo sections of a coal mine were operating for some time, 
then a third section went into operation. As a result, the productivity 
of the mine increased by one and a half times. What is the percentage 
of the productivity of the second section as compared to that of the 
first if it is known that the first and the third section produce as much 
coal in four months as the second section does in a whole year? 

2.21. Two workers, one of whom began working a day and a half 
later than the other, worked independently and papered several rooms 
in 7 days, reckoning from the moment the first of them began work- 
ing. If the job was entrusted to each worker separately, then it would 
take the first of them 3 days more to do it than the second. How many 
days would it take each of the workers to complete the job if he 
worked alone? 

2.22. If we open two pipes simultaneously, the reservoir will be 
full in 2 h 24 min. Actually, first only the first pipe was opened for a 
quarter of the time it would take the second pipe to fill the reservoir. 
Then the first pipe was closed and the second pipe was opened for a 
quarter of the time it would take the first pipe to fill up the reservoir. 
After that, 11/24 of the volume of the reservoir remained to be filled. 
How much time does it take each pipe to fill the reservoir? 

2.23. Two students began preparing for an examination at the same 
time and had to pass iton the same day. The first student had to read 
240 pages and the second 420 pages. Each of them read the same num- 
ber of complete pages every day, the first of them reading 12 pages 
less than the second per day. After they both read their material once, 
they had some time left for repetition, the first of them had 7 more days 
and the second, 5 days. What whole number of pages a day should each 
student read in order that each of them had 3 more days to repeat the 
material? 

2.24. One of the ship compartments developed a leak and it be- 
came totally filled with water. Two pumps of equal capacity were 
switched on to evacuate the water. The leak was stopped 18 h later, the 
second pump was switched off, and another 12 h later the compartment 
was dry again. If it were impossible to stop the leak, then the two 
pumps, working together, would pump out half the water from the com- 
partment in10 hours of simultaneous operation. How long would it 
take the second pump to pump out half the water if it were impossible 
to stop the leak? 

2.25. Three excavators participated in digging a pit with the vol- 
ume of 340 m®. The first excavator removes 40 m’ of earth per hour, 
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the second excavator takes out c m® less than the first, and the third 
one removes 2c m® more than the first. First the first and the second ex- 
cavators worked simultaneously and removed 140 m® of earth. Then, 
the remaining part of the pit was dug by the first and the third excava- 
tors working together. Find the value of c (0 < ¢ < 15) for which the 
pit was dug in 4 h if the excavators worked without breaks. 

2.26. Three excavators had to dig a pit each: the, first and the 
second excavator a pit of 800 m and the third one, a pit of 400 m®. The 
first and the second excavator, working together, removed three times 
as much earth per hour as the third one; the first and the third ex- 
cavator began working simultaneously and the second one began at 
the moment when the first excavator had removed 300 m® of earth. 
When the third excavator had completed 2/3 of its job, the second ex- 
cavator had removed 100 m$ of earth. The third excavator was the first 
to complete the job. How much earth did the first excavator remove by 
the time the third excavator completed its job? 

2.27*. There are three pumps. The second pump transfers twice as 
much water per hour as the first one, and the third pup transfers 8 m? 
of water more per hour than the second pump. They simultaneously 
began filling two reservoirs, one with a volume of 600 m® and the other 
with a volume of 1680 m°. The first pump filled up the smaller reser- 
voir. First 240 m® of water were supplied into the larger reservoir by 
the second pump, and then, without losing time, the second pump was 
replaced by the third which filled up the reservoir. The larger reservoir 
was filled 6 h later than the smaller one. If from the very beginning the 
third pump alone pumped water into the larger reservoir, then it 
would be filled 5 h later than the smaller reservoir. How many cubic 
metres of water does the first pump transfer in an hour? 

2.28*. Several identical harvester combines were allotted to gather 
in the harvest, which they coulddo in 24 hif they began working at 
the same time. But it so happened that they began working one after 
another at equal time intervals and then all of them worked till the 
job was completed. How long did it take to gather in the harvest if the 
first combine worked 5 times as long as the last one? 

2.29*. Several pumps of the same capacity are switched on one after 
another at equal time intervals to fill aresorvoir. The last pump sup- 
plied V litres of water. How much water was supplied by the first pum 
if it is known that with a decrease in the supply of each pump by 10% 
(with the same intervals between switching) the time it takes to fill the 
reservoir will increase by 10%? 

2.30. Three pumps simultaneously began pumping out the water 
each from its own reservoir. When the third pump emptied an ath of 
the volume of its reservoir (2 < 1/2), the second pump had to pump 
out as much water as the first pump had drained; when the third pump 
had to pump out (1 -- a)th of the volume, it remained for the first 
pump to pump out as much water as did the second pump. The first 
pump empties the second reservoir during the time it takes the second 
pump to empty the first reservoir. Which pump worked longer than the 
others and by how many times? (The delivery st each pump is constant.) 
Investigate the dependence of the solution on the value of a. 

2.31*. The reservoir was filled up by several pumps which were 
switched on one after another at certain time intervals. For a large part 
of the time the pumps worked together and they filled the second half 


15* 
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of the reservoir ¢ h quicker than the first half. How much quicker will 
the reservoir be filled ifthe intervals between the switchings are 
decreased n times with the same sequence of switchings? (The delivery 
of the pumps is constant.) 


3. Problems on Per Cent Increment 
and Calculations of ‘‘Compound Interests” 


The solution of problems on the per cent increase and the calcula- 
tion of “compound interests” are based on the use of the following no- 
tions and formulas. Assume that a certain variable A, dependent on 
time ¢, has the value A, at the initial moment ¢ = 0 and the value A, 
at a certain moment #,. The absolute increment of the quantity A at 
the time ¢, is the difference A, — Ao, the relative increment of the quan- 
Ags 

Ag 
of the quantity A at the time ¢, is the quantity 


A,;— Ao 0 
t+ 100%. 


tity A atthe time ¢,is the ratio o and the per cent increment 


Designating the per cent increment of the quantity A as p%, we get 
the following formula relating Ay, A,, and p: 


A,—Ao 


Ao ° 100% = p%. 


The notation of the last formula 
4,=A Pp =Ay+A Pp 
1 0 (4 100 0 ® 400 


makes it possible to calculate the value of A,, i.e. the value of A at 
the moment ¢,, from the known value of A, and the assigned value of 


Dp. 

Assume that fort > ¢, the quantity A has a per cent increment p%. 
Then at the time moment t, = 2¢, the value of the quantity A, = 
A (t,) is 


2 
Aa= As (14 ahy) = 40 (14-G05) 
At the time moment ¢, = 3¢, the value of the quantity A, = A (#,) is 
A= Ay (i?) 4 (1 y 
3 472 + 400 ——"0 i 400 9 
and at the time moment nt, it is 


n 
An = Apo (1+ 455) e 
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If at the time ¢, (at the “first stage”) the quantity Achanged by p,%, 
at the “second stage” (i.e. during the time ¢, — t, = t,) by p.%, at 
the “third stage” (i.e. during the time tf, — ¢, = t,) by p,% and so on, 
then at the time moment+t, = nt, the value of the quantity A can 
be calculated by the formula 


dnmde (ta) (#4 a0) + (4+ 205 


Example 3.1. A factory operated for three years. The output of the 
factory for the second year of operation increased by p% and the next 
year it increased by 10% more than it increased in the second year. By 
how many per cent did the output increase in the second year if it is 
known that for two years it increased by 48.59%? 

Solution. Let us designate the output of the factory for the first, 
second, and third year, respectively, as A;, A,, and As. By the hypo- 
thesis, in the second year the increase in per cent was p% and in the 
third year, (p + 10)%. In accordance with the definition of the per 
cent increment, these conditions yield two equations: 

Ag—A Ag—A 
“2. 100% = p%, “22. 10096 = (p+ 10) %. 


By the hypothesis, it is also known that in two years the production in- 
creased by 48.59%, i.e. in the third year the output of the factory was 
48.59% higher than in the first year. This condition can be written as 
follows: 
Ags — A; 
A 


Let us write the equations obtained in the form of the following 
system: 


¢ 100% = 48.59%. 


48.59 
As= Ay (14+ =55-) ° 


Multiplying the first equation by the second, we get 
10 
t= As (14395) (14-7500) 


From this equation and from the third equation of the system we 
get an equation to find the unknown quantity p: 


100 100 


The roots of thelast quadratic equation are p, = 17, pg = —227. The 
first root suits the sense of the problem, and so p; = 17. 


Answer. 17%. 


(14+ 455) (1+ pa) at 48.59. 58-4.210p—3859=0. 
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3.1. A savings bank adds annually 3% from the sum of the account. 
In how many years will the deposited sum double? 

3.2. The population of the town increases annually by 1/50 of the 
actual number of citizens. In how many years will the population triple? 

3.3. A customer paid 2 roubles for a kilogram of one product and 
ten kilograms of another product. If after the seasonal change in 
prices the first product goes up in price by 15% and the other product 

ecomes cheaper by 25%, then the customer will pay 1 rouble and 82 
kopecks for the same amount of products. What is the cost of a kilo- 
gram of each product? 

3.4. A customer deposited in a savings bank 1640 roubles at the 
beginning of a year and withdrew 882 roubles at the end of the year. 
A year later he had 882 roubles on his account. How many per cent a 
year does the savings bank add? 

3.5. In a second-hand book-shop, the price of an antique collec- 
tion costing 350 roubles was reduced twice by the same number of per 
cent. Find that number if it is known that after the price was reduced 
twice the collection cost 283 roubles and 50 kopecks. 

3.6. During a year a factory twice increased the output by the 
same number of percent. Find that number if it is known that at the 
beginning of the year the factory produced 600 articles per month and 
at the end of the year it arcduced 726 articles per month. 

3.7. A savings bank added 6 roubles to the account of a customer 
over a year. Having added another 44 roubles, the customer left his 
deposit for one more year. At the end of that year, the savings bank add- 
ed a new number of per cent to the customer’s account which consti- 
tuted now, with the extra per cent, 257 roubles and 50 kopecks. What 
sum of money did the customer deposit initially and how many per 
cent, 2 or 3, did the savings bank add every year? 

3.8. On the first working day of a month a shop of radio goods sold 
105 TV sets. Every subsequent working day the shop sold 10 more TV 
sets a day, and the monthly plan, 4000 TV sets, was fulfilled ahead of 
schedule, in a whole number of working days. After that, the shop sold 
13 TV sets less per day than on the last day of fulfilling the a 
By how many per cent did the shop overfulfill the monthly plan of sell- 
ing TV sets if there are 26 working days in a month? 

3.9. A sum of money deposited at the beginning of a year is known 
to increase by acertain per cent (differing from bank to bank) by the 
end of the year. At the beginning of a year 5/6 of a certain amount of 
money was deposited in one bank and the remaining part of the money, 
in another bank. By the end of the year the sum of thesedeposits 
equalled 670 monetary units, and by the end of the next year, 749 mone- 
tary units. It was calculated that if from the very beginning, 5/6 of 
the initial sum of money had been deposited in the second bank and 
the remaining sum in the first bank, then by the end of the first year 
the deposits in the banks would have been equal to 710 monetary units. 
Assuming that from the very beginning the initial sum of money was 
deposited in the first bank, find the value of the deposit by the end of 
the second year, 

3.10. The output of factory A constitutes 40.96% of that of factory 
B. The annual increase of production at factory A in per cent is 30% 
larger than the annual increase of production at factory B. What is the 
annual increase of production at factory A in per cent if on the fourth 
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year of operation the output of factory A will be the same as of factory 
B? 


3.11. A deposit of N roubles was made in a savings bank with a p% 
annual interest. At the end of each year the customer withdraws M 
roubles. How many years after a withdrawal of a corresponding sum 
will the remainder be thrice as large as the initial deposit? 

3.12. At the initial moment there are N bacteria in a retort. By 
the end of each hour the number of bacteria increases by p% as com- 
pared to their amount at the beginning of that hour; in addition, at 
the beginning of each hour a portion containing n (n < N) bacteria 
is taken from the retort. In how many hours will the amount of bacte- 
ria in the retort (after the withdrawal of the corresponding portion) 
become twice their inital amount? 


4. Problems with Integral Unknowns 


An integral value of the required unknown is usually an additional 
condition making it possible to choose it uniquely from a certain set 
of values satisfying the other conditions of the problem. 


Example 4.1. A boy puts all his stamps into a new album. If he 
puts 20 stamps on each page, there will not be enough pages in the al- 
bum and if he puts 23 stamps on each page, then at least one page will 
remain empty. If the boy is presented with one more album of that 
kind, in which there are 21 stamps on each page, he will have 500 
stamps in all. How many pages are there in the album? 

Solution. Assume that there are m pages in the album and the boy 
has N stamps. We can form a system of equations and inequalities of 
the problem: 


The hypothesis Equality, inequality 


If the boy puts 20 stamps on each page, there 
will not be enough pages in the album 20m<N 


If the boy puts 23 stamps on each page, then 
at least one page will remain empty 23 (n—1) >N 


If the boy is presented with one more album 

of that kind, in which there are 21 stamps 

on each page, he will have 500 stamps in all 21 m+N=500 
Thus the hypothesis can be written as a system of one equation and 

two inequalities. Let us substitute the expression for N from the equ- 

ation into each of the two inequalities. As a result we get a system of 

two inequalities: 


20m < 500 — 21m, 23 (m — 1)> 500 — 21m. 


Taking into account that m is an integer, we find from the first in- 
equality® that m < 12 and from the second inequality that m > 12. 
Comparing these results, we obtain m = 12, | 
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Answer. There are 12 pages in the album. 

Example 4.2. The teams taking part in a motor-rally have the same 
number of Volgacars and Moskvich cars, the total number of cars on 
each team being less than 7. If the number of Volga’s remains the same 
on each team and that of Moskvich’sincreases by three times, then the 
total number of Moskvich’s participating in the rally will exceed by 
50 the total number of Volga’s and the total number of cars on each 
team will exceed 12. Find the number of teams participating in the 
rally and the number of Volga cars and Moskvich cars on each team. 

Solution. Let us designate the number of teams participating in 
the rally as N and the number of Volga’s and Moskvich’s on each team 
as m and n respectively. The following system of equations and in- 
equalities corresponds to the conditions of the problem. 


Equations, 
The hypothesis inequalities 


On each team the total number of cars is 
less than 7 mtn<7 


If the number of Volga’s remains the same on 
each team and that of Moskvich’s increases 
by three times, then the total number of Mos- 
kvich cars will exceed by 50 the total num- 


ber of Volga cars 3nN —mN =50 
In that case the total number of cars on each 
team will exceed 12 m+3n> 12 


Let us investigate the inequalities m + n << 7 and m+ 3n > 12. 
Subtracting the first inequality from the second, we obtain 2n > 5 => 
n > 5/2. Consequently, ncan be equal to 3, 4, 5, .... It follows from 
the first inequality that n can be equal to 3, 4, 5. 

Assume that n = 3. Then it follows from the first inequality that 
m can assume the values 1, 2, 3; from the second inequality it follows 
that m can assume values exceeding 3. Consequently, n < 3. 

Assume that n = 4. It follows from the first inequality that m 
can assume the values 1, 2 and from the second inequality it follows 
that m can assume the values 1, 2, 3, .... 

Assume that n= 5. It follows from the first inequality that m 
can assume the only value equal to 1. 

Thus the following three pairs of numbers satisfy the inequalities: 


{n= 4,m= 1}, {n= 4, m= 2}, {n =5, m= 1}. 
Substituting these pairs of numbers into the remaining equation of 
the system, we get equations enabling us to find MN: 

14N = 50, 10N= 50, 14N = 50. 
Since by the hypothesis N must be an integer, it follows that N = 5 
and the pair n = 4, m = 2 is the only solution of the problem. 


Answer. The number of teams is 5; the number of Volga cars on each 
peam is 2; the number of Moskvich cars on each team is 4. 
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4.1. The students in a group of 30 passed an examination with the 
grades 1, 2, 3, 4. The sum of the grades they received is equal to 93, 
2.0 grades being more than 4.0 grades and less than 3.0 grades. In ad- 
dition, the number of 3.0 grades is divisible by 10 and the number of 
4.0 grades is even. Find the number of grades of each kind the students 
received. 

4.2. A test was given to a group of students. Among the grades the 
students received there are only 1, 2, 3 and 4. The same number of stu- 
dents received grades 1.0, 2.0, and 4.0, and there were more 3.0 
grades than the other grades taken together. Less than 10 students re- 
ceived grades higher than 2.0. How many 2.0 grades and 4.0 grades 
did the students receive if not less than 12 students took the test? 

4.3. There are five-storey and nine-storey houses on one block, the 
nine-storey houses being less in number than the five-storey ones. If 
we double the number of nine-storey houses, then the total number of 
houses will exceed 24, and if we double the number of five-storey 
houses, then the total number of houses will be less than 27. How many 
five-storey houses and nine-storey houses are there on the block? 

4.4. There are Volga and Moskvich cars in the parking lot. Their 
total number is less than 30. If we double the aanlier of Volga’s and 
increase the number of Moskvich’s by 27, then there will be more Vol- 
ga’s, and if we double the number of Moskvich cars without changing 
the number of Volga’s, then there will be more Moskvich cars. How ma- 
ny Volga’s and how many Moskvich’s are there in the parking lot? 

4.5. It is stated in the school paper that the percentage of students 
of a certain class who made progress in their studies during the second 
term, ranges between 2.9 and 3.1%. Determine the minimum poss- 
ible number of students in such a class. 

4.6*. The factory has to deliver 1100 articles to the customer. The 
articles must be packed in boxes of three kinds. A box of the first 
kind accommodates 70 articles, a box of the second kind accommodates 
40 articles, and that of the third kind 25 articles. It costs 20 roubles to 
transport a box of the first kind, 10 roubles to transport a box of the 
second kind, and 7 roubles to transport a box of the third kind. What 
kind of boxes should the factory use for the cost of transportation to 
be the lowest? (An underloading of the boxes is not permitted.) 

4.7*. A collective farm rented two excavators. The rent of the first 
excavator costs 60 roubles a day and its productivity in soft ground is 
200 m® a day and in hard ground 150 m3 a day. The rent of the second 
excavator costs 50 roubles a day and its productivity in soft ground is 
180 m3 a day andinhard ground 100 m®a day. The first excavator 
worked several full days and turned over 720 m° of earth. The second ex- 
cavator also worked several full days and turned over 330 m3 of earth. 
How many days did each excavator work if the collective farm paid 
300 roubles for the rent? 

4.8*, There are candies of two kinds in a bowl. The candies of the 
first kind exceeding by more than 20 those of the second kind. One can- 
dy of the first kind weighs 2 g and that of the second kind 3 g. Fifteen 
candies of the same kind were taken from the bowl, their weight con- 
stituting a fifth of the weight of all the candies in the bowl. Then an- 
other 20 candies of the other kind were taken from the bow] and the 
weight proved to be equal to that of the candies remaining in the bowl. 
How many candies of each kind were there in the bowl initially? 
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4.9. Several lorries are loaded in turn at point A (the time of 
loading is the same for all the lorries) and then transport the goods to 
point B where they are quickly unloaded and return to point A. The 
speeds of the lorries are equal, the speed of a loaded lorry being 6/7 
of the speed of an empty one. Driver Petrov was the first to leave 
point A. On his return trip he met driver Ivanov, who was the last to 
leave point A, and arrived at A 6 min after their meeting. Here Pet- 
rov began loading at once and left for B and met Ivanov once again 40 
minutes after the first meeting. Not less than 16 min and not more than 
19 min passed from the time of the second meeting to Ivanov’s arrival 
at A. Find the time it took the lorries to unload. 

4.10. Rafts are sent from point A to point B at equal time inter- 
vals. The speeds of all the rafts relative to the river bank are constant 
and equal to each other. A pedestrian walking from A to B along the 
river bank covered a third of the distance from A to B by the moment 
the first raft was sent. Having arrived at B, the pedestrian at once left 
for A and met the first raft! having covered more than 3/13 of the way 
from B to A and met the last raft having covered more than 9/10 
of the way from B to A. The pedestrian arrived at point A when the 
seventh raft reached point B. From point A the pedestrian at once start- 
ed for point B and arrived there at the same time as the last raft. The 
speed of the pedestrian is constant, the part of the river from A to B 
is rectilinear. How many rafts were sent from A to B? 


Problems on writing numbers in decimal positional notation is one 
more type of problem on deriving equations with integral unknowns. 


Exampe 4.3. The required three-place number ends with the 
digit 1. If we transfer that digit from the last place to the first one, 
without changing the order of the other two digits, then the resulting 
number will be less than the required number by 90. Find the number. 

Solution. Let us designate the hundreds digit of the required three- 
place number as m and the tens digit as n. The required three-place 
number mni (the multiplication sign between m, n, and 1 is ommitted: 
m, n are digits of the decimal notation and m = 0) is an abbreviated 
notation of the number m-10? + n-10 + 1. The three-place number 
resulting from the transfer of 4 from the last place to the first place is 
1-102 + m-10 + n. By the hypothesis, the last number is smaller 
than the required number by 90: 


mA07 + n-10 +4 = 1-102 + m-10 + n+ 90. 


We have thus obtained an equation in two unknowns m and n and we 
know that m and n are digits of a decimal positional system of nota- 
tion and that m + 0. The number of units appearing on the left-hand 
side must coincide with the number of units in the number appearing 
on the’right-hand side’ and, therefore, n= 1. The equation now as- 
sumes the form 


m +10? +. 10 = 1-102 + m-10 + 90. 
Thus we find that m = 2. 
Answer. The required number is 211. 


Example 4.4. If we divide the two-digit number by the sum of 
its digits, we get 4 as a quotient and 3 as a remainder, Now if we divide 
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that number by the product of its digits, we get 3 as a quotient and 5 
as a remainder. Find the number. 

Solution. Before proceeding with the solution of the problem, recall 
that if the number JN is divisible by the number p and the number k 
is the quotient and the number r (r < p) is the remainder, then the 
number N can be represented as 


N=kp-+r. 


The solution of the problem is based on the use of this equation. Let 
us write the two-place number in the form 10-m + n. The hypothesis 
leads us to a system of two equations: 


10m+n=4(m-+n) + 3, 6m= 3n + 3, n= 2m—1, 
=> => 
10m + n= 3mn+ 5 10m + n= 3mn4+ 5 10m+ n= 3mn +9. 


Substituting n = 2m — 1 into the second equation of the system, we 
obtain an equation 


2m? —5m+2=0, 


whose solution is m, = 2, m, = 1/2. The condition of the problem 
(m and n are digits) is satisfied only by the first root m = 2. The first 
equation of the system yields n = 3. 

Answer. The required number is 23. 


4.41. What two-place number is smaller than the sum of the 
squares of its digits by 11 and larger than their doubled product by 5? 

4.12. The sum of the digits of a two-place number is 12. If we add 
36 to the required number, we get a number written by the same digits 
in the reverse order. Find the number. 

4.13. The sum of the squares of the digits in a two-place number is 
13. If we subtract 9 from that number, we get a number written by the 
same digits in the reverse order. Find the number. 

4.14*. Having thought of an integral positive number smaller 
than 10, we add 5 to its notation from the right and subtract from the 
resulting number the square of the thought-of number. Then we divide 
the difference by the thought-of number and subtract the thought-of 
number. We have a unity as a remainder. Find the number. 

4.15. A student was to multiply 72 by a two-place number in which 
there are thrice as many tens as ones; by mistake he reversed the digits 
in the second factor and obtained a product which is smaller than the 
actual one by 2592. What is the actual product equal to? 

4.16*. The notation of a six-place number begins with 2. If we 
transfer that digit from the first place to the last one, without changing 
the order of the other five digits, the resulting number will be three 
times larger than the initial number. Find the initial number. 

4.17. Find an integral positive number from the following data: 
if we add the digit 4 to its digital notation from the right, we obtain 
a number which is exactly divisible by a number exceeding the re- 
quired number by 4, the quotient being a number smaller than the 
divisor by 27. 

4.18*. Thesum of all even two-place numbers was divided by one of 
them without a remainder, The quotient obtained differs from the divi- 
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sor only by the order of the digits and the sum of its digits is 9. What 
two-place number is the divisor? 

4.19. A positive digit was added to the right of the digital nota- 
tion of a thought-of positive number. The square of the thought-of num- 
ber was subtracted from the resulting number. The difference was fo- 
und to be larger than the thought-of number as many times as the com- 
plement of the thought-of number to 11. Prove that this is possible if 
and only if the complement is equal to the thought-of number. 

4.20. Find two two-place numbers possessing the following proper- 
ties: if we add to the larger required number, from the right, first 0 
and then the smaller number and add to the smaller number from the 
right first the larger number and then 0, then the first of the resulting 
five-place numbers, being divided by the second resulting number, 
gives 2 as a quotient and 590 as a remainder. It is known in addition 
that the sum of the doubled larger required number and the trebled 
smaller number is equal to 72. 

4.21. Anerror occurred when two numbers were multiplied, one of 
which is larger than the other by 10: the tens digit in the product was 
decreased by 4. When the answer was verified by dividing the result- 
ing product by the smaller factor, the quotient obtained was equal 
to 39 and the remainder to 22. Find the factors. 

4.22*. Find two two-place numbers A and B from the following con- 
dition: if the digital notation of the number A is written in front of B 
and the resulting number is divided by B, the quotient will be equal to 
121. Now if the digital notation of the number B is written in front of 
the number A and the resulting number is divided by A, then the quo- 
tient will be 84 and the remainder 14. Find A and B. 

4.23*. The square of an integral positive prime number JN is di- 
vided (with a remainder) by 3, theresulting incomplete quotient is di- 
vided (without a remainder) by 3, the quotient is again divided (with a 
remainder) by 3, and, finally, the resulting incomplete quotient is 
again divided by 3 with a remainder and gives16as aresult. Find N. 

4.24*, The denominator of afractionis larger than the square of its 
numerator by unity. If we add 2 to both numerator and the denomina- 
tor, the fraction will be larger than 1/4, and if we subtract 3 from the 
numerator and the denominator, the fraction will be smaller than 1/10. 
Find the fraction. 


9. Problems on Concentration and Percentage 


The solution of problems on concentration and percentage is 
based on the use of the following concepts and formulas. 

Assume that we are given three different substances A, B,and C 
with the masses M,, Mp, and Mc. The mass of the mixture consisting 
of these substances is equal to Ma + Mpyp+ Me. 

The mass concentration of the substance A in the mixture is the 
quantity c, which can be calculated by the formula 


a. a 
A Ma+Mpt+Mc ° 
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Correspondingly, the mass concentrations of the substances B and C 
in that mixture can be calculated by the formulas 


Ms eee Me 
Mxt+Mp+Mc ’ “© Ma+Mp+Mc 
The mass concentrations c,, ¢ g, and cg are related asc, -++¢p+co=—1. 


The percentages of the substances A, B, C in the given mixture are 
the quantities p,%, pp%, and pco%, respectively, which can be cal- 
culated by the formulas 


Pa% = ¢g:100%, PR% = cp-100%, po% = cc -100%. 


Similar formulas can be used to calculate the concentrations of sub- 
stances in a mixture in cases when the number of various mixed sub- 
stances (components) is equal to two, four, five, etc. 

The volume concentrations of substances in a mixture can be found 
by the same formulas as mass concentrations with the only difference 
that the volumes of the components V,, Vg, and Vg appear in the for- 
mulas instead of the masses of the components M,, Mg, and Mg. 
When we speak of volume concentrations, we usually assume that when 
substances are mixed, the volume of the mixture is equal to the sum of 
the volumes of the components. This assumption is not a physical law 
but an agreement accepted when problems on volume concentration are 
being solved. 


Example 5.1. A vessel of 6 litres capacity contains 4 litres of 70% 
solution of sulphuric acid. Another vessel of the same capacity contains 
3 litres of 90% solution of sulphuric acid. How many litres of the so- 
lution must be transferred from the second vessel into the first to ob- 
tain in it an r% solution of sulphuric acid? Find all values of r for 
which the problem has a solution. 

Solution. Let us designate as z (1) the volume of the 90% solution 
of sulphuric acid which is transferred from the second vessel to the 


Ca= 


first. This volumecontains Me (1) of pure (100% ) sulphuric acid. The ini- 


tial volume of pure acid ‘in the first vessel was equal to na -4 (1). When 


z (1) of 90% solution of sulphuric acid were added to the first vessel, 
it contained 
7 9 
to 4t 9"? 
litres of pure acid. Using the definition of the percentage by volume, we 
find, in accordance with the hypothesis, that 


qo Atay? 
-100% =r%. 


z+4 
Solving this equation, we find the value of the volume transferred to be 
gee), 


90—r ° 
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It remains to find the values of r for which the problem has a solu- 
tion. It is evident from the hypothesis that the quantity of the solution 
being added cannot exceed 2 litres since the volume of the first vessel 
is equal to 61, i.e. O< x< 2. Using the value obtained for z, we get 
restrictions imposed on r: 


4 (r —70) 
OS p=, = 


Solving this inequality (with due regard for the fact that 70 < r< 90), 
we obtain 70< rx 76—. 


3 
Answer. 4c— the problem is solvable for 70<r< 
2 
16 >. 


5.1. There is a piece of copper and tin alloy with the total mass 
of 12 kg containing 45% copper. How much pure tin must be added 
to the alloy for the resulting new alloy to contain 40% copper? 

5.2. There are two bars of copper and tin alloys. The first weighs 
3 kg and contains 40% copper and the second weighs 7 kg and contains 
30% copper. What must he the weights of the pieces of those bars in 
order to obtain 8 kg of an alloy containing r% copper after the bars 
are smelted together? 

5.3. Fresh fruit contains 72% water and dry fruit contains 20% 
water. How much dry fruit can be obtained from 20 kg of fresh fruit? 

5.4. Sea water contains 5% salt by weight. How many kilograms of 
fresh water must be added to 40 kg of sea water for the content of the 
salt in the solution to be 2%? 

5.5. Two vessels contain a solution of different concentrations, the 
first vessel containing m litres less than the second. The same quantity 
of n litres is taken simultaneously from each vessel and the solu- 
tion taken from the first vessel is poured into the second and that 
taken from the second vessel is poured into the first. After that, the 
concentrations of solutions in both vessels became the same. How 
many litres of solution are there in each vessel? 

5.6*. Identical pieces were cut off from two bars with different per- 
centages of copper weighing m kg and n kg. Each cut-off piece was al- 
loyed with the remainder of the other bar, and then the percentage of 
copper in both alloys became the same. Find the weight of each cut- 
off piece. 

5.7. Two kinds of cast iron with different percentages of chromium 
were alloyed. If we take five times as much of one kind of cast iron as 
the other, then the percentage of chromium in the alloy will be twice 
that in the smaller of the alloyed parts. Now if wetake thesame amount 
of both kinds, then the alloy will contain 8% chromium. Find the per- 
centage of chromium in each kind of cast iron. 

5.8. Given three different iron compounds. Each cubic centimetre 
of the first compound contains 3/20 g less iron than each cubic centi- 
metre of the second compound, and each cubic centimetre of the third 
compound contains 10/9 times more iron than each cubic centimetre of 
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the first compound. The volume of a piece of the third compound, con- 
taining 1 g ot iron, is larger by 4/3 cm’ than that of a piece of the second 
compound also containing 1 g of iron. What volume of the third com- 
nound contains 1 g of iron? 

Hint. Use the formula m = pV, relating the mass, the density, 
and the volume of a substance. 

5.9. The percentages of alcohol in three solutions form a geometric 
progression. If we mix the first, the second, and the third solution in 
the ratio 2 :3 : 4 by weight, we obtain a solution containing 32% 
alcohol. Now if we mix them in the ratio 3: 2:1, we get a solution 
containing 22% alcohol. Find the percentage of alcohol in each solu- 
tion. 

5.10*. There is a solution of sodium chloride of four different con- 
centrations in the laboratory. If we mix the first, the second, and the 
third solution in the weight ratio 3: 2:1, we get a 15% solution. 
The second, the third, and the fourth solution, taken in equal propor- 
tions, give a 24% solution when mixed, and, finally, a solution made 
of equal parts by weight of the first and the third solution, has a con- 
centration of 10%. What concentration will result from mixing the 
second and the fourth solutions in the proportion of 2 : 1? 

5.41. Three identical test tubes are half filled with alcohol solu- 
tions. When the content of the third tube was divided in half and 
each half was poured into each of the first two tubes, the volume concen- 
tration of alcohol in the first tube became smaller by 20% of its value 
and that in the second tube increased by 10% of its value. By how many 
times did the initial quantity of alcohol in the first test tube exceed 
the initial quantity of alcohol in the second test tube? (The change in 
the volume upon mixing the solutions may be ignored.) 

5.12. There are two aqueous salt solutions. fo obtain a mixture 
containing 10 g of salt and 90 g of water, we must take twice as much 
by mass of the first solution as the second. A week later, 200 g of water 
evaporated from each kg of the first and the second solution and, to ob- 
tain the same mixture as before, we must take four times as much, 
by mass, of the first solution as the second. How many grams of salt 
were there initially in 100 g of each solution? 

5.13. There are two aqueous solutions of substances A and B differ- 
ing in their weight ratios of substances A and B and water. There is 
as much of the substance A in the first solution as water and one and a 
half as much of substance B as substance A. In the second solution 
there is half as much of substance B as substance A and twice as much of 
substance B as water. What quantity of each solution must we take 
and how much water must.we add to obtain 37 kg of a new solution in 
which there is the same quantity of substance A as substance B and 
twice as much water as substance A? 

5.14. Pure water and an acid solution of constant concentration are 
simultaneously fed into an empty reservoir through two pipes. When 
the reservoir is filled up, it contains a 5% acid solution. If the feeding 
of water is stopped the moment when the reservoir is half full, then 
the filled up reservoir would contain a 10% acid solution. Which pipe 
feeds the liquid quicker and by how many times? 

5.15. Two pipes, operating simultaneously, feed 100 1 of a liquid 
per minute into a tank. There are two acid solutions, one strong and 
the other weak. If we mix 10 | of each solution and 20 | of water, we 
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get 40 1 of a 20% solution. It is also known that if we feed the weak 
solution into an empty tank through the first pipe and the strong solu- 
tion through the second pipe for an hour, we can obtain 30% acid 
solution. Find the concentration (in per cent) of the resulting acid so- 
lution if we feed, into the initially empty tank, the strong solution 
through the first pipe and the weak solution through the second pipe 
for an hour. (The volume is assumed to remain constant when the acid 
and the water are mixed.) 

5.16. There are three bars of various alloys of gold and silver. It is 
known that the amount of gold in 2 g of the alloy in the third bar is 
the same as in 1 g of the first bar and 1 g of the second bar taken to- 
gether. The weight of the third bar is satel to the total weight of a part 
of the first bar which contains 10 g of gold and a part of the second bar 
which contains 80 g of gold. The third bar is four times as heavy as the 
first bar and contains 75 g of gold. How many grams of gold are there 
in the first bar? 

5.17. There are two alloys of zinc, copper, and tin. The first alloy 
is known to contain 40% tin and the second 20% copper. The percen- 
tage of zinc in the first and the second alloy is the same. If we alloy 
150 kg of the first alloy and 250 kg of the second, we get a new alloy 
which contains 30% zinc. How many kilograms of tin are there in the 
new alloy? 

5.48. There are three alloys. The first alloy contains 30% nickel 
and 70% copper, the second contains 10% copper and 90% manganese 
and the third alloy contains 15% nickel, 25% copper, and 60% manga- 
nese. They must be used to obtain a new alloy which contains 40% 
manganese. Find the highest and the lowest percentage of copper the 
new alloy can contain. 


Example 5.2. A vessel contains M kg of a p% salt solution. We 
pour off a kg of the solution from the vessel and add a kg of water and 
stir the solution. We repeat the procedure n times. Find the law accor- 
ding to which the concentration of the salt in the vessel changes, i.e. 
the concentration of the salt after n procedures. 


Solution. The initial quantity of salt in the solution is 00 '™ (kg). 


After a kg of the mixture were poured off, the mixture contains 


= Se ar ae ee 
100 !@ — too *= too M r) 


of salt, and after a kg of water were added, the concentration of the 
mixture becomes 


aaa (1-+7} ; 


After another a kg of the mixture were poured off (which had the con- 
centration c,), the mixture contained 


P MON pee B ee 
aby M (1~Gr} a= 7h M (1 
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of salt, and after another a kg of water were added, the concentration 
of the mixture becomes 


en De ee 
2= F700 (1 M } ; 
After n pourings, the concentration of salt in the solution can be found 
from the formula 


See ee een ba 
“n= "F00 (1 M ’ 
which is the formula for a general term of an infinitely decreasing geo- 
metric progression. The factor 1 — a/M, which is the common ratio 
of the progression, shows how many times the concentration decreases 
after each successive pouring. 


P 
100 


Answer. After n pourings, the concentration of salt is x 


(J 


5.19. One litre of a 12% (by mass) salt solution was poured off from 
the bottle and one litre of water was added. Then one more litre was 
poured off and again water was added. As a result the bottle contained 
3% (by mass) salt solution. Find the capacity of the bottle. 

5.20. There are two tanks, the first filled with pure glycerine and 
the second with water. We take two three-litre buckets, ladle glycerine 
out of the first tank by the first bucket and water out of the second 
tank by the second bucket and then pour glycerine from the first bucket 
into the second tank and water from the second bucket into the first 
tank. After stirring the mixtures, we ladle the mixture out of the first 
tank by the first bucket and the mixture out of the second tank by the 
second bucket and then pour the mixture from the first bucket into the 
second tank and that from the second bucket into the first tank, As a 
result, half the volume of the first tank was occupied by pure glyce- 
rine. Find the volumes of the tanks if it is known that their total vo- 
lume is ten times as large as that of the first tank. 

5.21. Two and a half litres of 96% acid solution were poured off 
from the vessel and 2.5 | of 80% solution of the same acid were added, 
then again 2.5 1 were poured off and 2.51 of 80% acid solution were 
added. As a result, the vessel contained 89% acid solution. Find the 
capacity of the vessel. 

5.22. Each of the two vessels contains V | of pure acid. We pour off 
al of acid from the first vessel and add a1 of water and repeat the pro- 
cedure once again. Then we pour off 2a 1 of acid from the second vessel 
and add 2a | of water and repeat the procedure once again. As a result, 
the concentration of acid in the first vessel proves to be 25/16 times as 
high as that in the second vessel. Find the fraction of a litres in the 
volume of the vessel. 

5.23. Gold dust which is not panned contains k% of pure gold. Af- 
ter each panning, p% of the impurities are washed off and q% of gold 
are lost. How many pannings must be carried out for the percentage of 
pure gold in the gold dust to be not less than r? 


16—0263 


Chapter 11 


Plane Geometry 


1. Triangles 


Criteria of the equality of triangles. Two triangles are equal if 
one of the following conditions is fulfilled: 

(14) two sides and the angle between them of one triangle are respec- 
tively equal to two sides and the angle between them of the other 
triangle; 

(2) two angles and the adjacent side of one triangle are equal to 
two angles and the adjacent side of the other triangle; 

iS) are sides of one triangle are equal to three sides of the other 
triangle. 

Each of the conditions (1)-(3) defines a triangle, i.e. by means of 
the sine and cosine theorems all other parameters of a triangle can be 
calculated from any of the conditions (1)-(3). 

Formulas for calculating the area of a triangle. 


sa taha— tL thy— sche 


S= Vp (p—a)(p—b)(p—c) (Hero’s formula) 


oe ab sin y, 


2, 

abc 
eae 7, 
S=pr. 


The sides and the angles of a triangle are related by the formulas 
a b c 


=2R (the sine theorem) 


sing  sinfp siny 
a? = b?-+-c2— 2be cosa 
b? = a?2-+-c2— 2ac cos B ! (the cosine theorem) 
c? = b?-+ a? — 2ab cos y 
where a, b, and ¢ are the sides of the triangle, h,, hy, and h, are the 
altitudes of the triangle dropped to the sides a, b and c, respectively, 
a, B, andy are the interior angles of the triangle lying opposite the 
sides a, b, and c, respectively, p = z (a-+-b-+c) is a semi-perimeter, R 


is the radius of the circle circumscribed about the triangle, and r 
is the radius of the circle inscribed into the triangle. 
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Lines in a triangle. The median of a triangle is a line segment 
connecting the vertex of the triangle and the midpoint of the opposite 
side. 

The main properties of the medians. 

(1) A median ofa triangle is alocus of points which are the mid- 
points of the line segments which are contained within the triangle 
and are parallel to the side to which the median is drawn. 

(2) The medians of a triangle meet at one point and are divided by 
that point in the ratio 2 : 1, reckoning from the vertex of the triangle. 

(3) A median divides a triangle into two triangles of equal areas. 

(4) Assume that AM, BN, CL are medians of the triangle ABC 
(Fig. 11.4), and O is the point of intersection of the medians. The areas 


B 
l [\ M b a 
Zl iw a 
A N C c 
Fig. 41.4 Fig. 11.2 


of the vies ABO, BCO, and ACO are equal to one another and to 
one-third of the area of the triangle ABC. 

An altitude of a triangle is a segment of the perpendicular dropped 
from the vertex of the triangle to the opposite side or to its extension. 

A bisector of a triangle is a segment of the bisector of the interior 
angle of the triangle between the vertex of the triangle and the point 
at which the bisector of the interior angle cuts the opposite side. 

The main properties of a_ bisector. 

(1) Three bisectors of a triangle meet at one point which lies inside 
the triangle and is the centre of a circle inscribed into the triangle. 

(2) A bisector of an angle of a triangle is the locus of points which 
are equidistant from the sides of the angle. 

(3) A bisector of the angle of a triangle divides the side of the trian- 
gle into parts which are proportional to the adjacent sides. 

Some properties of medians, bisectors, and altitudes of triangles 
of a special kind. 

(1) An altitude drawn from the vertex of an isosceles triangle is a 
bisector and a median at the same time. 

(2) In an equilateral triangle an altitude, a bisector, and a median 
drawn from the same vertex of the triangle coincide; the centre of a 
circle inscribed in an equilateral triangle coincides with the centre of 
a circle circumscribed about the triangle and that point is known as 
the centre of the triangle. 

@) In a right triangle the legs a, 6 and the hypotenuse ce are re- 
ated as 


a? 1. b? = c* (the Pythagorean theorem). 
16% 
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(4) A leg of a right triangle is the mean proportional between a hy- 
potenuse and the projection of the leg onto the hypotenuse (Fig. 11.2): 


b,:b= bic, d:a=aic 


(5) An altitude of a right triangle drawn from the vertex of the right 
angle is the mean proportional between the projections of the legs on- 
to the hypotenuse: 

b:h=h:a, 


(6) The centre of a circle circumscribed about a right triangle lies 
at the midpoint of the hypotenuse; the radius of the circumsribed 
circle is equal to half the hypotenuse (and also to the median drawn 
from the vertex of the right angle). 


Problems 1.1-1.18 can be solved with the use of the sine and co- 
sine theorems. The conditions of the problems are such that the de- 
sired result can be obtained by direct 

8 calculations. 

Example 1.1. Medians AD and CE are 
drawn in the triangle ABC. It is known 
that | AD | = 5,ZDAC = n/8,ZACE= 
u/4. Find the area of AABC. 


£ 
D Solution. Assume that O is the point 
of intersection of thej{medians of the 
gD triangle ABC (Fig. 11.3). To solve the 
see las problem, we use the following properties 


of medians: 

(1) the point of intersection divides 
medians in the ratio 2:1 (reckoning 
from the vertex); 

(2) the area of the triangle whose sides are a side of the given trian- 
gle and segments of the medians (i.e. AAOC) is equal to 1/3 of the area 
of the given triangle (i.e. AABC). 

Thus, to find the area of AABC, it is sufficient to find the area of 
AAOC. By the hypothesis, two angles are known in AAOC, and by 
virtue of (4) the length of the side AO is also known: | AO | = 10/3. 
By the sine theorem we have for AAOC 


IcO|__—«|AOL— COL 10/8 
sin DAC sin ACE sin (1/8) —_— sin (a/4) 
__ 40 — sin (7/8) 
iid mea i sin (3/4) ° 


Since the sum of the angles in a triangle is equal to nm, we have 
ZAOC = 5n/8. Using the formula for calculating the area of a trian- 


# Fig. 11.3 


gle S = gab sin y, we obtain 


1 
S, aoc = > |AO| |CO| sin AOC 
14 10 10 sin(m/8) _. 5x 50 sin (1/8) |. ( I =) 


= 3° 3° ST sina) 98” = 9 Sin (w/4) 
_ 50 sin (1/8) cos (1/8) 25 2 sin (1/8) cos (17/8) _ 25 


9 sin (1/4) 9 sin (1/4) “9g * 


sin 
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Ac .....4% ww property (2) of medians, we have 


25 
Sp apo 35 , Aoc~~3 ° 


Answer. 25/3. 

1.1. The base of a triangle is 12 cm, one of the base angles is 120°, 
the side opposite that angle is 28 cm. Find the third side. 

{.2. Find the bisector of the angle BAC of the triangle ABC if 
|AB|=c, |AC|=06, ZBAC= <a. 

1.3. In the isosceles triangle ABC (| AB | = | BC | ) the alti- 
tude | AE | =12, the base | AC | = 15. Find the area of the triangle. 

1.4. Given is the acute triangle ABC: | AB | = c; the median from 
the vertex B is | BD | = m. The angle BDA is acute and equal to 
B. Find the area of the triangle ABC. 

1.5. Find whether in a triangle with sides equal to 4, 5, 6 cm there 
is an angle smaller than 22.5°. 

1.6. Given in the right triangle ABC: 2 A=a, |AB|=a. 
An altitude BE is dropped from the vertex B of the right angle. A me- 
dian ED is drawn in the triangle BEA. Find the area of AAED. 

1.7. In the right triangle ABC, with right angle at B, 7 A=a, 
| AB | = c. A point D is taken on the extension of the hypotenuse AC 
(in the direction of the point C) such that | AD | = r. Find the 
area of ABCD. 

1.8. In the right triangle ABC an altitude BE is dropped from the 
vertex of the right angle B. A perpendicular is erected at the point C 
to AC along which a segment CD, equal to r, is laid off. Find the area 
of ACEDif zA=a, |AB|—ce. 

1.9. The base angle a of an isosceles triangle is such that a > 45° 
and the area is equal to S. Find the area of the triangle whose ver- 
tices are the feet of the altitudes of the given triangle. 

1.10. The base of a triangle is 20 cm, the medians of the lateral 
sides are 24 cm and 18 cm. Find the area of the triangle. 


2 
1.41. Given two equilateral triangles with sides a5) the second 


triangle resulting from the first upon a rotation through an angle of 
30° about its centre. Calculate the area of the common part of the 
triangles. 

1.12. In the triangle ABC, 7 A=ZB=a,|AB|=a, AH 
is an altitude, BE is a bisector (the point H lies on the side BC, the 
point, E on the side AC). Find the area of ACHE. 

1.13. The bisector AD of Z BAC and the bisector CF of Z ACB 
are drawn in AABC (the point D lies on the side BC and the point F 
on the side AB). Find the ratio of the areas of the triangles ABC and 
AFD if itis known that | AB | = 21, | AC | = 28 and | CB | = 20. 

1.14. The base of an isosceles triangle is equal to b, the base angle 
is equal to a. A straight line cuts the extension of the base at a point 
M at the angle 6B and bisects the lateral side of the triangle which is 
the nearest to M. Find the area of the quadrilateral which the straight 
line cuts off from the given triangle. 

1.15. An altitude BD and a bisector BF are drawn in the triangle 
ABC from the vertex B. It is known that the length of the side 
| AC | = 1, and the magnitudes of the angles BEC, ABD, ABE, BAC 
form an arithmetic progression. Find the length of the side BC. 
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1.16. The vertex angle of an isosceles triangle is equal to 2a. A 
straight line cutting an altitude at the distance c from the vertex 
makes an angle B with the extension of the base. Find the area of the 
triangle which the straight line cuts off from the given triangle. 

1.17*. Find the area of the triangle if the lengths of its two sides. 


are equal to 1 and 15 cm respectively and the length of the median 
of the third side is 2 cm. 

1.18. In the triangle ABC the bisector of Zz A cuts the side BC 
at a point M, and the bisector of Z B cuts the side AC at a point P, 
with | AM |= | BP |. The bisectors meet at a point O. It is known 
that ABOM is similar to AAOP, |BO|= (1+ V3)|OP|, 
| BC | = 1. Find the area of the triangle ABC. 


The hypotheses of problems 1.19-1.21do not include quantities 
which have lengths. It is convenient to introduce an auxiliary quanti- 
ty a which has length (say, a side of a triangle) and then solve the prob- 
lem, with the extended condition. In the expression for the required 
quantities a will be cancelled out and the resulting expression will 
depend only on the quantities given in the hypothesis. 

1.19. The base angle of an isosceles triangle is equal to «. In what 
ratio is the area of that triangle divided by a straight line which di- 
vides its base in the ratio 2: 1 and makes an acute angle f with the 
smaller part of the base? 

1.20. Given in A ABC: Z ACB = 60°, Z ABC = 45°. A point 

K is taken on the extension of AC beyond the vertex C such that 
| AC | =|CK|.A point M is taken on the extension of BC beyond 
the vertex C such that the triangle with vertices C, M, and K is 
similar to the initial one. Find | BC |: | MK | if it is known that 
|CM:|MK|< 1. 

1.21. In AABC the angle B is equal to n/4 and the angle C is 
equal to n/3. Circles meeting at points P and Q are constructed on the 
medians BM and CN as diameters. Thechord PQ cuts the midline MN 
at point F. Find the ratio of the length of the segment NF to that of 
the segment FM. 


Some problems can be solved by introducing an auxiliary unknown 
for which, by the hypothesis, itis necessary to derive and solve an equa- 
tion. A linear dimension of an 


A angle can be taken as an auxiliary 
unknown. It must be so chosen 
that the quantities given in the 

j hypothesis and the _ auxiliary 


0) unknown define the triangle 
“— uniquely). 


Example 1.2. Find the area of 


B K C the triangle ABC if |AC| =3, 
| BC |= 4 and the medians AK 
Fig. 41.4 and BL are mutually perpendicular. 


Solution. Let us introduce an 

angle a = Z BCA as an unknown 

quantity (Fig. 11.4). The triple of the given data (the lengths of the 
sides AC and BC and the angle a) defines the triangle ABC, and all 
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the other parameters of the triangle can be expressed in terms of them. 
In addition, if the magnitude of the angle a was known, the area of 
AABC could be found from the formula 


sa |BC| |AC| sina. 


We derive a trigonometric equation for finding the angle a using 
the condition of mutual perpendicularity of the medians AK and BL, 
By the cosine theorem, we find | BA | for AABC: 

| BA |? |BC|2+ ]|CA|2%—2]|BC||CA | cosa, 
| BA |? = 42 4 3% — 2-4-3 cosa, 
| BA |2 = 25 — 24 cosa. 


By the cosine theorem, we find the length of the median BL in the 
Seer BCL (BL being a median, it follows that | CLD | = | LA |= 
3/2): 


|BL|2?=|BC|?+|CL|2—2 |BCc| |CL| cosa, 
2 
primar (2)?—2.4.3 cose 
2 2 
73 


|BL|?= 7——12 Cos a. 


Similarly, using the cosine theorem, we find 
| KA |2 = 13 —12cosa 


for the triangle KCA. 
According to the properties of medians we have 


2 Be 
|BO| => |BL|=/y Gg 008 a, 
2 a 


(O is the point of intersection of medians). By the hypothesis BOA is 
a right triangle and, consequently, 


| BA|?= |BO|?+ |OA|? => 


73 16 52 16 5 
Bn Sat soe a aie eee, eee 
25 — 24 cosa 9 Z COS & --f- 9 3 COS —> Cosa=—, 

Knowing now the cosine of the angle a, we can find the area of the 
triangle ABC: 


4 4 ae 
S, apc =~ |BC| |AC| sina=— |BC| |AC| V 1—cos? a 


Answer. Y 11. 
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It is convenient to take a linear dimension as an auxiliary unknown 
in problems 1.22-1.27, an angle in problems 1.28-1.32, and introduce 
two auxiliary unknowns in problems 1.33-1.35. 

1.22. In triangle ABC the altitudes |CD | = 7 and | AE |= 6. 
Point E divides the side BC so that | BE |: | EC | = 3: 4. Find the 
length of the side AB. 

1.23. Find the area of an isosceles triangle if the altitude drawn 
to the base is equal to 10 and that drawn to a lateral side is equal to 12. 

1.24. In an isosceles right triangle the medians drawn to the legs 
are equal to J. Find the area of the triangle. 

1.25. In a regular triangle ABC with side a points EF and D are 
the midpoints of the sides BC and AC respectively. Point F lies on the 
segment DC, the segments BF and DE meet at a point M. Find the 
length of the segment MF if it is known that the area of the quadri- 
lateral ABMD constitutes 5/8 of the area of the triangle ABC. 

1.26. In a triangle with an angle of 120° the lengths of the sides form 
an arithmetic progression. Find the lengths of all sides of the triangle 
if the greatest of them is 7 cm. 

1.27. The lengths of two sides of an isosceles triangle and the length 
of the altitude drawn to the base form a geometric progression. Find 
the tangent of the base angle of the triangle if it is known to exceed 2. 

1.28. In a right triangle the ratio of the product of the lengths of 
the bisectors of the interior acute angles to the square of the length of 
the hypotenuse is 1/2. Find the acute angles of the triangle. 

1.29. In the triangle ABC the length of the side AC is equal to 
b, the length of the side BA is equal toc, and the bisector of the interi- 
or angle A meets the side BC ata point D such that |DA|=|!DB|. 
Find the length of the side BC. 

1.30. The chord AB subtends the arc of a circle equal to 120°. 
Point C lies on that arc and point D lies on the chord AB; | AD | = 2, 


|BD|=1, |DC|= V2. Find the area of the triangle ABC. 

1.31. Given a triangle ABC. A median A M is drawn from the ver- 
tex A and a median BP from the vertex B. It is known that 2 APB 
is equal to 4 BMA, the cosine of Z ACB is equal to 0.8, and 
| BP | = 1m. Find the area of A ABC. 

1.32. Two identical regular triangles ABC and CDE with side 
1 lie on the plane so that they have only one point C in common and 
the angle BCD < n/3. Point K is the midpoint of the side AC, point 
L is the midpoint of the segment CE, point M is the midpoint of the 


segment BD. The area of the triangle KLM is equal to V'3/5. Find the 
length of the segment BD. 

1.33. A right triangle MWNC is inscribed in a right isosceles trian- 
gle ABC with Z B= 90° : that 7 MNC = 90°, point N lies on 
the hypotenuse AC and point M on the side AB. In what ratio must 
the point N divide the hypotenuse AC for the area of A MNC to 
constitute 3/8 of the area of A ABC? 

1.34. A rectangle MN KB is inscribed in an isosceles right triangle 
ABC with the right’ vertex angle B so that two sides MB and KB of 
the rectangle lie on the legs and the vertex N lies on the hypotenuse 
AC. In what ratio must the point N divide the hypotenuse for the 
area of the rectangle to constitute 18% of the area of the triangle? 


1 Triangles 249 


1.35. In the isosceles triangle ABC (| AB | = | BC | ) the median 
AD and the bisector CE are perpendicular. Find the angle ADB. 


Problems 1.36-1.41 can be solved with the use of the common prop- 
erties of triangles and various formulas 
for calculating their areas. B 


Example 1.3. A point D is taken on 
the side AB of the triangle ABC between 
points A and B so that| AD|:|A B= 1) 

a (a <1); a point £ is taken on the V3 

side BC between points B and C so that 

|BE|:|BC|= 8B (Bp <1). A straight 

line which is parallel to the side AC and r 
cuts the side AB at a point F is drawn 

through the point £. Find the ratio of "Fig. 14.5 

the areas of the triangles BDE and BEF. . 

Solution. Assume that the area of A ABC is equal to S. The trian- 
gle BEF is similar to A ABC since FE || AC (Fig. 11.5). Since the areas 
of ae triangles are related as the squares of the respective sides, 
we have 


S, per _ |BE|? 

S ~ {Bc 

The areas of the triangles BDE and ABC can be expressed in terms of 
the sides and the angles of those triangles by the formulas 


=B?=> S, per=SB?. 


1 1 
S, ppe= !BD| |\BE|sinB, S=-~|AB| |BC| sin B, 


from which it follows that 


Sa spe _ |BD| | |BE| _ \BD\ . 
S | AB] |[BC| = |AB, 
By the hypothesis, | AD |= |AB|a and since 
|BD|=|AB|—|AD|=|AB|—|AB|a=|AB|(1—a@), 


it follows that 
|BD|/|AB|=1—a. 
Thus we have 
S) BDE 
S 


We have to find the ratio Sappe Sapper: Substituting S, pep = 
SB? and Sjpgpg = 5 (1 — @) B into this ratio, we gct 


=(1—a) BS, ppp=S (1—a) B. 


Sj BDE _ 1-a 
Sa BEF Bp * 
Answer. (1 — a): B. 
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1.36. In triangle ABC a straight line is drawn from the vertex A 
cutting the side BC at a point D which lies between the points B 
and C, with|CD|:|BC | =a (a < 1/2). A point E is taken on the 
side BC between the points B and D and a straight line which is paral- 
lel to the side AC and cuts the side AB at a point F is drawn through 
it. Find the ratio of the areas of the trapezoid ACEF and the triangle 
ADC if it is known that |CD|=|DE|. 

1.37. Points E, F, M lie on the sides AB, BC, and AC of the trian- 
gle ABC, respectively. The segment AE constitutes 1/3 of the side 
AB, the segment BF constitutes 1/6 of the side BC, and the segment 
AM constitutes 2/5 of the side AC. Find the ratio of the area of 
AEFM to that of A ABC. 

1.38. Points P, Q, and R are taken on the extensions of the medians 


AK, BL, and CM of the triangle ABC such that | KP | = as | AK |, 


| LQ) = | BL| and | MR| = >| CM. Find the area of the 
triangle POR if the area of the triangle ABC is equal to unity. 
1.39. Given triangle ABC whose area is unity. Points P, Q, and 
R are taken on the medians AK, BL, and CN of the triangle ABC, 
respectively, so that 


Find the area of the triangle POR. 
1.40. The triangle ABC does not have obtuse angles. A point D 


is taken on the side’AC of the triangle such that | AD | = . | AC |. 


Find the angle BAC if it is known that the straight line BD divides 
the triangle ABC into two similar triangles. 

1.41. Points P and Q divide the sides BC and CA of the triangle 
ABC in the ratio 


IBP| _.. ICQ! 


|PC| "QA 


Assume that O is the intersection point of the straight lines AP and 
BQ. Find the ratio of the area of the quadrilateral OPCQ to that 
of the given triangle. 


2. Quadrilaterals 


The parallelogram. A quadrilateral whose opposite sides are pair- 
wise parallel is known as a parallelogram. A parallelogram possesses 
the following main properties: 

(1) the opposite sides of a parallelogram are equal; 

(2) the opposite angles of a parallelogram are equal; 

(3) the diagonals of a parallelogram are bisected by the intersec- 
tion point; 

(4) the sum of the squares of the diagonals ofa parallelogram is 
equal to the sum of the squares of all its sides, 
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The area of a parallelogram can be calculated by the formula 
S=ah,, S = absina, 


where a, b are the sides of the parallelogram, h,, is the altitude of the 
parallelogram drawn to the side a, @ is an angle of the parallelogram. 
The rhombus. A parallelogram whose all sides are equal is known 

as a rhombus. Being a parallelogram of a special kind, a rhombus has 
all the properties of a parallelogram. In addition, a rhombus possesses 
the following special properties: 

(1) the diagonals of a rhombus are mutually perpendicular; 

(2) the diagonals of arhombus are the bisectors of its interior angles. 

The area of a rhombus can be calculated by the same formulas as 
the area of a parallelogram. In addition, the area of a rhombus can be 
calculated by the formula 

4 


S — “gy Aide, 


where d, and d, are diagonals of the rhombus. 

The rectangle and the square. A parallelogram whose all angles 
are right angles is known as a rectangle. The area of a rectangle can be 
calculated by the formula 


Ss = ab, 


where a and b are adjacent sides of the rectangle. 

A rectangle whose all sides are equal is known as a square. A square 
has all the properties of a parallelogram, a rhombus, and a rectangle. 
The area of: a square can be calculated by the formula 


S= a, 


where a is a side of the square. 

The trapezoid. A quadrilateral whose two sides are parallel and 
the other two sides are nonparallel is known as a trapezoid. The area of 
a trapezoid with bases a and b and the altitude 2 can be calculated by 
the formula 


_ a+b, , 
SH 


The line segment which connects the midpoints of the nonparallel 
sides of a trapezoid is called a median of the trapezoid. The median of 
a trapezoid possesses the following properties: 73 ™ 

(1) the median of a trapezoid is parallel to the bases and is equal 
to half their sum; 

(2) the median divides the altitude of a trapezoid into two equal 
segments. 


In problems 2.1-2.17 the required quantity can be found by direct 
calculations. 


Example 2.1. Given a trapezoid PQRN with bases PN and QR, 
in which | PN | = 8, | QR |= 4,| PQ|= Y28, Z RNP = 60°. 
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A straight line passes through the point R and divides the trapezoid in- 
to two figures of equal areas. Find the length of the segment of that 

line which is in the interior of the 
trapezoid. 

Solution. Assume that the line 
dividing the trapezoid into two figures 
of equal areas cuts the base PN of 
the trapezoid at a point M (Fig. 11.6). 
We shall verify the validity of this 
statement somewhat later. 

Let us drop altitudes from the 
points Q and R to the base PN of the 
trapezoid. Since | LK|=|OR| = 
4 and | PN | =’8, the lengths 
of the segments | PL | and’! KN | 
satisfy the equality | PL | +| KN |= 
4. We introduce the designation | PZ | = z, and then we have 
| KN | = 4—z. Since the length of the nonparallel side PQ is known, 
we obtain from the triangle POL by the Pythagorean theorem 


|QL| = V28—22. 
We express | KR | from the triangle KRN as follows: 
| KR| = (4 — 2) tan 60° = V3 (4 — 2); 
QL and KR are altitudes of the trapezoid, and we find from the equa- 
tion |QOL|=| KR | that 
V 28 — 2? = V3 (4 — 2) = 28 — 22 = 3 (4 — 2)? 
=>27—6r4+5=—-0>527=5,r7= 1: 


By the geometrical meaning of the problem, from the two values of the 
unknown zx the value + = 1 is suitable and, consequently, 


|PL|=1, | KN|=3, | KR| = 3V3. 
We can now calculate the area of the trapezoid PORN: 


448 : 
Sponn=—4— 3 V3=18 V3. 


Since by the hypothesis the straight line RM divides the trapezoid in- 
to two parts of equal areas and by the assumption the line RM cuts 
the base of the’ trapezoid, we have 


Saman = 9V3. 


Knowing the altitude of the triangle MRWN (the length of the line seg- 
ment RK), we can calculate the base of the triangle MRN: 


9 V3=—> |KR| |MN| = |MN|=6. 


Since | PN | = 8, | MN | = 6, our assumption that the line 
passing through the point R cuts the base PN of the tranezoid proved 
to be correct. If the calculations carried out led to the inequality 
|MN|>|PN |, that would mean that the line passing through 
the point R cuts one of the nonparallel sides, PQ, of the trapezoid. 
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Let us now calculate the required length of the segment MR. We 
have found that | KAN |= 3, |MAK|=|MN|—|AN|=3. By 
the Pythagorean theorem we find from the right triangle MRK that 
|\MR|=YV|MK/?>+/RK P= V9+ 27=6. 

Note that if the straight line cut one of the nonparallel sides, PQ, 
of the trapezoid at a point M’, (Fig. 11.6), we could find the length of 
the segment M’R from the triangle M'QR. To calculate that segment, 
it would be necessary first to find the angle PQR of the trapezoid 
(which angle is also an angle of the triangle M’QR being considered), 
and then, from the known angle PQR, the area of the triangle S, yweor= 


> Spann and the base QR to find successively the length | M’Q | 
and, by the cosine theorem, the length | M’R |. 
Answer. The length of the segment is equal to 6. 


2.14. Find the diagonal and the area of an isosceles trapezoid if its 
bases are 3 cm and 5 cm and one of the nonparallel sides is 7 cm. 

2.2. Find the area of an isosceles trapezoid whose bases are equal 
to 12 cm and 20 cm and the diagonals are mutually perpendicular. 

2.3. In the trapezoid ABCD the length of the base AD is 2 m and 
that of the base BC is 1 m. The lengths of the nonparallel sides AB 
and CD are equal to 1 m. Find the length of the diagonal of the tra- 
pezoid. 

2.4. One of the angles of a trapezoid is 30° and the nonparallel 
sides, when extended, meet at right angles. Find the smaller of the 
nonparallel sides of the trapezoid if its median is 10 cm and the smaller 
base is 8 cm, 

2.5. In the trapezoid ABCD the length of the smaller base BC is 
3 m, the lengths of the nonparallel sides AB and CD are equal to 3 m. 
The diagonals of the trapezoid make an angle of 60°. Find the length 
of the base AD. 

2.6. The larger base of the trapezoid is 5 cm, one of the nonparal- 
lel sides is 3 cm. One of the diagonals is known to be perpendicular to 
the given nonparallel side and the other bisects the angle between the 
given nonparallel side and the base. Find the area of the trapezoid. 

2.7. Given in the isosceles trapezoid ABCD: | AC | = a, ZCAD = 
a. Find the area of the trapezoid. 

2.8. Given a square in which another square is inscribed whose 
vertices lie on the sides of the first square, and the angles between 
the sides of the squares are equal to 60°. What part of the given 
square does the area of the inscribed square constitute? 

2.9. Given an isosceles trapezoid ABCD. It is known that | AD | = 
10, |BC|=2, |AB|=|CD |= 5. The bisector of the angle 
BAD cuts the extension of the base BC at a point K. Find the length 
of the bisector of the angle B in the triangle ABK. 

2.10. The bases of an isosceles trapezoid are equal to a and b and 
the angle the diagonal makes with the base is equal to a. Find the 
length of the segment connecting the point of intersection of the dia- 
Sr with the midpoint of one of the nonparallel sides of the trape- 
zoid. 

2.11. In the trapezoid ABCD, where AD is the base, diagonals AC 
and BD are drawn which meet at a point O. It is known that the 
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length of the diagonal AC is equal to / and the angles AOB, ACB, ACD, 
BDC, ADB form an arithmetic progression (in the order they are writ- 
ten). Find the length of the base AD. 

2.12. Given an isosceles trapezoid ABCD in which | AB | = 
|CD| = 3,|AD|=7, Z BAD = 60°. A point M is located on the 
diagonal BD so that | BM|:| MD |= 3:5. Which of the sides 
of the trapezoid, BC or CD, is cut by the extension of the segment 
A 


2.13. Calculate the area of the common part of two rhombi, the 
diagonals of the first rhombus being equal to 2 and 3, and the second 
rhombus being obtained by a rotation of the first through 90° about its 
centre. 

2.14. In the square ABCD with the area 1 the side AD is extended 
beyond the point D and a point O is taken on the extension at the dis- 
tance of 3 from the point D. Two rays are drawn from the point O. 
The first ray cuts the segment CD at a point M and the segment AB 
at a point N, the length of the segment ON being equal to a. The 
Second ray cuts the segment CD ata point LZ and the segment BC 
at a point K, with 2 BKL=a. Find the area of a polygon 
BKLMN. 

2.15. The bisectors of four angles are drawn in a parallelogram 
with sides a and 6 and an angle a. Find the area of the quadrilateral 
bounded by the bisectors. 

2.16. The length of the lateral side AB of the parallelogram ABCD 
is equal to a; the length of the perpendicular dropped from the point 
of intersection of the diagonals to the base is equal to h; the angle be- 
tween the larger diagonal BD and the base AD is equal to a. Find the 
area of the parallelogram. 

2.17. The bases in the trapezoid ABCD are: | AD |= 16, 
| BC | = 9. A point M is chosen on the extension of BC such that 
| CM | = 3.2. In what ratio does the straight line AM divide the 
area of the trapezoid ABCD? 


Problems 2.18-2.29 can be solved by introducing an auxiliary 
unknown (or several unknowns) for which an equation (a system of 
,equations, respectively) is set up from 
B c the hypothesis. An angle or an unknown 
linear dimension can be taken as an auxi- 

liary unknown. 


Example 2.2. In the convex quadrilat- 
eral ABCD the vertex angles A and B are 
a right angles, the vertex angle D is equal 
to 1/4, | BC | =1, and the length of the 
diagonal BD is 5. Find the area of the 
quadrilateral. 
A D Solution. We designate the angle BDC 
asa (Fig. 414.7). Since the sum of the 
Fig. 414.7 interior angles of any quadrilateral is 
equal to 2x, and three angles of the 
quadrilateral ABCD are known from the 
hypothesis, it follows that ZC = 3n/4. Let us consider the triangle 
BDC. By means of the sine theorem, we find the angle a of the 


2 Quadrilaterals 205 


triangle BDC: 


|IBC|  |BD| | 
sina  sinC sina = 3/2 


ina= y2 = arcsin 2 
=> sina=—7)- => @ = aresin — 
(a is an acute angle). 
In the triangle BDC: Z DBC =~ —aresin = , 
In the triangle ABD: Z ADB = =-—aresin ee ; 
From the right triangle ADB we obtain 
I 2 
| AD| =5 cos (4-—aresin 10 
_ n _ y2 _ ui, _ y2 
=5 | cos ZF 698 (aresin 10 )-+sin 7Z sin (arcsin 10 ) | 
V2 98 V2 V2 
=5(“ V qot-a- aw | = 4 


|AB] = V |BD|?— |AD|?= V5?—42=3. 


Since by the hypothesis the ee A and B are right angles, it follows 
that AD || BC and the quadrilateral ABCD is a trapezoid (AD and 
BC are the bases, AB is an altitude), whence we have 


_ |BC|+ AD] 15 
—— 


Str |AB|=—>. 


Answer. 15/2. 


2.18. Given a square with vertices A, 
outside the square. It is known that | OA | 


Y 13. Find the area of the square. 

2.19. In the convex quadrilateral ABCD the bisector of the angle 
ABC cuts the side AD at a point M, and a perpendicular dropped from 
the vertex A to the side BC cuts BC at a point N so that | BN | = 
{NC | and |AM|=2|MD |. Find the sides and the area of the 


quadrilateral ABCD if its perimeter is equal to 5+ VY 3, ZBAD = 
90° and ZABC =60°. 

2.20. In the trapezoid ABCD the angles A and D at the base AD 
are equal to 60° and 90° respectively. Point WN lies on the base BC 
and | BN|:|NC|= 3:2. Point M lies on the base AD, and the 
straight line | MN | is parallel to one of the nonparallel sides, AB, and 
divides the area of the trapezoid in half. Find the ratio | AB |: | BC |. 

2.21. The length of the median of the trapezoid is 5 cm, and the 
length of the segment connecting the midpoints of the bases is 3 cm. 


B,C, D and a point O lying 
= |OB|=5and|DO| = 
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The angles at the larger base of the trapezoid are 30° and 60°. Find 
the area of the trapezoid. 

2.22. The sum of the acute angles of a trapezoid is 90°, the altitude 
is 2 cm, and the bases are 12 cm and 16 cm. Find the nonparallel sides 
of the trapezoid. 

2.23. In the rhombus ABCD with side a the vertex angle A is 
equal to x/3. Points # and F are the midpoints of the sides AB and 
CD respectively. Point K lies on the side BC, the segments AK and 
EF meet at a point M. Find the length of the segment MK if it is 
known that the area of the quadrilateral M ACF constitutes 3/8 of the 
area of the rhombus ABCD. 

2.24. In the right-angled trapezoid ABCD the angles A and D are 
right angles, the side AB is parallel to the side CD; | AB |= 1, 
|CD| = 4, | AD |= 5. A point M is taken on the side AD such 
that the angle CMD is twice the angle BMA. In what ratio does the 
point M divide the side AD? 

2.25. The length of the diagonal BD of the trapezoid ABCD is 
equal to m, and the length of one of the nonparallel sides, AD, is 
equal to n. Find the Iength of the base CD if it is known that the 
lengths of the base, the diagonal, and one of the nonparallel sides of 
the trapezoid drawn from the vertex C are equal to one another. 

2.26. In the trapezoid ABCD the diagonals AC and DB are mu- 
tually perpendicular, 2 BAC = ZCDB. The extensions of the nonpar- 
allel sides AB and DC meet at a point K forming an angle AKD equal 
to 30°. Find the area of the triangle AKD if the area of the trapezoid 
is equal to S. | 

2.27. In an isosceles trapezoid with bases a and b (a > b) the 
diagonals are the bisectors of the angles at the larger base. Find the 
area of the trapezoid. 

2.28. In the trapezoid ABCD the diagonal AC is perpendicular 
to one of the nonparallel sides, CD, and the diagonal DB is perpendic- 
ular to the other nonparallel side, AB. Line segments BM and CN 
are laid off on the extensions of the nonparallel sides AB and CD be- 
yond the smaller base BC so that a new trapezoid BM NC results which 
is similar to the trapezoid ABCD. Find the area of the trapezoid ABCD 
if the area of the trapezoid AMND is S and the sum of the angles 
CAD and BDA is 60°. 

2.29. Given a parallelogram ABCD with sides | AB | = 2 and 
| BC | = 3. Find the area of the parallelogram if it is known that 
the diagonal AC is perpendicular to the segment BE which connects 
the vertex B and the midpoint £ of the side AD. 


When solving problems 2.30-2.36, use is made of the special prop- 
erties of polygons and triangles following from the hypotheses. 


Example 2.3. In a trapezoid with bases a and b a straight line, 
which is parallel to the base, is drawn through the point of intersection 
of the diagonals. Find the length of the segment of that line between 
the nonparallel sides of the trapezoid. 

Solution. Assume that the base BC of the trapezoid ABCD is equal 
to a, and the base AD is equal to 6 (Fig. 11.8), AC and BD are dia- 
gonals, O is the point of their intersection, BN is an altitude of the 
trapezoid, M is the point of intersection of the altitude BN and the 
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required segment KL. By the hypothesis, KL || BC, and, consequently, 
the triangle ABD is similar to the triangle KBO, and the triangle ABC 


Fig. 11.8 


is similar to the triangle AKO. Since the altitudes of similar triangles 
are proportional to the sides to which they are drawn, we have 


[KO|  |BM| |KO|  |MN| 
|AD| |BN| ’ |BC| ~~ |BN| ° 
AS a consequence of these equations and the hypothesis, we obtain 
|KO| , |KO| _ |BM| [MN| _ |BC| + |AD| ) 
| AD| t |BC| — | BN | | BN | ey |KO} | |AD| |BC| 
_ |BM|+|MN| a+b, | ab 
= BN] = |£0|— =1> AOS eh : 


Similarly, from the similarity of two pairs of triangles A\DOL~ ADBC 


and AOCL ~ AACD,wefind that | OL | = - * > and, therefore, 
__ dab 
| KL|=|KO|+10L| = 345. 
A nswer ant 
e a + b° 


2.30. Given a parallelogram ABCD with area 1. A straight line is 
drawn through the midpoint M of the side BC and the vertex A which 
a the diagonal BD at a point O. Find the area of the quadrilateral 

MCD. 

2.31. The following points are taken on the sides of a convex 
quadrilateral ABCD whose area is equal to 1: K on AB; L on BC; M 
on CD; N on AD. We also have 


[AK] _, IBLi 1 |CM| _, IDNi_ 14 
[KB| “ |~Lc)| 3° |MD] °° |NA] 5° 


Find the area of the hexagonal AKLCMN. 
2.32. A, B, C, D are successive vertices of a parallelogram. Points 
E, F, P, H lie on the sides AB, BC, CD, AD, respectively. 


17-0263 
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The segment AE is equal to 1/3 of the side AB, the segment BF is equal 
to 1/3 of the side BC, and the points P and H bisect the sides on which 
they lie. Find the ratio of the area of the quadrilateral EFPH to that 
of the parallelogram ABCD. 

2.33. In the convex quadrilateral ABCD the length of the segment 
connecting the midpoints of the sides AB and CD is equal to 1. The 
straight lines BC and AD are perpendicular. Find the length of the 
segment connecting the midpoints of the diagonals AC and BD. 

2.34. The lengths of the diagonals of a rhombus and the length 
of its side form a geometric progression. Find the sine of the angle 
between the side of the rhombus and its larger diagonal if it is known 
to be larger than 1/2. 

2.35. In the convex quadrilateral KEMN points LE, I, G, H are, 
respectively, the midpoints of the sides KL, LM, MN, NK. The area 
of the quadrilateral EFGH is equal to 0, ZHEF = an/6, 2 EFH = 
m/2, Find the lengths of the diagonals of the quadrilateral KLMN. 


3. The Circumference and the Circle 


A circumference is a set of all points of a plane which are at a given 
positive distance from a certain given point of the plane, which is 
called the centre of the circumference. A circle * consists of a circumfe- 
rence and its interior points. 


C B 


M 
Fig. 11.9 Fig. 14.10 


A line segment connecting two points of a circle is called a chord. 
Chords possess the following properties: 

(1) The diameter bisecting the chord is perpendicular to it. 

(2) Equal chords of a circle are equidistant from its centre; chords, 
which are equidistant from the centre of a circle are equal. 

(3) If two chords AB and CD are drawn through the point M which 
lies in the interior of a circle (Fig. 11.9), then the products of the seg- 
ments of the chords are equal: |AM||MB|=|CM||MD |. 

Theorem ona tangent and a secant. If a tangent MC and a secant MA 
are drawn from a point M (Fig. 11.10) lying outside the circle, then 
the product of the secant by its exterior part is equal to the square of 
the tangent: | MC |? = | MA || MB |. 


* When no ambiguity arises, it is used as a synonym of a circum- 
ference. 
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Lengths and areas. 

The length of a circle of radius R: L = 2nR. 

The area of a circle of radius R: S = mR?. 

The length of an arc of a circle of radius R with the central angle a 
(in radians): 1 = Ra. 

The area of a sector of a circle of radius R with the central angle a 


(in radians): s = 9 Ra. 


The properties of lines in tangent and intersecting circles. 

(1) The line of centres of two tangent circles passes through the 
point of tangency. 

(2) The common interior tangent of two externally tangent circles 
is perpendicular to their line of centres. 

(3) The common tangent of two internally tangent circles is per- 
pendicular to their line of centres. 

(4) The common chord of two intersecting circles is perpendicular 
to their line of centres and is bisected by their point of intersection. 


Problems 3.1-3.9 can be solved by direct calculations based on the 
properties of lines in circles. 


Example 3.1. The common chord of two intersecting circles can 
be seen from their centres at the angles of 90° and 60°. Find the radii 
of the circles if the distance between their centres is equal to Y 3 + 1. 

Solution. Assume that O, and OQ, are the centres of the circles, 
AB is the common chord, K is the point of intersection of the line of 


Fig. 14.41 


centres 0,0, and the common chord AB (Fig. 11.11); the angle AO,B 
is 60°, and the angle AO,B is 90°. Let us consider the triangle AO,B. 
Che triangle is isosceles (| AO, | = | BO, |) and 0,K LAB, i.e. O,K 
is the altitude, the median and the bisector of the triangle AO,B. By 
the hypothesis, the angle AO,B is 60° and, consequenily, the angle 
AO,K is 30°. Similarly, we find for the triangle AO,B that the angle 
AO,K is 45°. Let us consider the triangle 0,A0Q,. In this triangle we 
know two angles (A0,K and AO,K), which are equal to 30° and 45° 


respectively, and the segment 0,0, which is equal to V3 + 1. The 
sides O,A and AO, of the triangle are the required radii. " 


17¢ 
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Since the sum of the angles of a triangle is equal to 180°, the angle 
O,AO, is 105° and by the sine theorem we have for the triangle 0,A0, 


}0,4|  V3+4 10,4) _ V3+1 (*) 
sin 45° ~—sin 105° +’ ~~ sin 30° sin 105° ° 
But sin 105° = sin (90° + 15°) = cos 15°. By the formula 4+ 
cos a= 2 cos, we can set a = 30° and calculate cos 15°: 


2 cos? 15° = 1-4-cos 30° => 29s? 15° = 2rys 


=> cos 15°= BATS ; 


from equations (*) we find that 
0,4, =V2 (V3+1)-2 _ V2(V3+1) __V2(V3+4) _ 
1 * 9 V reel = 7 = 3 ce ay 
24+V3 V24+V3 V(v3+1)22 
(V344)-2  V84+4 — V38+1 yg 
2V24+V3 V24+v3 V(v3+1)2/2 
Answer. 2 and W2. 


3.4. Three circles lie on a plane so that cach of them externally 
touches the other two. Two of them have radius 3, the third, radius 1. 
Find the area of the triangle ABC, where A, B, and © are points of 
tangency of the circles. 

3.2. Given two externally tangent circles of radii R and r. 
Find the length of the segment of the external tangent between the 
points of tangency. 

3.3. Two circles whose radii are equal to 4 and 8 meet at right 
angles. Find the length of their common tangent. 

3.4. The centres of four circles lie at the vertices of a square with 
side a. The radii of all the circles are also equal to a. Find the area 
of the part of the plane which is common for all the circles. 

3.5. A point O is taken outside the right angle with vertex C on 


the extension of its bisector such that | OC | = VY 2. A circle of radius 
2 with centre at the point O is constructed. Find the area of the figure 
bounded by the sides of the angle and the arc of the circle contained 
between them. 

3.6. Points A and B are taken on the straight line, which passes 
through the centre O of the circle of the radius of 12 cm, such that 
| OA | = 15 cm and | AB | = 5 cm. Tangents to the circle are drawn 
from the points A and B whose points of tangency lie on the same side 
of the straight line OAB. Find the area of the triangle ABC, if C is 
the point of intersection of those tangents. 

3.7. Given two nonintersecting circles of radii R and 2R. Common 
tangents are drawn to them and meet at a point A of the segment con- 
necting the centres of the circles. The distance between the centres of 


the circles is equal to 2RY 3. Find the area of the figure bounded by 


|O,A] = 
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the segments of the tangents contained between the points of tangency 
and the larger arcs of the circles connecting the points of tangency. 

3.8. A tangent AB is drawn to a circle from a point A which lies 
on the extension of the diameter KL of the circle in the direction of 
the point LZ (B is the point of tangency). The tangent AB mak:s an 
angle a with the diameter KL. Find the area of the figure formed by 
the sides of the angle and the arc LB if the radius of the circle is R. 

3.9. Two circles of radii 5 cm and 3 cm are internally tangent. 
A chord of the larger circle touches the smaller circle and is divided 
by ne point of tangency in the ratio 3:1. Find the length of the 
chord. 


Problems 3.10-3.24 can be solved by introducing an auxiliary unknown 
for which an equation is set up from the hypothesis. 


Example 3.2. Two circles of radii R and r are externally tangent. 
Find the radius of the third circle which is between them and touches 
those circles and their external tangent. 

Solution. Assume that O,, O,, and O; are, respectively, the centres 
of the circles of radii R, r and the required circle; M,M, is the com- 
mon external tangent of the given circles (Fig. 11.12). We designate 


Fig. 11.42 


as Z the point of tangency of the required circle and the straight line 
M,M,. Through the centre O; of the sought-for circle we draw a 
straight line which is parallel to the line M,M, (P anl K 
are the points of intersection of that line and the segments 0,M, 
and O,M,). The straight line PK is perpendicular to the lines 
O,M,, O,M, and O3L. We: designate the radius of the required 
circle as x. In the right triangle 0,PO, the length of the hypotenuse 
| 0,0; | = R + 2, the length of the leg 0,P = R — z. By the Pytha- 
sorean theorem, | PO; | = 2Y Rz. Similarly, from the right triangle 
O3KO, we find that | O,K | = 2W rz. 

Through the centre of the smaller of the circles of radii R and r 
we draw a straight line which is parallel to the common external tan- 
rent (in Fig. 11.12 the circle with centre 0, has a smaller radius than 
the circle with centre 0,, and 0,8 is the drawn straight line). From 
the right triangle 0,SO, in which | 0,0, | = R+7r,|0,S |= R —r, 
we find that | 0,5 | = 2Y Rr. The line segments SO,, PK, M,M, are 
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parallel to one another since each of them is perpendicular to the pa- 
allel straight lines O0,M, and O,M, and| SO, | = | PK |= |M,M, |. 

The equality | SO, | = |PK | = | PO,;| + | O3K | yield an equ- 
ation making it possible to find the unknown z: 


2VRrt2 Vre=2 VRr= Rr+2x VRr+rz=Rr 


moe Rr Rr 
= 2 R 2 Rr r = Rr c=  — —_ , 
cl ala R4+2VRr+r  (VR+Vr/ 
Rr 
(VR+ Vr)? 
Example 3.3. AOB is a sector of a circle of radius r. The angle 
AOB is equal to a (a << 2). Find the radius of the circle which lies 
inside the sector and touches the chord 
AB, the arc AB, and the bisector of 
ZAOB. 

Solution. Assume that OM is the 
bisector of the angle AOB, O, is the 
centre of the required circle, S is the 
point of tangency of the required circle 
and the bisector OM, K is the point of 
tangency of the required circle and the 
chord AB (Fig. 11.13).. The segment OM 
is the bisector of the angle AOB and, 
since AAOB is an ‘isosceles triangle, it 
follows that OM is at the same time an 
altitude of the triangle ‘AOB. The qua- 
drilateral SMKO, is a square since 
Fig. 11.13 | SO; | =| KO, |, and the angles 0,SM, 
SMK, and MKO, are right angles. By 
the theorem on a straight line passing 
through the centres of two tangent circles, the centres O and O, of 
the circles and the point of tangency Z of those circles lie on the 

same straight line OL. 
We designate the radius of the sought-for circle as | O,K | = z. 


The diagonal MO, of the square MSO,K is equal to VY 2 z. From the 
triangle OMB we find, in accordance with the hyp:thesis, that 


|OM | = recs 5: In the triangle OMO, we have: | MO, |= V 2a, 


|OM| =r Coss, | 00,| = r —2,ZOMO, = 135°. The cosine theo- 


rem gives for the triangle OMO, an equation for the unknown z: 


Answer. 


(r — x)? = 222+ r? cos? —2z2 Y2rcos > cos 135°, 


a 


(r — x)? == 222 -+ r? cos? = -|-2rx cos 5 


=> 2? 4-2r (cos + +1) z+r? (cos? 5 —1 =0 
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=> 2, 9= —2r cos? T+ 2r cos = = 


21.9 =2rcos— ( cos + 1) 
1,2 — 4 a=" “4 pa ° 
Since the quantity z must be positive, and only the first of the roots 
obtained is positive 
21=2r cos ~ (1—cos z) = 4r cos sin? = . 


it is the first root which gives the value of the radius of the circle in 
question. 


a ., a 
Answer. 4r cos 7 sin? 3: 


3.10. When two circles of radius 32 with centres O, and O, inter- 
sect, they divide the line segment 0,0, into three equal parts. Find 
the radius of the circle which internally touches the two given circles 
and the segment 0,0,. 

3.11. Given two intersecting circles of the same radius R. The 


distance between the centres of the circles | 0,0, | = J. Find the area 
of the circle which internally touches the two circles and the straight 
line 0,0,. 


3.142. Two circles whose radii are R, and R, intersect. The distance 
between their centres is equal to d. Find the radius of the circle which 
touches the given circles and their common tangent. 

3.13. A circle of the radius of 6 cm lies in the interior of a semi- 
circle of the radius of 24 cm and touches the midpoint of the diameter 
of the semicircle. Find the radius of the smaller circle which touches 
the given circles, the semicircle and the diameter of the semicircle. 

3.14. Given a circle of radius r with centre at a point O. From a 
point A of the segment OA, which meets the circle at a point M, a se- 
cant is drawn to the circle which cuts the circle at points K and P; the 
point K lies between the points A and P. The angle MAK is equal to 
1/3. The length of the segment OA is a. Find the radius of the circle 
touching the segments AM, AK and the arc MK. 

3.15. A secant OM and a tangent MC are drawn from the point M 
to a circle of radius of 3 cm with centre ata point O, the tangent 
touching the circle at a point C. Find the radius of the circle which 
touches the given circle and the straight lines MC and OM and lies in 
the interior of the triangle OMC if |OM |= 5 cm. 

3.16. Given a segment with an arc of 120° and an altitudeh. A 
rectangle is inscribed into it whose base is 4 times the altitude. Find 
the sides of the rectangle. 

‘* "3.17. A rectangleJA MPT lies in a’circular sector OAB whose cen- 
tral angle is equal to 1/4. The side KM of the rectangle lies on the 
radius OA, the‘vertex P lies on the arc AB, and the vertex T lies on 
the radius OB. The side KT is 3 cm longer than the side KM. The 
area of the rectangle KMPT is 18 cm?. Find the length of the radius. 

3.18. Two secants AKC and ALB are drawn from a*™ point A, 
which is at the distance of 5 cm from the centre of a circle of the ra- 
dius of 3 cm, the angle between the secants being equal to 30° (K, C, 
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L, and B are the points of intersection of the secants and the circle). 
Find the area of AA KL if the area of AABC is 10 cm?. 

3.19. Given two identical intersecting circles. The ratio of the 
distance between their centres to the radius is 2m. A third circle is 
externally tangent to both circles and their common tangent. Find 
the ratio of the area of the common part of the first two circles to that 
of the third circle. 

3.20. A square is inscribed into a circular sector, bounded by the 
radii OA and OB, with central angle a (2 < 1/2), so that its two adja- 
cent vertices lie on the radius OA, the third vertex lies on the radius 
OB and the fourth vertex lies on the arc AB. Find the ratio of the 
areas of the square and the sector. 

3.21. Two mutually perpendicular intersecting chords AB and 
CD are drawn in a circle. It is known that 


|AB|=]BC|=1|CD |. 


Find what is larger, the area of the circle or that of the square with 
side AB. 

3.22. Two circles with the radii of Y5 cm and Y 2 cm interscct. 
The distance between the centres of the circles is 3 cm. A straight line 
which is drawn through a point A (one of the intersection points) and 
cuts the circle at pointsB and C (B ~C) is such that | AB | = 
| AC |. Find the length of the segment AB. 


4, Triangles and Circles 


A triangle whose all vertices lie on a circle is said to be inscribed 
in the circle and the circle is said to be circumscribed about the triangle. 
The centre of the circle circumscribed about the triangle lies on the 
intersection of the perpendiculars drawn to the midpoints of the sides 
of the triangle. 

The radius of a circle circumscribed about a triangle can be cal- 
culated by the formula 
1 a 1 b | c 


R= sina 2D sinf 2 siny 


— 


or by the formula 
R = abc/4S, 


where a, b, c are the sides of the triangle, a, B, y are the angles of the 
triangle which lie opposite the sides a, b, and ¢ respectively, S is the 
area of the triangle. 

A circle which touches all the sides of a triangle is said to be in- 
scribed in the triangle. The centre of the circle inscribed into the triangle 
lies on the intersection of the bisectors of the interior angles of the 


triangle. 
The radius of a circle inscribed ina triangle can be calculated by 


the formula 
r= S/p, 


where p = x(a +. 6 +c) is a semi-perimeter of the triangle. 
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Problems 4.1-4.36 can be solved by direct calculations using the 
properties of triangles inscribed in a circle and of circles inscribed in 
triangles. 


Example 4.1. A point D is taken on the side AC of an acute trian- 
gle ABC such that | AD | = 1, | DC | = 2and| BD | is an altitude 
of the triangle ABC. A circle of radius 2, which passes through the 
points A and D, touches at the point D a circle circumscribed about the 
triangle BDC. Find the area of the triangle ABC. 

Solution. Assume that O, is the centre of the circle of radius 2 
which passes through the points A and D, O, is the centre of the circle 
which is circumscribed about the triangle BDC (Fig. 11.14). Since BD 


Fig. 14.14 Fig. 14.15 


is an altitude of the triangle ABC, the triangle BDC is a right-angled 
triangle and, consequently, the centre of the circle c rcumscribed 
about the triangle BDC lies at the midpoint of the hypotenuse BC. 

Let us consider the triangle AO,D. The triangle is isosceles, and 
by the hypothesis | AD | = 1, | AO, | = | 0,D | = 2. We use the 
cosine theorem to find the angle ADO, of that triangle: 


4Z ADO, = arccos - 


Since by the hypothesis, the circles with centres O, and O, touch each 
other at the point D, the line of centres 0,0, passes through the point 
of tangency and | 0,0, | = | O,D | 4- | DO, |. The angles ADO, and 


CDO, are vertical and, consequently, equal, i.e. CDO, = arccos t° 
The triangle DO,C is isosceles since DO, and O.C are radii of the circle 


and, consequently, ZO,CD = arccos = 
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We know eae the right triangle BCD the leg | DC | = 2 and 
ZO,CD = arccos—. From these data we find the hypotenuse BC: 


4 
DC 4 DC 4 
sao =o ( arceos =) 3 4-=T> {BC| =8. 


We have thus found three paramioters in the triangle ABC which 
make it possible to calculate the area of the triangle: 


1 e 
Si, ABC = 7 | AC] |BC| sin DCB 


=53-8 sin (arceos =) = 12,V 0 3 V15. 


A nswer. 3YV 15. 


Example 4.2. In the right triangle ABC with an acute angle of 
30° an altitude CD is drawn from the vertex of the right angle C. 
Find the distance between the centres of the circles inscribed into the 
triangles ACD and BCD if the smaller leg of the triangle ABC is 1. 

Solution. Assume that O, and O, are the centres of the circles in- 
scribed into the right triangles ACD and BCD respectively; the angle 
oe 30°, | BC | = 1 (Fig. 11.15). From the right triangle ABC we 

nd that 


|BC| 
|AC| 


From the knowndata | AC | = VY 3 and ZA = 30°, we find from the 
right triangle ACD that 


|CD | = V3/2; | AD | = 3/2. 


From the known data | BC | = 1 and ZB = 60°, we find from the 
right triangle CDB that 


| BD | = 1/2, |DC | = V3/2. 


Let us calculate the areas and semi-perimeters of the triangles 
ACD and CDB: 


= tan 30° = |AC|= V3, ZABC=60°. 


4 373 3(1+ V3) 
Sx, acp=z |APIIDEl=—g—» Pa aep= 
1 


? 


. ¥3 8+ V3 
Sa Bop—z |¢9| |BD|=—3—; Px BCD——_ 4° 


Next, from the formula S = pr we calculate the radii of the cir- 
cles inscribed into the triangles ACD and CDB: 


Si. ACD V3 

tS a ae 
Praacp 2(1+ 3) 
S 

pee 4 


~ Pyrepp 2U+V3) ° 
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We draw the radii 0,M and O,N to the points of tangency of the cir- 
cles with the sides AC and BC respectively and consider the right 
triangles 0, MC and O,NC. In the triangle 0, MC we know the length 


of the side | MO,|=r, = V 3/2 (4 +4 V 3) and the angle MCD, = 
30°. (The centre of the circle which is inscribed in the triangle lies on 
the bisector of the interior angle of the triangle: 7 MCO, = ZDCO, = 


> ZMCD = 30°.) 
From the right triangle MCO, we find that 


| MO, | /| 0,C | = sin 30° = 
| O,C | = 2| MO, | = 27, = V3/(t + V3). 
Similarly, from the triangle NCO, we find that 
| NO, |/| O.C | = sin 15°. 


Calculating sin 15° by the formula 1 — cos 30° = 2 sin? 15° we find, 
that 


10.C| = |NOz| mee |\NO2| are 


mi V2-van V2-¥3 


4 
(1+ 73) V2— 3 | 


Let us consider the triangle 0,CO,. In this triangle we know two 
sides | O,C | and | O,C | and the angle between them which is equal 
to 45°. By the cosine theorem we can find the third side of the trian- 
gle, | 0,0, |, which is the sought-for distance between the centres of 
the circles: 
|O,;02|?= |0,C|?+ |O.C|?—2 |0,C| |0,C| cos 45° 

eee eee ee Pe 
(14+ 73)? § (1+ Y3)? (2— V3) 
_»5_V¥3 1 V2 


— eS 


14+-V3 “+V3)V2-y3s ? 
3 2473 V3V2V 24-73 


a ee owe 


G+ 73)? ° 44+ 73) | (1+ Y3)2 
_ 5+ V3-V3V 4423 _ 54+V3-V3V 14 V3) 
(1-+ 3)? (G+ 32 
es DEVE SV OU VEN ce tg. 
7 (144+ V3)? O43 2473 2— V3, 
[0,02 | —)V2-- V3. 


Answer. V2 — V3. 
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4.1. Find the length of the circle inscribed in an isosceles right 
triangle with the hypotenuse equal to c. 

4.2. Given an isosceles triangle with the length of the lateral side 
b and the base angle a. Find the distance from the centre of the cir- 
cumscribed circle to that of the inscribed circle. 

4.3. Given a circular sector of radius R with the central angle a. 
Find the radius of the circle inscribed in the sector. 

4.4. Two chords of lengths a and b are drawn from the same point 
of the circle. Find the radius of the circle if the distance between the 
midpoints of the given chords is c/2. 

4.5. A semicircle is constructed on the base of an equilateral tri- 
angle as a diameter which bisects the triangle. The side of the triangle 
is a Jong. Find the area of the part of the triangle which lies outside 
the semicircle. 

4.6. Two points are given on one of the sides of the angle a, the 
distances between the points and the other side being equal to b and 
c. Find the radius of the circle which passes through those two points 
and touches the other side of the angle. 

4.7. The regular triangle ABC with side equal to 3 is inscribed in 
a circle. A point D lies on the circle, the length of the chord AD being 


equal to Y 3. Find the lengths of the chords BD and CD. 

4.8. The vertex C of the right angle of the right-angled triangle 
ABC with legs equal to 3 and 4 is connected with the midpoint D of 
the hypotenuse AB. Find the distance between the centres of the cir- 
cles inscribed in the triangles ACD and BCD. 

4.9. A circle of radius R passes through the vertices A and B of 
AABC and touches the straight line AC and a point A. Find the area 
of AABC knowing that ZABC = 8B, ZACB = a. 

4.10. In aright triangle ABC the angle A is a right angle, the 
angle B is 30°, and the radius of the inscribed circle is VY 3. Find the 
distance from the vertex C to the point of tangency of the inscribed 
circle and the leg AB. 

4.11. A circle touches the side BC and the extensions of the other 
two sides of the triangle A BC. Find the radius of the circle if | AB | = 
c, ZBAC =a, ZABC = B. 

4.12. A circle of radius R is inscribed in the triangle ABC and 
touches the side AC at a point D, the side AB at a point EF and the 
side BC at a point F. The length of the segment AD is equal to R, 
and that of the segment DC is equal to a. Find the areaof ABEF. 

4.13. A circle is inscribed in a regular triangle with side 
equal to a. Another circle is drawn from the vertex by a radius 
which is equal to half its side. Find the area of the common part 
of the circles. 

4.14. A circle is inscribed in an isosceles triangle with base a and 
the base angle a. In addition, a second circle is constructed which 
touches the base, one of the lateral sides of the triangle and the first 
circle inscribed in it. Find the radius cf the second circle. 

4.15.A circle is inscribed in AABC withsides | BC | = a,| AC | = 
2a and the angle C == 120°. Another circle is drawn through the 
points of tangency of that circle with the sides AC and BC and thro- 
ugh the vertex B. Find the radius of the second circle. 

4.16. In the triangle ABC the length of the side AB is equal to 
4, ZCAB is equal tox/6, and the radius of the circumscribed circle is 
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3. Prove that the length of the altitude dropped from the vertex C 
to the side AB is less than 3. 

4.17. In the triangle ABC the lateral sides AB and BC are equal 
to a, and ZABC = 120°. A circle is inscribed in the triangle ABC 
which touches the side AB at a point D. A second circle has the point 
B as its centre and passes through the point D. Find the area of the 
part of the inscribed circle which lies inside the second circle. 

4.18. A semicircle is inscribed in the acute triangle ABC so that 
its diameter lies on the side AB and the arc touches the sides AC and 
BC. Find the radius of the circle which touches the arc of the semicir- 
cle and the sides AC and BC of the triangle if | AC | = b, | BC | = a, 
LACB = a. 

4.19. A circle of radius 1 +. Y 2 is circumscribed about an isosceles 
right triangle. Find the radius of the circle which touches the legs of 
triangle and is internally tangent to the circle circumscribed 
about it. 

4.20. In the right triangle ABC with legs | AB | = 3, | BC | = 4 
a circle is drawn through the midpoints of the sides AB and AC which 
touches the side BC. Find the length of the segment of the hypotenuse 
AC which lies in the interior of the circle. 

4.21. The lengths of the sides | AB | = 214 and | BC | = 15 in 
AABC are given and a bisector BD of Z ABC is drawn. Find the radius 
Se circle inscribed in the triangle ABD knowing that cos BAC = 


4.22. An equilateral triangle ABC is inscribed in a circle of radius 
R. The side BC is divided into three equal parts and a straight line is 
drawn through the aa of division which is closest to C. The straight 
line passes through the vertex A and cuts the circle at a point D. 
Find the perimeter of the triangle ABD. 


4.23. In the triangle ABC | AB| = Y 14, | BC| = 2. A circle 
passes through the point B, through the midpoint D of the segment 
BC, through a point EF on the segment AB, and touches the side AC. 
Find the ratio in which the circle divides the segment AB if DE is the 
diameter of the circle. 

4.24. A circle is circumscribed about the triangle ABC with sides 


| AB] = 10Y 2, | AC | = 20 and ZB = 45°. A tangent is drawn to 
the circle through the point C which cuts the extension of the side 
AB at a point D. Find the area of the triangle BCD. 

4.25. Given a triangle ABC and the lengths of the sides | AB | = 
6, | BC |=4, | AC |= 8. The bisector of the angle C cuts 
the side AB at a point D. A circle drawn through the points 
A, D, C cuts the side BC at a point FE. Find the area of the 
triangle ADE. 

4.26. In the triangle ABC ZBAC = a, ZBCA = B. | AC | = b. 
A point D is taken on the side BC such that | BD | = 3 | DC |. A cir- 
cle is drawn through the points B and D which touches the side AC or 
its extension beyond the point A. Find the radius of the circle. 

4.27. In the triangle ABC 7 A = 120°, | AC|=1, | BC |= 


V7. A point M is taken on the extension of the side CA such that 
BM is an altitude of the triangle ABC. Find the radius of the circle 
which passes through the points A and M and touches at the point M 
the circle passing through the points M, B, and C. 
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4.28. A circle is circumscribed about the triangle ABC with sides 
|AB]=5(1+ V3), | BC | = 5V 6, | AC | = 10. A tangent to the 
circle is drawn through the point C and a straight line parallel to the 
side AC is drawn through the point B. The tangent and the 
straight line meet at a point D. Find the area of the quadri- 
lateral ABDC. 

4.29. A circle is inscribed in the triangle ABC with sides | AB | = 
10, | BC | = 20 and the angle C equal to 30°. A tangent to the 
circle is drawn through the point M of the side AC which is at the 
distance of 10 from the vertex A. Assume that K is a point of inter- 
section of the tangent and the straight line which passes through the 
vertex B parallel to the side AC. Find the area of the quadrilateral 
ABKM. 

4.30. Given in the triangle BCD: |BC|=4, |CD|= 8, 
cos BCD = 3/4. A point A is chosen on the side CD such that 
| CA | = 2. Find the ratio of the area of the circle circumscribed about 
the triangle BCD to that ofthe circle inscribed into the triangle 
ABD. 

4.31. In the triangle one of whose angles is equal to the difference 
between the other two, the length of the smaller side is 1, and the 
sum of the areas of the squares constructed on the other two sides is 
twice that of the circle circumscribed about the triangle. Find the 
length of the larger side of the triangle. 

4.32. In the triangle ABC the length of the side BC is 2 cm, the 
length of the altitude drawn from the vertex C to the side AB is VY 2cm, 
and the radius of the circle circumscribed about the triangle ABC is 
VY 5 cm. Find the lengths of the sides AB and AC of the triangle if 
ZABC is known to be acute. 

4.33. The triangle ABC, whose angle B is equal to 2a < 2/3, is 
inscribed in a circle of radius R. The diameter of the circle bisects the 
angle B; the tangent to the circle at the point A cuts the extension of 
the side BC at a point M. Find the area of the triangle ABM. 

4.34. Given a regular triangle ABC with side a. A circle passes 
through the centre of the triangle and touches the side AB at its 
midpoint M. The straight line drawn from the vertex A touches the 
circle at a point #. Find the area of the triangle AEM. 

4.35. A circle with centre at O is circumscribed about the triangle 
ABC (ZA > n/2). The point F is the midpoint of the larger of the 
arcs subtended by the chord BC. Let us designate the point of inter- 
section of the side BC with the extension of the radius AO as EF and 
with the chord AF as P. Assume that AZ is altitude of AABC. Find 
the ratio of the area of the quadrilateral OE PF to that of the triangle 
APif if it is known that the radius of the circumscribed circle R = 
2Y 3, | AE| = V3 and | EH | = 3/2. 

4.36. Given an isosceles triangle MNP in which | MN | = 
|NP|=1, ZMNP = 68. Acircle with centre on the side MP 
touches the sides MN and NP. The tangent to that circle cuts the 
side MN at a point Q and the side NP at a point R. It is known that 
| 47Q | = n. Find the area of the triangle QNR. 


The hypotheses of problems 4.37-4.44 do not include quantities 
which have lengths. To solve these problems, it is necessary to intro- 
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duce an auxiliary quantity a which has length (say, a side of a triangle) 
and solve the problem with the extended condition. 
The expressions for the required quantities do not contain a. 


Example 4.3. In the right triangle ABC the legs AC and BC are 
equal. Find the ratio of the areas of the inscribed and the circumscribed 
circle. 

Solution. Let us designate the leg AC of the triangle ABC as a. 
Since by the hypothesis the legs are equal, we have | BC | = | AC | = 
aand /A = /B = 45°. By the Pythagorean theorem, we find the 


hypotenuse: : 
|AB| = Va?+at=a y 2. 


The radius of the circle circumscribed about the right triangle is equal 
to half the hypotenuse: 


R=a V 2/2. 
The radius of the circle inscribed in the triangle can be calculated by 
the formula 


1 atataYV2 = a (2+ Y 2) 
2 -- 2 


_ +s ee _ 
Pa where S == 7, p= 


and, consequently, r= eee 

; F4/ 3: 

Let us calculate the ratio of the areas of the inscribed and the cir- 
cumscribed circle: 


wr? (sca) 4 


—, —< 
omc 
_ 


Answer. 1/(4 + V 2)2. 


4.37. Acircle is circumscribed about aright triangle. Another circle 
of the same radius touches the legs of that triangle so that one of the 
points of tangency is the vertex of the triangle. Find the ratio of the 
ne of the triangle to the area of the common part of the two given 
circles. 

4.38. Angles B and C are given in AABC. A circle is drawn through 
the midpoint O of the side AB and the vertex A which touches the 
le BC. Find the ratio of the radius of the circle to the length of the 
side BC. 

4.39. Find the ratio of the radii of the inscribed and the circum- 
scribed circle for an isosceles triangle with the base angle a. 

4.40. Given a right triangle with the acute angle a. Find the ratio 
of the radii of the circumscribed and the inscribed circle and deter- 
mine the value of « for which this ratio is the least. 

4.41. In the isosceles triangle A BC, inscribed in acircle, | AB | = 
| BC | and ZBAC =a. The straight line drawn from the vertex C 
and making an angle a/4 with AC lies in the interior of the triangle 
and cuts the circle at a point #. That straight line meets the bisector 
of the angle BAC at a point F. The vertex A of the triangle is con- 
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nected with the point E by aline segment. Find the ratio of the areas of 
the triangles AFC and AEC. 

4.42. Given a right triangle ABC with the right vertex angle C. 
The angle CAB is equal to a. The bisector of ~ ABC cuts the leg AC 
at a point K. A circle which cuts the hypotenuse AB at a point M is 
constructed on the side BC as a diameter. Find ,AMK. 

4.43. Angles B and C are givenin AABC. The bisector of Z BAC 
cuts the side BC at a point D and the circle circumscribed about 
AABC ata point E. Find the ratio | AE |: | DE |. 

4.44. The circle inscribed in AABC touches its sides AC and BC 
at points M and N respectively and cuts the bisector BD at points P 
and Q. Find the ratio of the areas of the triangles POM and PON if 
ZA = n/4 and ZB = n/3. 


Problems 4.45-4.66 can be solved by introducing an auxiliary un- 
known (or several auxiliary unknowns) for which, by the hypothesis, 
an equation (or a system of equations) is set up. 

It is often convenient to choose as an auxilia- 

ry unknown the quantities which, together 


A 
) with the quantities of the hypothesis, give a 
NW collection of elements which define the trian- 
gles uniquely (see Example 4.5). 
Example. 4.4. In the isosceles triangle ABC 
P 
B M L 


the angle B is aright angle, | AB | =| BC | = 

2. The circle touches both legs at their 

midpoints and intercepts a chord DE on the 
hypotenuse. Find the area of ABDE. 

Fig. 11.16 Solution. Let us designate the lengths of the 
segments CD, DE and EA as z, y and z respec- 
tively (Fig. 11.16). We designate the points of 

tangency of the legs and the circle as M and N. Then, by the theorem 
on a tangent and a secant, we have 


| CM |? = |CE | |cD |, (*) 
| AN |? = | DA || EA |. 
By the hypothesis, the circle touches the legs at their midpoints, and 


this means that | CM | = | AN | = 1. With the aid of the unknowns 
we have introduced we can write equation (*) as a system of equations 
z(z+y)=1, 
z(zt+ty) = 1. 


Subtracting the second equation from the first, we get 
m—2+y(¢—z)=O05S5(*#-—a(etyt+2=052—=2. 


i.e. | CD | = | EA |. Adding an equation (2z + y)? = 8, which is the 
notation of the Pythagorean theorem for AABC, to the equation 
x (x + y) = 1, we obtain a system of two equations in two unknowns; 
a(t+y)=1, «= Y2—1, 
(Q2-+-y)2=8 ~ y=2. 
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We can find the required area of ABDE as follows: The altitude BK 
of AABC drawn to the hypotenuse AC is at the same time an altitude 
of ABDE and, therefore, 


DE| |BK 
Si, BDE __ i tie. 


Si ABG 


| bol 


zy ICA [BK] 


On the other hand. ; 


|DE| =y=2, |CA|= Y |BC|?+ |BA|?=2 V2, 
and, consequently, 


Sa BDE 2 7 
SS = —= > 8 =V2. 

5 23 A BDE= V. 
Answer. Y 2. 


Example 4.5. The radius of the circle inscribed into an isosceles 
triangle is four times as small as that of a circle circumscribed about 
that triangle. Find the angles of the 
triangle. 

Solution. Assume that a isthe length 
of the base AC of the triangle ABC, a is 
an acute base angle (Fig. 11.17). Using 
the parameters we have introduced, we 
calculate the radii of the inscribed and 
the circumscribed circle. Since the tri- 
angle ABC is isosceles, the bisector of 
the angle ABC (| AB | =| BC |) is at 
the same time a median and an altitude 
of the triangle ABC and the angle ODA 
is a right angle, | AD |= a/2, ZOAD = 
a/2 (O is the centre of the inscribed 
circle and OD is the radius of the ins- 
cribed circle). From AAOD we find that 


a o} 

r= |OD|=- tan. 
We find the radius of the circumscribed circle by the sine theorem. 
| AC| 


sin(Z ABC) ah 


where ZABC = 180° — 2a, | AC | = a, and, consequently, 


a 


= 2sin 2a ° 


18—0363 
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By the hypothesis, the radius of the circumscribed circle is four 
times as large as the radius of the inscribed circle: 


a 
R 2sin2a P 
~~ = tan Ed 
2 2 
The last equation is a trigonometric equation for finding the angle a: 
1 a a . 1 
Sin dant ban y= ban 5 Sin 2a = 7 - 
sin-~ 2 sina cosa 4 sin? ~ cos En cos & 
ea ce a be a, 0 
ee cost ”SCS 
2 2 
bo see 1 1 4 
=> cosa 2 sin? ie a cos @ ({— cos a) = 3 


=> 8cos?a—8cosa+i=(0. 


[Introducing the designation cos a = y, we get a quadratic equation 
for the unknown y: 


8y? —8y+1=0, 
1 2 
ee 


Thus, the trigonometric equation we have set up possesses two solu- 


tions: 
1 = arccos (+ +1") » G,-= arccos ($-) ; 


Each value of @ is associated with an angle at the vertex of the isosceles 

triangle: 

1 2 
+) 


mw —2 arccos (= 


1 V2 
mu —2 arccos (=--+) 


9 
Answer. %—2arccos (+ + Y?) » u—2arccos ( + ve ‘ 
4.45. The perimeter of a right triangle is 24 cm and the area is 
24 cm?. Find the area of the circumscribed circle. 
4.46. One of the legs of a right triangle is 15 cm and the projection 
of the other leg onto the hypotenuse is 16 cm. Find the radius of the 
circle inscribed in that triangle. 
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4.47. Find the angles of a right triangle knowing that the ratio 
of the radius of the circle circumscribed about the triangle to the radius 
of the inscribed circle is 5: 2. 

4.48. The length of the base of an isosceles triangle is 4 cm. The 
length of the lateral side is divided by the point of tangency of the 
circle inscribed in the triangle in the ratio 3 : 2, reckoning from the 
vertex. Find the perimeter of the triangle. 

4.49. The area of the right triangle is 6 cm?, and the radius of an 
inscribed circle, which touches one of the legs, is 3 cm. Find the sides 
of the triangle. 

4.50. Each of the two circles with centres on the medians of an 
isosceles triangle drawn to the lateral sides touches lateral side and 
the base. Calculate the distance between the centres of the circles if 
(he length of the base of the triangle is 2 dm and the lengths of the 


medians are equal to Y 6 dm. 


4.51. The area of the triangle ABC is 145Y 3 cm?. The angle BAC 
is equal to 120°, ~ ABC is larger than 7ACB. The distance from 
the vertex A to the centre of the circle inscribed in AABC is 2 cm. 
ind the length of the median of AABC drawn from the ver- 
tex B. | 
4.52*. A circle is constructed on the leg BC of the right triangle 
ABC as a diameter, the circle cutting the hypotenuse at a point D so 
that | AD |:|DB |= 1:4. Find the length of the altitude dropped 
from the vertex C of the right angle to the hypotenuse if the length of 
the leg BC is known to be equal to 10. 

4.53. A circle is inscribed in a right triangle. The point of tangency 
with the circle divides one of the legs of the triangle into segments 6 cm 
and 10 cm long, reckoning from the vertex of the right angle. Find 
the area of the triangle. 

4.54. In the triangle ABC the bisector A P of the angle A is divided 
by the centre O of the inscribed circle in the ratio | AO|:|OP |= 


V3: 2sin = Find the angles B and C if the angle A is known to 


be equal to 52/9. 
4.55. In the triangle ABC the ratio of the bisector A E to the radius 


of the inscribed circleis V 2: (V 2 — 1). Find the angles B and C if 
ZA is known to be equal to x/3. 

4.56. An altitude BD is drawn from the vertex B of the isosceles 
triangle ABC to its base AC. The length of each of the lateral sides 
AB and BC of AABC is8& cm. A median DE is drawn in ABCD. A cir- 
cle is inscribed in ABDE which touches the side BE at a point K and 
the side DE at a point M. The length of the segment KM is 2 cm. 
Find ZBAC. 

4.57. The point of intersection of the medians of a right triangle 
lies oo the circle inscribed in the triangle. Find the acute angles of the 
triangle. 

4.58. Find the cosine of the base angle of an isosceles triangle if 
the point of intersection of its altitudes is known to lie on the circle 
inscribed in the triangle. 

4.59. In the triangle ABC the bisector A K is perpendicular to the 
median BM and /ABC = 120°. Find the ratio of the area of AABC 
to the area of the circle circumscribed about the triangle. 


276 Ch. 11 Plane Geometry 


4.60. A circle is circumscribed about an isosceles triangle ABC 
Atchord of length m, cutting the base BC at a point D is drawn 
through the vertex A. Givenaralio| BD |: | DC | =k and an angle 
A (A < n/2). Find the radius of the circle. 

4.61. A circle is inscribed intojan isosceles triangle ABC with 
base AC, the circle touchinggthe lateral side AB at a point M. A per- 
pendicular ML is drawn through the point M to the side AC of the 
triangle ABC (the point Z is the foot of the perpendicular). Find the 
angle BCA if the area of the triangle ABC is known to be equal to 14 
and the area of the quadrilateral LMBC to S. 

4.62. Given an acute angle a and a point M in its interior which is 
at the distances of a and 2a from the sides of the angle. Find the radi- 
us of the circle which passes through the point M and touches the 
sides of the angle. 

4.63. A right angle is given on a plane. A circle with centre lying 
in the interior of the angle touches one of its sides, cuts the other side 
at points A and B and cuts the bisector of the angle at points C and 


D. The length of the chord CD is Y 7 and that of the chord AB is y 6. 
Find the radius of the circle. 

4.64*. A point D is taken on the side AC in the triangle ABC such 
that the circles inscribed in the triangles ABD and BCD touch each 
other. It is known that | AD |= 2, |CD |= 4, | BD | = 5. Find 
the radii of the circles. 

4.65. The point D lies on the side AC of the triangle ABC. A circle 


of radius 2/Y 3, inscribed in the triangle ABD, touches the side AB 


at a point M, and the circle of radius Y 3% inscribed into the triangle 
BCD touches the side BC at a point N. It is known that | BM | = 6, 
| BN | = 5. Find the lengths of the sides of the triangle ABC. 

4.66. The point D lies on the side AC of the triangle ABC. A cir- 
cle 1, inscribed in AABD touches the segment BD at a point M; acircle 
l, inscribed in ABCD touches it at a point N. The ratio of the radii 
of the circles 1, and 1, is 7/4. It is known that | BM | = 3, | MN | = 
| ND | = 1. Find the lengths of the sides of AABC. 


5. Polygons and Circles 


A polygon whose all vertices lie on a circle is said to be inscribed 
in the circle and the circle is said to be circumscribed about the polygon. 
A circle which touches all sides of the polygon is said to be inscribed 
in the polygon. 

The area of a regular polygon with n angles (n-gons) S,, the side 
a, of the n-gon, the perimeter P,, and the radii of the circumscribed 
and the inscribed circle R and r are related as 


— Prr, 
180° 
n 9 


a,=2R sin 
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Theorems on quadrilaterals and circles. 

1. To inscribe a circle in a convex quadrilateral, it is necessary and 
ht that the sums of the opposite sides of the quadrilateral be 
equal. 4 
2. To circumscribe a circle about a convex quadrilateral, it is 
necessary and sufficient that the sum of the opposite interior angles of 
the quadrilateral be equal to 180°. 


The required quantities in problems 5.1-5.13 can be found by di- 
rect calculations with the use of the properties of polygons and circles 
inscribed in them or circumscribed about them. 


Example 5.1. Given a trapezoid ABCD, one of whose legs, AB, 
is perpendicular to the bases. A circle with centre at a point O is 
inscribed in the trapezoid. A circle 
with centre at a point O, is drawn 
through the points A, B, and C. Find 
the diagonal AC if | OO,| = 1cm, 
and the smaller base BC of the tra- 
pezoid is 10 cm. 

¥ Solution. Assume that MN is the 
median of the trapezoid (Fig. 11.18). 
The circle which passes through the 
points A, B, C is the circle circum- 
scribed about the right triangle ABC 
(the anlge B isa right angle), and its Fig. 14.18 
centre O, lies at the midpoint of the nee) hae 
hypotenuse AC. On the other hand, 
the median MN of the trapezoid cuts the diagonal AC of the trape- 
zoid at its middle. Consequently, the point O, is the point of inter- 
section of the diagonal AC of the trapezoid and its median MN. 

Let us determine where the point O, the centre of the vircle in- 
scribed in the’'trapezoid A BCD, lies. Since the circle in question touches 
two parallel straight lines BC and AD, its centre is a point which is 
equidistant from those straight lines. The set of points equidistant 
from the two bases of the trapezoid, its median, and, consequently, 
the”centre of the circle inscribed in the trapezoid also lies on the me- 
dian MN. In the triangle ABC, the side AB exceeds the side BC since 
AB is equal to the diameter of the inscribed circle and the side BC 
is smaller than the diameter. Since the larger angle of a triangle lies 
opposite the larger side (7 BCA > 7CAB), and the sum of the angles 
BCA and CAB is 90°, it follows that the angle CAB is smaller than 
45°, The circle with centre at O touches the sides of the right angle 
BAD, the point O lies on the bisector of that angle and, consequently, 
ZBCO = 45°. 

Thus, two’ang‘es(Z BAC and Z BAO) have a side in common and 
/BAC < ZBAO. Hencewe can infer that the ray AO, lies between 
the sides of the angle' BAO, i.e. the point O, lies between the points 
M and{o. 

We can now find the radius of the circle inscribed in the trapezoid 
A ee The segment MO, is a median of the triangle ABC and, conse- 
quently, 


|MO,| = |BC|=5 cm 
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The length of the segment MO (the radius of the circle inscribed in the 
trapezoid) is 

| MO | = |MO,| + 10,0 | = 6 cm. 
Since the length of a leg, AB, of the trapezoid is equal to the diame- 
ter of the circle (| AB | = 2|MO | = 12),we obtain from the right 
triangle ABC, applying the Pythagorean theorem, 


[AC] = VY |AB|?-+ |[BC|?= Y 1227-410? = Y 244=2 V 61. 
Answer. 2Y 61 cm. 


5.1. Calculate the area of an isosceles trapezoid ifits altitude is h 
and one of the legs can be seen from the centre of the circumscribed 
circle at an angle of 60°. 

5.2. The side AB of the rectangle ABCD inscribed in a circle is 
equal to a. From the endpoint K of the diameter KP, which is paral- 
lel to the side AB, the side BC can be seen at an angle of f. Find the 
radius of the circle. 

5.3. An isosceles trapezoid ABCD is circumscribed about a circle 
of radius r; E, and K are the points of tangency of the circle and non- 

arallel sides of the trapezoid. The angle between the base AB and a 
eg, AD, of the trapezoid is 60°. Prove that EK is parallel to AB and 
find the area of the trapezoid ABEK. 

5.4. In the parallelogram ABCD with an angle A equal to 60° the 
bisector of the angle B is drawn which cuts the side CD ata point E. 
A circle of radius r is inscribed in the triangle ECB. Another circle is 
inscribed in the trapezoid ABED. Find the distance between the cen- 
tres of the circles. 

5.5. There are two circles in a parallelogram. One of them, of radi- 
us 3, is inscribed in the parallelogram, and the other touches two 
sides of the parallelogram and the first circle. The distance between the 
points of tangency, which lie on the same side of the parallelogram, 
is equal to 3. Find the area of the parallelogram. 


5.6. A rhombus ABCD with side 1 + Y 5 and an acute angle of 
60° contains a circle which is inscribed in a triangle ABD. A tangent, 
drawn from the point C to the circle, cuts the side AB at a point E. 
Find the length of the segment AE. 

5.7. Each of the two circles with centres lying on the diagonals of 
an isosceles trapezoid touches one of its nonparallel sides and the 
largergbase. Calculate the distance between the centres of the circles if 
the length of the non-parallel sides of the trapezoid is 4 cm and the 
lengths of the bases are 6 cm and 3 cm. 

5.8. The bases of the trapezoid ABCD are | AD | = 39 cm and 
| BC | = 26 cm, and the nonparallel sides are | AB | = 5 cm and 
| CD | = 12 cm. Find the radius of the circle which passes through 
the points A and B and touches the side CD or its extension. 

5.9. In the trapezoid ABCD with bases AD and BC the length of a 
leg, AB, is 2 cm. The bisector of the angle BAD cuts the straight line 
BC at a point E. A circle is inscribed into the triangle ABE which 
touches the side AB at a point M and the side BE at a point N. The 
length of the segment MN is¥1 cm. Find the angle BAD. 

5.10. The side BC of the quadrilateral ABCD is a diameter ofja 
circle circumscribed about the quadrilateral. Calculate the length of 


the side AB if | BC | = 8, | BD | = 4V'2, ZDCA: ZACB = 2:1. 
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59.41. In the convex quadrilateral ABCD the length of the side AB 


is 105, the length of the side AD is 14, the length of the side CD 
is 10. The angle DAB is known to be acute, the sine of the angle DAB 
being equal to 3/5 and the cosine of the angle ADC to —3/5. A circle 
with centre at a point O touches the sides AD, AB and BC. Find the 
length of the segment BO. 

5.12. A pentagon ABCDE (the vertices are designated in a suc- 
cessive order) is inscribed in a circle of unit radius. It is known that 
|AB|= V2, ZABE = 45°, ZEBD = 30° and | BC|=|CD |. 
What is the area of the pentagon equal to? 

5.13. A circle of radius ris inscribed in a rhombus CDEF in which 
ZDCF = y. Atangent to the circle cuts the side CD at a point A and 
the side CF at a point B. It is known that | AD | = m. Find the area 
of the triangle ABC. 


In problems 5.14-5.16 it is necessary to introduce an auxiliary 
quantity, having length, and solve the problem with the extended 
condition. In the required quantities the auxiliary parameter will be 
cancelled out and the required quantities will depend only on the 
quantities given in the hypothesis. 

5.14. An isosceles trapezoid is inscribed in a circle so that a dia- 
meter of the circle serves as a base of the trapezoid. Find the ratio of 
the areas of the circle and the trapezoid if the obtuse angle of the tra- 
pezoid is equal to a. 

5.15. Given an isosceles trapezoid in which a circle is inscribed 
and about which a circle is circumscribed. The ratio of the altitude of 


the trapezoid to the radius of the circumscribed circle is Vv 2. Find the 


ungles of the trapezoid. 

5.16. A trapezoid with the base angles equal to @ and 6 is circum- 
scribed about a circle. Find the ratio of the area of the trapezoid to 
that of the circle. 


Problems 5.17-5.32 can be solved by introducing an auxiliary un- 
known (or several auxiliary unknowns) for which‘an equation (a sys- 
tem of equations respectively) is set up 
which corresponds to the hypothesis. 


Example 5.2. The side AB of the 
square ABCD is equal to 1 and isa chord 
of a certain circle, all the other sides of 
the square lying outside of the circle. 
The length of the tangent CK drawn 
from the vertex C to the circle is equal 
to 2. Find the radius of the circle. 

Solution. Assume that O is the centre 
of the circle whose radius we have to 


find (Fig. 14.19). We designate the Fig. 11.19 
sought-for radius as R. Let us consider 

the triangle AOB which is isosceles (| AO| = |OB|=R) and 
| AB |= 41. By the cosine theorem we find the angle ABO: 


4 
ZABO = arccos aR 
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Let us consider the triangle CBO in which | CB |= 1,|BO| =R 
and ZCBO = = + arccos Es By the cosine theorem we find the length 


2R° 
of the side CO: 
|CO|?= |CB|?+ |BO|?—2 |CB| |BO| cos(Z CBO) 


44 RI is Me: 
=> |CO|2=1+ R2—2R cos ( 5 -+-arccos oR 


= |CO|?=1-+ R2-+-2R sin (arccos 3 --) 
=> |CO|2?=1+ R?+ Y4R2—1. = (x) 


Next we consider the triangle COK (OK is a radius drawn to the 
point of tangency and, consequently, 7C KO = n/2). By the Pytha- 
gorean theorem we have the following equation for this triangle: 


|CO|7=|CK|?+ 1 OK. 
Since | CK | = 2 by the hypothesis and | OK | = R, it follows tha 
|CO |? = 44 R?, (* *) 
From (*) and (**) we obtain an equation for R: 
1+ R?4+ VY 4R?2—1=44 R?=> Y 4R?—-1=3> R= nA 
Answer. VY 10/2. 


Example 5.3. The circle touches the sides AB and AD of the 
rectangle‘ABCD and cuts the side DC ata single point F and the side 
BC at a single point EF. Find the 
area of the trapezoid AFCB if 
| AB| = 32, |AD|= 40 and 
|BE| = 1. 

Solution. Assume that O is the 
centre of the circle; M and WN are 
the points of tangency of the 
circle and the sides AB and AD 
(Fig. 11.20); OZ is an altitude of 
the isosceles triangle MEO. We in- 
troduce the radius R of the circle 
and « = ZBME as the unknowns. 

In the right triangle MBE we 

Fig.! 41.20 have| BE | =1by the hypothe- 
sis. We express the sides of the 
triangle MBE ,in terms of the angle @ and | BE} = 1: 


{ 
at. 
sing ® 


|MB{=cota, "|ME|= 


T e quadrilateral A MON formed by the radii NO and MO, drawn 
o the points of tangency, and the parts of the sides AM and AN of 
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the rectangle is a square since 


|NO|=|MO|=R, ZNAM = n/2, ZAMO = w/2, 
ZLANO = n/2, 
and, consequently, |AM|=|AN |=. The equality | AM |+ 
| MB | = |AB | yields the first equation relating R and a: 


R + cota = 32, 


Let us consider the triangle OME. In that triangle 
4 a 


In the right triangle MLO (OL is the altitude of A MOE) 


mal = cos (ZOME) => ee = COS (+—«] =sina. 
But we have found that |MZ| ees |ME| = —-———-,, and, conse- 
2 2sina ’ 
: |ML| : ; 
quently, the equation RO Sina can be written as 
ORsina 2 * 


The last equation is the second equation for R and a. Thus, the final 
system of equations for R and a@ has the form 
1 
R+cota=32, R=  Osinta 


Excluding R from the system, we get a trigonometric equation for 
the angle a: 


santa Oe 


which, with the aid of the equation 1 + cot? a¢@ = can be re- 


sin’q’ 
duced to the form 
cot?a + 2cota+1= 64> cota=7 
(x is an acute angle). From the first equation of the system we obtain 
R = 20. 
Next we drop a perpendicular from the point O to the side DC 
and consider a right triangle OPF. In that triangle | OF | = R = 25 


{OP |=|MP|—|MO|=|AD|—R = 40 — 25 = 15, 
Iy.y the Pythagorean theorem we find that 
|[FP| = y |OF?|— |OP|?= Y 25?— 152 = 20. 
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Since cot a = 7, it follows that in the triangle MBE theside| MB | = 
7. Since |PC|=|MB|=7 and | FC|=|FP|+ | PC, it 
follows that | FC | = 20 + 7 = 27. 

- We have found the base | FC | = 27 in the required trapezoid 
AFBC, and the second base | AB | and the altitude | AD | are known 
from the hypothesis and, consequently, the area of the trapezoid 
AFBC is 


Answer. 1180. 


5.17. Given a circle of radius r and a right trapezoid circumscribed 
about it whose smaller base is equal to —r. Find the area of the trape- 


2 
zoid . 

5.18. A rectangle ABCD lies in a semicircle so that its side AB 
lies on the diameter which bound the semicircle, and the vertices C 
and D lie on the arc which bounds the semicircle. The radius of the 
semicircle is 5 cm long. Find the lengths of the sides of the rectangle 
ABCD if its area is 24 cm? and the length of the diagonal exceeds 
8 cm. 

5.19. A parallelogram is circumscribed about a circle of radius R. 
The area of the quadrilateral with vertices at the points of tangency of 
the circle and the parallelogram is S. Find the lengths of the sides of 
the parallelogram. 

5.20. The length of the median of an isosceles trapezoid is 10. It is 
known that a circle can be inscribed in the trapezoid. The median of 
the trapezoid divides it into two parts the ratio of whose areas is 
7/13. Find the length of the altitude of the trapezoid. 

5.21. A quadrilateral ABCD is inscribed into a circle with the ra- 
dius of 6 cm and centre at a point O. Its diagonals AC and BD are 
mutually perpendicular and meet at a point K. Points EF and F are 
the midpoints of AC and BD respectively. The segment OK is 5 cm 
long, and the area of the quadrilateral OF KF is 12 cm?. Find the area 
of the quadrilateral ABCD. 

5.22. A circle with centre at O is inscribed in a trapezoid ABCD 
with bases BC and AD and with the nonparallel sides AB and CD. 
Find the oakley we the trapezoidif 7 DAB is a right angle and | OC | = 
2 |OD|=4. 

5.23. The bisector AF of the angle A cuts the quadrilateral ABCD 
into an isosceles triangle ABE (| AB | = | BE |) and arhombus AECD. 
The radius of the circle circumscribed about the triangle ECD is 1.5 
times as large as the radius of the circle inscribed in the triangle ABE. 
Find the ratio of the perimeters of the triangles. 

5.24. A circle is inscribed in a trapezoid ABCD with the base 
| AD | = 40, the vertex angles A and D equal to 60° and the non- 
parallel sides | AB | = | CD | = 10so that it touches both bases AD 
and BC and the side AB. A tangent is drawn to the circle through the 
point M of the base AD which is at the distance of 10 from the vertex 
D. The tangent cuts the base BC at a point K. Find the ratio of the 
area of the trapezoid ABKM to that of the trapezoid MDCK. 

5.25. A circle constructed on the base AD of a trapezoid ABCD as 
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a diameter passes through the midpoints of the nonparallel sides ‘AB 
and CD of the trapezoid and touches the base BC. Find the angles of 
the trapezoid. 

5.26. A, B, C, D are successive vertices of a rectangle. A circle 
passes through A and B and touches the side CD at its midpoint. A 
straight line drawn through D touches the same circle at a point EF 
and then cuts the extension of the side AB at a point K. Find the area 
of the trapezoid BCDK if it is known that | AB|= 10 and 
| KE |:| KA | = 3:2. 

5.27. In the quadrilateral ABCD the side AB is equal to the side 
BC, the diagonal AC is equal to the side CD, and the angle ABC is 
equal to the angle ACD. The radii of the circles inscribed in the tri- 
angles ABC and ACD are related as 3: 4. Find the ratio of the areas 
of the triangles. 

5.28. A circle is inscribed in a rhombus ABCD in which | AB | = 
land ZBAD =a. A tangent to the circle cuts the side AB ata 
point M and the side AD at a point N. It is known that | MN | = 2a. 
Find the lengths of the line segments MB and ND. 

5.29. In the rectangle ABCD the side BC is half the side CD in 
length. A point E lies in the interior of the rectangle, and | AE | = 
V 2, | CE |= 3, | DE |= 41. Calculate the cosine of ZCDE and 
(he area of the rectangle ABCD. 

9.30. Given a parallelogram ABCD and the lengths of its side 
|AB|= Y 2 and the diagonals | BD | = 2. A circle of radius V2 
with centre at the point B, which lies in the plane of the parallelogram, 
meets a second circle‘of{radius 1 passing through the points A and C. 
The tangents passing throughfone of the points of intersection of the 
circles are known to be mutually perpendicular. Find the length of 
the diagonal AC. 

5.31. A circle is inscribed in an isosceles trapezoid. The distance 
hetween the centre of the circle and the point of intersection of the 
diagonals of the trapezoid is related to the radius as 3 : 5. Find the 
han of the perimeter of the trapezoid to the length of the inscribed 
circle. 


Chapter 12 


Solid Geometry 


Common properties of straight lines and planes. The plane @ and 
the straight line a which does not belong to @ are said to be parallel 
if they have no points in common. 

The criterion of parallelism ofta straight line anda plane. If a straight 
line is parallel to another straight line, which lies in a plane, then 
either the given straight line and the plane are parallel or the straight 
line belongs to the plane. 

Theorems on a plane and a straight line which is parallel to a plane. 

(1) If a plane contains a straight line, which is parallel to another 
plane, and cuts that plane, then the line of intersection of the planes is 
parallel to the given straight line. 

(2) If an arbitrary plane is drawn through each of two parallel 
straight lines and the planes intersect, then the line of their intersection 
is parallel to each of the given straight lines. 

©) If two intersecting planes are parallel to a given straight line, 
the line of their intersection is also parallel to the given straight line. 

Two planes @ and f are parallel if they have no points in common. 

The criterion of parallelism of two planes. If two intersecting straight 
lines of one plane are respectively parallel to two straight lines of an- 
other plane, then the planes are parallel. 

Theorem on parallel planes. 

(1) If two parallel planes are cut by a third plane, then the lines 
of their intersection are parallel. 

A straight line and a plane are said to be mutually perpendicular 
if the straight line is perpendicular to every straight line belonging to 
the plane. The straight line which is perpendicular to a plane is said 
to be a perpendicular to that plane. 

The criterion of perpendicularity of a straight line and a plane. If a 
straight line is perpendicular to each of two intersecting straight lines 
which lie in a plane, then the straight lines and the plane are mutually 
perpendicular. 

Theorem on the perpendicularity of a straight line and a plane. 

(1) Two different perpendiculars to a plane are parallel. 

(2) If one of two parallel straight lines is perpendicular to a plane, 
then the other one is also perpendicular to the plane. 

(3) A straight line which is perpendicular to one of two parallel 
planes is also perpendicular to the other plane. 

(4) Two planes perpendicular to the same straight line are parallel. 

The criterionYof perpendicularity of planes. If a plane contains a 
perpendicular to another plane, then'it is perpendicular to that plane. 

Theorems on mutually perpendicular planes. 

(1) If two planes are mutually perpendicular, then the straight 
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line which belongs to one plane and perpendicular to the line of inter- 
section of the planes is also perpendicular to the other plane. 

(2) If two planes are mutually perpendicular and a perpendicular, 
passing through the line of intersection of the planes, is drawn to one 
of the planes, then the perpendicular entirely lies in the other plane. 

A straight line which cuts a plane but is not perpendicular to it is 
said to be oblique to that plane. 

Theorem on three perpendiculars. For a straight line belonging 
to a plane to be perpendicular to an oblique line, it is necessary and 
sufficient that the straight line be perpendicular to the projection of 
the oblique line onto the plane. 

An angle between an oblique line and a plane is the angle between 
the oblique line and its orthogonal projection onto the plane. Two 
noncoinciding half-planes, which havea straight line as a common 
boundary and which bound the half-plane, are called a dihedral angle. 
The straight line which is a common boundary of the two half-planes 
is called an edge of the dihedral angle. The half-plane whose boundary 
coincides with the edge of the dihedral angle and which divides the 
dihedral angle into two equal dihedral angles is called a bisecting 
plane. The angle resulting from the intersection of a dihedral angle 
es plane which is perpendicular to its edge is called a plane dihedral 
angle. 


1. Polyhedrons 


A prism. A polyhedron whose two faces are equal n-gons which 
lie in parallel planes, and the other n faces which do not lie in these 
planes are parallel is called an n-gonal prism. A pair of equal n-gons 
are said to be the bases of the prism. The other faces of the prism are 
said to be its lateral faces, and their union is called the lateral surface 
of the ee The sides of the faces of a prism are called edges and the 
ends of the edges are called the vertices of the prism. The edges which 
do not lie at the base of a prism are said to be lateral edges. 

A prism whose lateral edges are perpendicular to the planes of the 
bases is called a right prism. A segment of the perpendicular to the 
planes of the bases of the prism, whose ends belong to those planes, is 
called an altitude of the prism. A right prism whose base is a regular 
polygon is said to be a regular prism. 

The lateral area of a prism can be calculated by the formula 


Stat oo Pi | A,A, l, 


where P,, is the eal ach of the perpendicular section of the prism 
and | A,A,| is the length of a lateral edge. 
The volume of an oblique prism can be calculated by the formula 


V= 8,1 A1Ael, 


where S,, is the area of the perpendicular section of the prism and 
| A,A, | is the length of a lateral edge, or by the formula 


v= Sbasefl, 


where Spase iS the area of the base of the prism and 4 is the altitude. 
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A parallelepiped is a prism whose bases are parallelograms. All 
six faces of a parallelepiped are parallelograms. 

The properties of a parallelepiped. 

(14) The midpoint of a diagonal of a parallelepiped is its centre of 
symmetry. 

(2) The opposite faces of a parallelepiped are pairwise equal and 
parallel. 

(3) All four diagonals of a parallelepiped meet at one point and 
are bisected by it. 

A parallelepiped whose lateral edges are perpendicular to the plane 
of its Mase is said to be a right parallelepiped. A right parallelepiped 
whose bases are rectangles is said to be a rectangular parallelepiped. 
All the faces of a rectangular parallelepiped are rectangles. 

The volume of a rectangular parallelepiped is 


V = abe, 


where a, b, c are the lengths of three edges of the rectangular paralle- 
lepiped drawn from the same vertex. 

A rectangular parallelepiped with equal edges is called a cube. All 
the faces of a cube are equal squares. The volume of a cube is 


V = a’, 


Example 1.1. Find the lateral area of a regular triangular prism 
whose altitude is h, if the straight line joining the centre of the 
upper base and the middle of the side of the lower 
base is at an angle @ to the plane of the base. 

Solution. Assume that ABCA,B,C, is a reg- 
ular triangular prism whose bases are regular 
triangles ABC and A,B,C,, OO, is an _ alti- 
tude (| OO, | = h), M is the midpoint of the 
segment B,C,, O and QO, are the centres of the 
triangles serving as the upper and lower bases 
(Fig. 12.1). Let us consider the triangle 
O,0M. By the hypothesis OMO, = a, Z00,M 
a is a right angle, | OO, | =h. 

Fig. 12.4 From the right triangle 0,OM we find 
that |0,M|=h cot a. Since O, is the 
centre of the triangle A,B,C,, it follows that| A;M |= 
3 |0,M | = 3k cot a. By the hypothesis the triangle A,B,C, is 
equilateral and A,M is an altitude, a median, and a bisector. From 
the altitude | A,M|of the triangle we find the side | A,B, | = 
a =2Y 3hcota. The lateral area of the regular triangular 
rism ABCA,B,C, is equal to the product of the perimeter of the 
hase by the altitude of the prism: 


S=3|A,B,| h=6 Y3h? cot a. 
Answers 6Y3 h? cota. 


1.4. Given a cube ABCDA,B,C,D, with edge a. Find the angle 
between the diagonal A,C and the edge A,D,. 

1.2. The distance between the nonintersecting diagonals of two 
ad acent lateral faces of a cube is d. Find its volume. 
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1.3. Find the volume of the parallelepiped if all its faces are rhom- 
bi,whose sides are a long and the acute angles are equal to a. 

1.4. Find the volume of a regular quadrangular prisin if its dia- 
gonal makes an angle a with a lateral face and the side of the base is b. 

1.5. The nonintersecting diagonals of two adjacent lateral faces of 
a rectangular parallelepiped are at the angles a and f to the plane of 
its base. Find the angle between the diagonals. 

1.6. In an oblique triangular prism the lateral edges are 8 cm long; 
the sides of the perpendicular section are related as 9:10:17, and its 
area is 144 cm?. Find the lateral area of the prism. 

1.7. In arectangular parallelepiped the angle between the diagonal 
of the base and its side is a. The diagonal of the parallelepiped is d 
and makes an angle @ with the plane of the base. Find the lateral area 
of the parallelepiped. 

1.8. A rhombus with side a and an acute angle a serves as the base 
of a quadrangular prism, and the lateral edges of the prism are equal 
to b and make an angle f with the plane of the base of the prism. Find 
the volume of the prism. 

1.9. The angles formed by the diagonal of a rectangular parallele- 
piped and its faces which meet at one of its vertices are equal toa, f, y. 
Prove that sin? a + sin? B+ sin*y = 1. 

A pyramid. A polyhedron, one of whose faces is an arbitrary poly- 
gon aad the other faces are triangles which have a vertex in common, is 
called a pyramid. The polygon is the base of the pyramid and the other 
faces (triangles) are the lateral faces of the pyramid. 

The sides of the faces of a pyramid are the edges of the pyramid. The 
edges belonging to the base of the pyramid are called the base edges 
and all the other edges are the lateral edges. The common vertex of 
all the triangles (lateral faces) is the vertex of the pyramid. 

The altitude of a pyramid is a segment of the perpendicular drawn 
from the vertex of the pyramid to the plane of the base (the vertex of 
the pyramid and the foot of the perpendicular are the endpoints of the 
segment). 

A regular pyramid. A pyramid is said to be regular if its base is 
a regular polygon and the orthogonal projection of the vertex of the 
pyramid coincides with the centre of the polygon which serves as the 
base of the pyramid. All the lateral edges of a regular pyramid are 
equal; all the lateral faces are equal isosceles triangles. The altitude of 
ii lateral face of a regular pyramid, drawn from its vertex, is called 
in apothem of the pyramid. 

A triangular pyramid whose base is a triangle is called a tetrahed- 
ron. A tetrahedron is said to be regular if all its edges are equal. 

The lateral area of a regular pyramid is 


4 
S=-> Ph, 


w here P is the perimeter of the base and h/ is the apothem. 
The volume of a pyramid can be calculated by the formula 


1 
Voz SA, 


where S is the area of the base of the pyramid and H is the altitude. 
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A truncated pyramid. A polyhedron whose vertices are the ver- 
tices of the base of a pyramid;and the vertices of its section by a plane 
which is parallel to the base of the pyra- 
S mid ‘is called a truncated pyramid. The 
bases of a truncated pyramid are homothetic 
polygons. The centre of the homothety is 
the vertex of the pyramid. The perpendic- 
ular drawn to the planes of the bases, with 
its endpoints lying on the planes of the 
bases of the pyramid, is the altitude of the 
truncated pyramid. The lateral faces of a 
truncated pyramid are trapezoids. 

A truncated pyramid is said to be regular 
if it is a part of aregular pyramid. The 
lateral faces of a regular truncated pyra- 

Fig. 12.2 mid are equal equilateral trapezoids. The 

altitude of each of these trapezoids is an 
apothem of the regular truncated pyramid. 
The lateral area of a regular truncated pyramid is 


=> (P+p)h, 


where P and p are the perimeters of the bases and h is the apothem. 
The volume of a truncated pyramid is 


V=2H(S\4+V 55459), 


where // is its altitude and S, and S, are the base areas. 


Example 1.2. The base of the pyramid is an isosceles triangle 
whose equal sides are b and the angle between them is a. Find the 
volume of the pyramid if each lateral edge of the pyramid makes an 
angle @ with the altitude of the pyramid. 

Solution. Assume that SABC is a given pyramid, SO is the altitude 
of the pyramid, |AB|=|AC|, ZA =a, ZASO = ZBSO = 
2 CSO = @ (Fig. 12.2). Let us consider the triangles ASO, BSO, 
and CSO. All of them are right triangles (SO is the altitude of the pyr- 
amid which is perpendicular to the plane of AABC and, consequently, 
SO is perpendicular to the straight lines AO, BO, CO belonging to 
the aes AABC), SO is acommon side of the triangles, and the vertex 
angles S are equal to pm by the hypothesis. Consequently, all these 
triangles are equal and equal sides lie opposite equal angles of these 
triangles: | AO | = |BO | = | CO |. Thus we find that O which is a 
point equidistant from all the vertices of AABC, is the centre of the 
circle circumscribed about AABC. 

In the isosceles A ABC we know the lateral side | AB | = b 
and the angle a at the vertex A. The radius of the circle circumscribed 
about A ABC is b/2 cos (a/2). We know the leg | AO | = 0/2 cos (a@/2) 
of the right A ASO and the acute vertex angle S equal to g. We 
find the other leg SO which is the altitude of the pyramid: 
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b 
| SO|=| AO | Col P= 9 cos (a/2) COt Deo 
Let us now find the volume of the pyramid SABC: 


1 
Vsapc= 3° asc! 80! 


cot Ga b3 sin — cot Vy 


so 
b2 sin 6 5 


b 
+ J C08 (a /2) 


3a, _*. 
b* sin 5 cot Q. 

1.140. Find the volume of a regular triangular pyramid whose 
lateral edge is / and makes an angle a with the plane of the base. 

1.41. Find the total surface area of a regular triangular pyramid 
whose plane angle at the base of a lateral face is a@ and the radius 
of the circle inscribed in the base is r. 

1.42. The lateral faces of a triangular pyramid are right triangles, 
und the lateral edges are equal to a. Find the angle between a lateral 
edge and an altitude. Calculate the volume of the pyramid. 

1.13. The base of the pyramid is an isosceles triangle with base a 
and lateral side 6. The lateral faces make dihedral angles equal to a 
with the base. Find the altitude of the pyramid. 

1.144. The altitude of a regular triangular pyramid is H, and the 
dihedral angle at the lateral edge is a. Find the volume of the pyramid. 

1.15. Find the volume of a regular triangular pyramid knowing 
the edge angle a and the distance a from a lateral face to the opposite 
vertex. 

1.16. A lateral edge of a regular triangular pyramid is equal to a, 
ts angle between the lateral faces is 2p. Find the length of a side of 
the base. 

1.17. The base of a pyramid is a right triangle with the hypotenuse 
ec and the acute angle a. Each lateral face of the pyramid makes an 
angle B with the base. Find the lateral area of the pyramid. 

1.18. The sides of the base of a triangular pyramid are equal to 
a, b, and c. All the edge angles are right angles. Calculate its volume. 

1.19. The lateral edges of a triangular pyramid have the same 
length 2. Of the three plane angles these edges form at the vertex of the 
pyramid, two angles are equal to a and the third is equal to B. Find 
the volume of the pyramid. 

1.20. The dihedral angle at the base of a regular triangular pyra- 
mid is a. Find the dihedral angle between the lateral faces. 

Hint. In this and in the subsequent problem introduce an auxili- 
ary parameter, the length a of an edge of the pyramid. 

1.21. In a regular triangular pyramid the dihedral angle at the 
lateral edge is a. Find the edge angle of the pyramid. 

1.22. The edges of the bases of aregular truncated triangular pyr- 
amid are equal to a and b respectively. Find the altitude of the pyr- 
amid if all the lateral faces make an angle a with the plane of the 
hase, 

1.23. In the triangular pyramid SABC the edge SA is perpendicu- 
lar to the plane of the face ABC, the dihedral angle with the edge SC 


19—0263 


a 

3 
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is n/4, | SA | = |BC|=a and ZABC is a right angle. Find the 
length of the edge AB. 

1.24. All the faces of the triangular pyramid are equal isosceles 
triangles and the altitude of the pyramid coincides with the altitude 
of one of its lateral faces. Find the volume of the pyramid if the dis- 
tance between the larger opposite edges is unity. 

1.25. Find the volume of the tetrahedron each face of which is a 
triangle with sides a, b, c, where a, b, ¢ are different numbers. 

Example 1.3. The base of the pyramid is a rectangle whose area 
is Q. Two lateral faces of the pyramid are perpendicular to the plane 
of the base and the other two make the angles a and B with the plane 
of the base. Find the volume of the pyramid. 

Solution. Assume that SABCD is a given pyramid whose base is a 
rectangle ABCD of area Q (Fig. 12.3). Since all the lateral faces of 
the pyramid have a point S in common (the vertex of the pyramid), 
only the adjacent lateral faces can be perpendicular to the base of the 
pyramid (the faces BSC and DSC in Fig. 12.3). Next, since the faces 

BSC and DSC are perpendicular to the 

plane of the base and have a point S in 

s common, they intersect along a straight 

line which passes through that point and 

is perpendicular to the plane of the base, 

it follows that the altitude of the pyramid 
coincides with the lateral edge SC. 

Since the base of the pyramid isa 
rectangle, the straight line AD is per- 
pendicular to the straight line DC and 
the straight line AB is perpendicular to 
the straight line BC, and they both (AD 
and BC) are perpendicular to the altitude 
of the pyramid SC. The segments DC 
and BC are orthogonal projections of the 
segments DS and BS onto the plane of 
Fig. 12.3 the base of the pyramid and, according 

Snes to the theorem on three perpendiculars, 
we have AB|LBS and ADLDS. Thus it turns out that ~SBCisa 
plane dihedral angle formed by the planes ABCD and ASB, and 
ZSDC isa plane dihedral angle formed by the planes ABCD and 
ASD. By the hypothesis one of these angles (say, Z SBC) is equal 
toa and the other(Z SDC) to B. 

Assume that | BC | = z, and | DC | = y. From the right triangle 
BSC we have | SC | = x tana, and from the right triangle DSC we 
have | SC | = y tan 6. It follows that x tana = y tanf, and by 
virtue to the hypothesis zy = Q. 

From the resulting equations we find that y = Y Q tan a cot B and, 
consequently,| SC | = y tan Bp = V Otan a tan B. It is easy to verify 
that if we set ZSBC = 8B, ZSDC = a, then, as before, the altitude 
of the pyramid | SC | is defined by the same expression. 

Let us find the volume of the pyramid Vs, peop: 


4 4 Ea ec 
VsaBcp = 3 Sapcp |SC| =a @ V Q tan o@ tan B, 
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Answer. = Q VO tan @ tan B. 


1.26. Find the volume of a regular quadrangular pyramid the side 
of whose base is a and the dihedral angle between the lateral faces is a. 

1.27. Find the volume of a regular quadrangular pyramid whose 
lateral edge is J and the dihedral angle between two adjacent lateral 
laces is B. 

28. The base of a quadrangular pyramid is a rhombus whose lar- 
ver diagonal is equal tod and the acute angle isa. All the lateral faces 
make an angle 6 with the plane of the base. Find the lateral area of 
the pyramid. 

1.29. The edge angle of a regular quadrangular pyramid is a and 
the altitude is h. Find the volume of the pyramid. 

1.30. The altitude of a regular quadrangular pyramid is H and 
the volume is V. Find the lateral area Q. 

1.31. In a regular quadrangular pyramid the plane vertex angle 
is a. Find the angle between the opposite lateral does: 

1.32. In a regular quadrangular pyramid the dihedral angle at a 
lateral edge is 2a. Find the base dihedral angle. 

1.33. The base of a pyramid is a rectangle, its two lateral faces 
make angles a and f with the base respectively. Find the volume of 
the pyramid if the length of the larger lateral edge is 1. 

1.34. In the quadrangular pyramid SABCD the planes of the 
lateral faces SAB, SBC, SCD, and SAD make the angles of 60°, 90°, 
45°, and 90° with the plane of the base, respectively. The base ABCD 
is an equilateral trapezoid, | AB | = 2, the base area is 2. Find the 
surface area of the pyramid. 

1.35. Find the volume and the lateral area of a regular hexagonal 
pyramid if a lateral edge 7 and the diameter d of the circle inscribed in 
the base of the pyramid are given. 

1.36. The sane angle of a regular hexagonal pyramid is equal to 
the angle between the lateral edge and the plane of the base. Find it. 

1.37. The dihedral angle at a lateral edge of a regular hexagonal 
pyramid is m. Find the edge angle of the pyramid. 

1.38. Find the volume of a regular pyramid whose base is a regu- 
lar pentagon and the lateral faces are regular triangles with side a. 

1.39. In a regular n-gon pyramid the lateral faces make an angle 
% with the plane of the base. At what angle are the lateral edges of 
the pyramid inclined to the plane of the base? 

1.40. The plane angle at the vertex of a regular n-gon pyramid is 
a. Find the dihedral angle 0 between two adjacent lateral faces. 

1.41. Find the volume of a regular truncated quadrangular pyra- 
mid the side of whose smaller base is 0, that ofthe larger base is 
a, and the lateral face is at an angle of 60° to the plane of the larger base. 


2. Sections of Polyhedrons 


To construct a section of a polyhedron by a plane means to indi- 
cate the points of intersection of a secant plane and the edges of the 
polyhedron and connect the points by line segments belonging to the 
laces of the polyhedron. The points of intersection of the plane of the 
section with the edges of the polyhedron will be the vertices and the 
line segments belonging to the faces, the sides of the polyhedron re- 
sulting from the section of the polyhedron by the plane. 


19* 
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To construct a section of a polyhedron by a plane we must indi- 
cate, in the plane of each intersected face of the polyhedron, two 
points belonging to the section, connect them by astraight line, and find 
the points of intersection of the straight line and the edges of the pol- 
yhedron. The plane of the section of a polyhedron can be defined by 
different conditions. Let us consider several simple typical methods of 
defining the section of a cube. 


Example 2.1. Construct the section of the cube ABCD A,B,C,D,, 
with an edge a, by a plane passing through the midpoints of the edges 
AB, BC, and CC,. 

Solution. Two points M and N (the midpoints of the edges AB 
and BC respectively) (Fig. 12.4), belonging to the section, lie on the 


2 C 
( 
by 
1 by 
Fig. 12.4 Fig. 12.5 


same face. Draw astraight line through M and N until it meets the 
extensions of AD and DC respectively at points P and L. It is easy to 
find from the triangles MBN and NLC that |LC|=|NC|=a/2. The 
points Zand K (the midpoint of the edge CC,) lie in the plane 
of the face DD,C,C. We draw a straight line through the points L 
and K. Taking into account that | CK | = a/2, we find trom the 
triangles LC K and KC,S that |SC,| = a/2, i.e. the point S lies in the 
middle of the edge D,C,. The straight line LK cuts the extension of 
the edge DD, at a point R. By analogy with the aforesaid we can show 
that | D,R | = a/2. Since the points P and R lie in the plane of the 
face A,ADD,, the straight line PR will cut the sides of the square 
A,ADD, at points 7 and Q, the point T being the midpoint of the 
edge AA, and the point Q, the Haidpoiit of the edge A,D,. 

We have thus obtained six points (M, N, K, S, Q, and 7) belong- 
ing to the plane of the section and lying on the faces of the cube. Con- 
necting the pairs of points M and 7, N and K, S and Q, we obtain 
the required hexagon of the section. 

Example 2.2. Construct the section of the cube ABCDA,B,C,D, 
by a plane passing through the midpoints of the edges AB and BC and 
the centre of the square A,B,C,D,. 

Solution. In this problem, two points, M and N (Fig. 12.5) belong 
to the upper face and the third point, O, belongs to the face of the lo- 
wer base which is parallel to it. It is easy to verify that in the given 
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problem the method of constructing the section described in the pre- 
ceding problem cannot serve the purpose. The same is true of the prob- 
lems in which the straight line connecting two given points of the 
section proves to be parallel to the edge of the polyhedron. In those 
cases, the following theorems are used in constructing the sections. 

(4) If two planes are parallel and are cut by a third plane, then 
the ae of intersection of the parallel planes by the third plane are 
parallel. 

(2) If two intersecting planes are parallel to the same straight 
line, then the line of their intersection is parallel to the straihgt line. 

(3) If a plane and a straight line are parallel and a plane drawn 
through the straight line cuts the given plane, then the line of inter- 
section of the planes is parallel to the given straight line. 

The required plane of section passes through the point O and the 
straight line MN which is parallel to the plane A,B,C,D,. By theo- 
rem (3), the plane of section cuts the plane of the face A,B,C,D, along 
a straight line which is parallel to the straight line MN. Since MN is 
parallel to the straight line AC (as a median of the triangle ABC), 
and AC || A,C,, it follows that the diagonal A,C, of the square is the 
line of intersection of the plane of the section and that of the face 
A,B,C,D,. The points A, and M belong to the face A,ABB, and the 
points N and C, belong to the face BCC,B, and, consequently, a quad- 
rilateral A, MNC, results from the scction of the cube by a plane. 

In the two examples considered above the points defining the sec- 
tion belonged to the surface of the cube. There are problems, howev- 
er, in which the points defining the section belong to different faces or 
one of the points lies in the interior of the polyhedron. In those cases, 
in order to solve the problem, it is necessary to carry out auxiliary 
constructions which would make it possible to reduce the solution of 
the problem to the scheme of construction of a section described above. 
An auxiliary plane is often constructed for the purpose, which con- 
tains a straight line belonging to the plane of the section and a 
straight line belonging to the plane of a 
face. In that auxiliary plane the point 
of intersection of the straight lines is 
sought and thus one more point is 
found which lies in the plane of a 
lateral face. 


Example 2.3. Given a _ cube 
ABCDA,B,C,D, with lateral edges 
AA,, BB,, CC,, DD,. Find the area of 
the section of the cube by a plane P 
which passes through the centre of the 
cube and the midpoints of the edges 5 
AB and BC if the edge of the cube is 
equal to 14. Fig. 12.6 

Solution. Assume that M and N 
ure the midpoints of the edges AB 
and BC respectively (Fig. 12.6). The plane P passes through the points 
M and N and, consequently, cuts the face ABCD along the straight 
line MN. To construct the section of the cube by the plane P, we 
construct an auxiliary section of the cube by a diagonal plane Q 
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which passes through the vertices B, D, D,, B, of the cube. The diago- 
nal section of the cube is a rectangle with sides | BB, | = 1 and 


| BD |= V 2. The planes Pand Q intersect along a straight line pas- 
sing through the point Z and the point O (the centre of the cube) which 


also belongs to the plane Q, with | BL | = vA BD |. Using the equality 
of the triangles LRO and L,R,O, it is easy to prove that | L,D, | = 
Z| B,D, |. We have thus proved that the plane P passes through 
the point L, belonging to the upper base of the cube and | £,D, | = 
71 BiD4 |. 


Since the planes ABCD and A,B,C,D, are parallel and the plane P 
cuts them both, the lines of intersection of these planes by the plane P 
are parallel to each other. Drawing a straight line M,N, through the 
poms L,, para)lel to the diagonal A,C,, we get two points (M, and N,) 

elonging to the plane of the section P and the edges of the cube, with 


M,N, being the median of the triangle A,C,D,, | M,N, | = + | A,C, | 


and | DyN, | = | NC, |. 

Let us extend the edge DC beyond the point C. Since the straight 
lines MN and DC belong to the plane of the lower base of the cube and 
are not parallel, they meet at a certain point S. It follows from the 
equality of the triangles MBN and NSC that | SC | = |MB |. On the 
other hand, the point S, belonging to the plane P, also belongs to the 
face DCC,D, of the cube. We have thus obtained two points (S and 
N,) which belong both to the plane P and to the plane of the face 
DCC,D,. The straight line passing through the points S and N, cuts 
the edge CC, of the cube at a point K. It follows from the equality of 
the isosceles triangles CSK and KN,C, that |SC|=|CK|= 
| KC, | = | N,C, |. Connecting the points N and K belonging to the 
plane P and the plane of the face BCC,B, we get one more side of the 
polygonal section. 

By analogy, extending the edge AD of the cube beyond the point 
A, we obtain a point S, which is the point of intersection of thestraight 
lines MN and AD. Next, connecting the points S, and M,, we get 
a point K, which is the point of intersection of the plane P and the edge 
AA,, with | A,K,| = |A,M,|=|AK, |. 

We have thus obtained a hexagon MN KN,M,K, in the section of 
the cube by the plane P. It follows from the equality of the triangles 
MBN, NCK, KC,N,, N,D,M,, M,A,K, and K,AM that the sides of 
the hexagon are equal and the length of its side is VY 2/2. Since the 
triangles NCS, SCK and NCK are equal (they are all right-angled 
and | NC |= |CS|-==|CN |), the triangle NSK is equilateral, 
ZSNK = 60° and, consequently, 7 MN K = 120°. We can prove by 
analogy that all the other angles of the hexagon MNKN,M,K, are 
equal to 120° and, consequently, the hexagon is regular. The area of a 


regular hexagon with side Y 2/2 is equal to 33/4. 


Answer. 3Y 3/4. 
To find the area of the section of a polyhedron, it is also convenient 
to use, in a number of cases, the property of an orthogonal projection 
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of a plane polygon: 
s= § cosa, 


where S is the area of the polygon, s is the area of its orthogonal pro- 
jection onto a plane P, a is the angle between the plane of the poly- 
gon and the plane P. 


2.1. A plane is drawn through the midpoint of the diagonal of a 
cube perpendicular to it. Find the area of the figure resulting from the 
section of the cube by the plane if the edge of the cube is equal to a. 

2.2. In the cube ABCDA,B,C,D, (AA, || BB, || CC, || DD.) a plane 
is drawn through the midpoints of the edges DD, and D,C, and the ver- 
tex A. Find the angle between that plane and the face ABCD. 

2.3. In the cube ABCDA,B,C,D, (AA, || BB, || CC, || DD,) the 
plane P passes through the diagonal A,C, and the midpoint of the edge 
/)D,. Find the distance from the midpoint of the edge CD to the plane 
P if the edge of the cube is equal to 4. 

2.4. Given a cube ABCDA,B,C,D, (AA, || BB, || CC, || DD,). 
ind the distance from the vertex A to the plane passing through the 
vertices A,, B, D if the edge of the cube is sens a. 

2.9. Given a cube ABCDA,B,C,D, (AA, || BB, || CC, || DD). 
Points M and N are taken on the extensions of the edges AB and 
BB, respectively, the points being such that| AM |= |B,N | = 


+ |4B 1qdBM|=|BN|= ol AB |). Where, on the edge CC,, 


must the point P lie for a pentagon to result in the section of the cube 
by a plane drawn cicouch the points M, N and P? 

2.6. Assume that M and N are the midpoints of the edges AA, 
und CC, of the cube ABCDA,B,C,D,, and a point P is taken on the 
extension of the edge D,D beyond the point D such that | DP | = 
1/2 m. A plane is drawn through the points M, N and P. Find the 
urea of the section if the edge of the cube is equal to 1 m. 

2.7. The length of the edge of the cube KLMN K,L,M,N, (KK, || 
LL, || MM, || NN,)isequal to1. A pointA is taken on the edge MM, 
such that the length of the segment AM is equal to 3/5. A point B is 
taken on the edge K,N, such that the length of the segment K,B is 
equal to 1/3. A plane a is drawn through the centre of the cube and 
the points A and B. The point P is the projection of the vertex N 
onto the plane a. Find the length of the segment BP. 

2.8. A point F is taken on the edge BB, of the cube 


ABCDA,B,C,D, such that | B,F | = =| BB, |, a point FE is taken on 


the edge C,D, such that | D,E | = ay C,D, |. What is the largest 


value that the ratio 55 


ray DE and the point Q on the straight line A,F? 


can assume, where the point P lies on the 


Example 2.4. The altitude of a right prism is equal to 1. The base 
is a rhombus with side equal to 2 and an acute angle equal to 30°. 
A secant plane with the angle of inclination to the plane of the base 
wyual to 60° is drawn through the side of the base. Find the area 
of the section. 
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Solution. Assume that ABCDA,B,C,D, is the given prism (see 
Fig. 12.7) and that the secant plane passes through the edge A,B, of 
the base, | A,B, | = 2, 2B,A,D, = 30°, | AA, | = 1. Depending on 
the linear dimensions of the prism, the plane of the section passing 
through the edge A,B, cuts either the lateral face DCC,D, of the 
prism or the face ABCD of the upper base. Let us assume (and then 
prove) that the plane of the section cuts the face ABCD of the base 
along the straight line MN. The line MN is er to the edge A,B, 
(the planes ABCD and A,B,C,D, are parallel and, consequently, the 
lines of intersection of these two planes by a third plane, a secant 
plane, are parallel to each other) and | MN | = | AB | = | A,B, |. 
We draw a perpendicular B,K from 
the point B, to the straight line 
A,B, belonging to the plane 
A,MNB, and a perpendicular B,L 
to the straight line A,B, belonging 
to the plane A,B,C,D,. By construc- 
tion, the angle KB,L isa plane 
dihedral angle formed by the secant 
plane and the plane of the base. 
By the hypothesis, 72 KB,L = 60°. 

Let us drop a perpendicular KP 
from the point K to the plane 
A,B,C,D,. By the theorem on three perpendiculars, the point P be- 
longs to the straight line B,L. Let us consider the triangle B, KP. This 
is a right triangle (the angle P is aright angle), and| KP | = 1 (KP 
is the altitude of a right prism) and 7 KB,P = 60°. From the triangle 
B,KP we find that 


[B,K|=2/y3, |B,P|=1/p3. 


Let us consider the quadrilateral A4,MNB,. As we have shown 
above, A,B, || MN and |A,B,; |=| MN | = 2. Aquadrilateral whose 
opposite sides are equal and parallel is a parallelogram. The seg- 
ment B,K is an altitude of the parallelogram A,MNB, since by con- 
struction] B,K |.A,B,. The area of the parallelogram is 


S 4,MNnB, = |!41Bi|-|BiK| =4/7V'3. 


Fig. 12.7 


Now we have only to show that the plane of the section indeed cuts 
the upper base of the prism and not its lateral face. By the hypothesis 
the base of the prism is a rhombus with side equal to 2 and an acute 
angle of 30°. From the right triangle B,C,Z in which | B,C, | = 2 and 
2B,C,L = 30° we find the altitude of the rhombus | B,Z | = 1. 

Assume that the secant plane cuts the lateral face DCC,D, along 
the straight line MN. Having constructed a plane dihedral angle with 
edge A,B,, we get a triangle B,KL, the point K lying on a lateral 
face and the segment KV being a part of the altitude of the prism, 
i.e. | KL | <1. From the triangle B,KZ we find, however, that 


| KL | = V3 > 1. Thecontradiction we have established proves that 
the secant plane cannot cut the lateral face DCC,D,. 

It should be pointed out in conclusion that the size of the acute 
angle of the rhombus was necessary only to prove that the plane of 
the section cuts the upper base of the prism and not itslateral face and 
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was of no use when we sought the area of the section. We can consid- 
er a more general problem assuming the acute angle of the rhombus 


to be equal to a. In that case the area of the section is equal to 4lV'3 
for all angles @ satisfying the inequality sina> 1/(2V 3). 
Answer. 4/V'3. 


2.9. A plane is drawn through the vertices A, C, and D, 0 a rec- 
tangular parallelepiped ABCDA,B,C,D, which makes an angle of 
60° with the plane of the base. The sides of the base of the parallelepi- 
ped are equal to 4 and 3. Find the volume of the parallelepiped. 

2.10. The altitude of a right triangular prism is 7. The plane 
drawn through the median of the lower base and through the side of 
the upper base which is parallel to it makes an angle a with the plane 
of the base. Find the area of the section. 

2.41. The base of a right prism is an equilateral trapezoid with 
bases a and b (a > b) and an acute anglea. The plane passing through 
the larger base of the upper trapezoid and the smaller base of the 
lower trapezoid makes an angle B with the plane of the lower base. 
Find the volume of the prism. 

2.12. In a regular quadrangular prism a section is drawn through 
aside of the base at an angle ato the plane of the base. Find the 
angle between the diagonal of the section and the side of the base. 

2.13. Ina regular triangular prism a plane is drawn through a side 
of the lower base and the opposite vertex of the upper base which 
makes a dihedral angle of 45° with the plane of the base. The area of 
the section is S. Find the volume of the prism. 

2.14. A plane is drawn through a vertex of a regular quadrangular 
prism so that a rhombus with an acute angle @ results in the section. 
Find the angle of inclination of that plane to the plane of the base of 
the prism. 

2.15. A side of the base of a regular quadrangular prism is a. 
A plane is drawn through the diagonal of the lower base and a vertex 
of the upper base which cuts two adjacent lateral faces of the prism 
along straight lines which make an angle a. Find the volume of the 


prism. 

2.16. The base of a right prism is a right triangle with hypotenuse c 
and an acute angle of 30°. A plane is drawn through the hypotenuse of 
the lower base and the vertex of the right angle of the upper base 
which makes an angle of 45° with the plane of the base. Find the vol- 
ume of the triangular pyramid which the plane cuts off from the prism. 

2.17. The altitude of a right prism is 1 m, its base is a rhombus 
with side equal to 2 m and an acute angle of 30°. A secant plane is 
drawn through a side of the base which is at an angle of 60° to the 
plane of the base. Find the area of the section. 

2.18. The base of a right triangular prism is an isosceles triangle 
with the lateral side a and the base angle a. A plane is drawn through 
the base of the triangle in the interior of the prism at an angle g. Find 
the area of the section knowing that the section is a triangle. 

2.19. The base of a right prism is an equilateral triangle. A plane 
is drawn through one of the sides of the base and the opposite vertex 
at an angle @ to the plane of the base. The area of the section is S. 
Find the volume of the prism. 


298 Ch. 12 Solid Geometry 


2.20. The lateral edge of the triangular prism ABCA,B,C, isl. 
The base of the prism is a regular triangle with side 5, and the straight 
line which passes through the vertex B, and the centre of the base 
ABC is perpendicular to the bases. Find the area of the section which 
passes through the edge BC and the midpoint of the edge AA,. 

2.21. Each edge of a regular hexagonal prism is equal to 1. Find 
the area of the section which passes through a side of the base and the 
larger diagonal of the prism. 

2.22. The lateral edge of a right prism is equal to a. Its base is a 
right triangle whose smaller angle is equal to a. A section is drawn 
through the smaller leg of the base and the midpoint of the opposite 
lateral edge which makes an angle f with the plane of the base. Find 
the area of the section. 

2.23. A section which is drawn through the side a of the base of a 
regular triangular prism at an angle a to it divides a lateral edge 
into parts in the ratio m : n, reckoning from the upper base. Find the 
volume of the resulting parts and the area of the section. 

2.24. The base of the right prism ABCA,B,C, is an isosceles right 
triangle ABC with legs | AB | =| BC | =1. A plane is drawn through 
the midpoints of the edges AB and BC and a point P lying on the 
extension of the edge BB, beyond the point B. Find the area of the 
resulting section if | BP | = 1/2 and | BB, | = 1. 

2.25. Given a rectangular parallelepiped ABCDA,B,C,D, with the 
area of the base S and thealtitudeh. A secant plane is drawn through 
the vertex A, of the upper base A,B,C,D, which cuts the lateral 
edge BB, ata point B,, thelateral edge CC, ata point C, and the 
lateral edge DD, ata point D,. Find the volume of the part of the 
parallelepiped which lies under the secant plane, if it is known that 
| CC, | =e. 

2.26. Given a right triangular prism ABCA,B,C, (AA,, BB,, CC, 
are lateral edges) in which | AC | = 6, | AA, | = 8. A plane is drawn 
through the vertex A which cuts the edges BB, and CC, at points M 
and N respectively. Find the ratio in which the plane divides the 
volume of the prism if it is known that | BM | = | MB, |, and AN 
is the bisector of the angle CAC,. 

2.27. In the rectangular parallelepiped ABCDA,B,C,D, (ABCD 
and A,B,C,D, are the bases, AA, || BB, || CC, || DD,) the lengths of 
the edges are: | AB | = a, | AD |= b, | AA, | = c. Assume that O 
is the centre of the base ABCD, O, is the centre of the base 4,B,C,D, 
and S is a point which divides the segment O,O in the ratio 1 : 3, 1.e. 
|O,S |:| SO |= 1:3. Find the area of the section of the given par- 
allelepiped by a plane passing through the point S parallel to the 
diagonal AC, of the parallelepiped and the diagonal BD of its base. 

2.28. The lower base of the rectangular parallelepiped 
ABCDA,B,C,D, is a square ABCD. Find the largest possible mag- 
nitude of the angle between the straight line BD, and the plane BDC,. 


Example 2.5. In a regular quadrangular pyramid a secant plane 
is drawn through a side of the base a which divides in half the dihed- 
ral angle a at the base of the pyramid. Find the area of the section. 

Solution. Assume that SABCD is a regular quadrangular pyramid 
with vertex S (Fig. 12.8), and the plane of thesection passes through 
the edge AB of the base. By the hypothesis the given pyramid is regu- 
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lar and its base is a square (AB || DC); consequently, the side AB of 
the base is parallel to the plane ).SC. The plane of the section ABMN 
passing through the straight line AB 
cuts the plane of the lateral face DSC > 
along a straight line which is parallel to 
the line AB (MN || AB). Consequently, 
the quadrilateral ANMB is a trape- 
Zoid. 

We construct an auxiliary secant 
plane passing through the midpoint of y M 
the edge AB (point K), the midpoint of 
the edge DC (point L) and the vertex S bi 
of the pyramid. The plane KSZ cuts the 
lateral faces of the pyramid along the 


apothems, with SKLAB, KLLAB, = 

and, consequently, the angle SKL isa 4 K B 
plane dihedral angle with edge AB equal 

lo a. By the hypothesisz SKR = ZRKL Fig. 12.8 


and these angles are equal to a@/2. 

Let us consider the triangle ASL in whichz SKL = /ZSLK = a, 
| KL | = a, KR is the bisector of the angle SKL. By the sine theo- 
rem we find the lateral side of the isosceles triangle ASL: 


|KS| |KL| ; a 
sina sin (180°—2a) SNES eae 


Let us find the segments into which the point AR divides the side SL. 


We designate| SR | = z.Then | RL | = oT — x. By the property 
of a bisector we have 
she ee #5 
ISR| — IRL x _ 2cosa | 7 
TKS  IKEE a ag 
2cosa@ 


a 
~ 2cosa(2cosa-+ 1) ° 


By the sine theorem, we find the length of the bisector KR from the 
triangle ASR: 
asing 
sin ia 
Z 

Since KR | AB, it follows that AR is an altitude of the trapezoid 
ABNM whose base AB is known to be equal to a from the hypothesis. 
To find the second base (MN), let us consider the triangle DSC and 
a triangle MSN which is similar to it (MN || DC). The pyramid 
SABCD being regular, the apothem SZ of the lateral face is the alti- 
tude of the triangle DSC, and the segment SR of the apothem is the 
altitude of the triangle WSN. The sides of similar triangles are pro- 


|AR| = 
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portional to the altitudes drawn to them: 


[MN | _ IDC | MN | _ a 
[|SR| [SD | a a 
2cosa@ (2 cosa-+1) 2 COS @ 


=> |MN| 2cosa+1)=a>|MN|=7 57. 


The area of the trapezoid ABNM is 


ge 
2cosa+1 asina 


AB|+-|MN 
Sapwe =-CBLT IN |AR| = 2 3a 
sin —— 
2 
a 
Rages. 
__ 2a*(cosa-+1) sine eee 2 
= —_— eS oF Ba BT " 
2 (2 cos a-+ 1) sin Cone one) 
4a? cost 
Answer. 


(1+2 cosa)? °* 


2.29. The lateral edge of a regular triangular pyramid is equal to a 
and is at an angle @ to the plane of the base. Find the plane of the 
section of the pyramid by a plane passing through a vertex of the 
base and through the median of the opposite lateral face. 

2.30. Given aregular triangular pyramid SABC in which |AB | = 
a and a dihedral angle formed by adjacent lateral faces is equal to 
a. Find the area of the section of the pyramid bya _ plane passing 
through the vertex A and the bisector of the angle SBA. 

2.31. Given a regular triangular pyramid with a lateral edge a 
long and an edge angle a. Find the area of the section which passes 
through the side AB of the base and is perpendicular to the lateral 
edge SC. 

2.32. The side of the base of a regular triangular pyramid is a; 
a lateral edge is b. Find the area of the section of the pyramid by a 
plane which passes through the centre of the base and is parallel to 
two nonintersecting edges of the pyramid. 

2.33. Given a regular triangular pyramid with a lateral edge 1. A 
plane is drawn through a side of the base and the midpoint of the op- 
posite lateral edge which makes an angle @ with the plane of the base. 
Find the area of the section. 

2.34. In a regular triangular pyramid with the side of the base 
equal to a and the lateral edge to 2a a plane is drawn through the mid- 
point of the lateral edge at right angles to it. Find the area of the 
section. 

2.35. A lateral edge of a regular truncated quadrangular pyramid 
is equal to the side of the smaller base and to a. The angle between 
the lateral edge and the side of the larger basz is a. Find the area of 
the diagonal section of the truncated pyramid. 
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2.36. The area of the section of a regular tetrahedron is shaped 
as a square and is equal to m?. Find the surface area of the tetrahedron. 

2.37. A regular triangular pyramid is cut by a plane which is 
perpendicular to the base and divides the two sides of the base in 
half. Find the volume of the cut-off pyramid if the side of the base of 
the initial pyramid is a and the base dihedral angle is 45°. 

2.38. In the regular triangular pyramid SABC the plane passing 
through the side AC at right angles to the edge SB cuts off a pyramid 
S,ABC whose volume is one and a half times as small as the volume 
the pyramid SABC. Find the lateral area of the pyramid SABC 
if | AC | =a. 

2.39. A right prism has an equilateral triangle as its base. The 
plane drawn through one of its sides at an angle @ to the base cuts off 
a triangular pyramid of volume v from the prism. Find the area of the 
section. 

2.40. In the triangular pyramid SABC a point D is taken on 
the side AC such that | AC | = 3| DC |; a point E is taken on the 
side BC such that | BC | = 3| CE |. Find the area of the section of 
the pyramid by the plane which passes through the points D and E 
parallel to the edge SC, if itis known that | SA | =| SB{,| SC | = 
a, |AC|= |BC|=b, ZACB= <a. 

2.41. A plane is drawn in a triangular truncated pyramid through 
a side of the upper base parallel to the opposite lateral edge. In what 
ratio does the plane divide the volume of the pyramid if the respective 
sides of the bases are related as 1 : 2? 

2.42. All the edges of the triangular pyramid SABC are equal. 
A point M is taken on the edge SA such that | SM|=|MA |; a 


point N is taken on the edge SB such that | SN | = + |SB|.A 


plane is drawn through the points M and N which is parallel to the 
median AD of the base ABC. Find the ratio of the volume of the pyr- 
amid which is cut off from the initial pyramid by the drawn plane 
to that of the pyramid SABC. 

2.43. A regular triangular prism is inscribed into a regular trian- 
gular pyramid with the plane angle a so that the lower base of the 
prism lies on the base of the pyramid and the upper base coincides 
with the section of the pyramid by a plane passing through the upper 
base of the prism. The length of a lateral edge of the prism is equal to 
the length of a side of the base of the prism. Find the ratio of the vol- 
umes of the prism and the pyramid. 

2.44. The angle between a lateral edge and the plane of the base 
of a regular triangular pyramid SABC is 60°. A plane is drawn through 
the point A which is perpendicular to the bisector of the angle S of 
the triangle BSC. In what ratio does the line of intersection of that 
plane and the plane BSC divide the area of the face BSC? 

2.45. Given a regular triangular pyramid SABC. A point M is 
taken on the extension of the edge AB such that 


[|AM|=|AB| (| MB|= 2 AB }). 
A point N is taken on the edge SB such that | SN | = | NB |. Where 


should a point P be on the apothem SD of the face SBC for a triangle 


lo result in the section of the pyramid by a plane drawn through the 
points M, N and P? 
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2.46. A plane cuts the lateral edges SA, SB and SC of the trian- 
gular pyramid SABC at points K, L and M respectively. In what ratio 
does the plane divide the volume of the pyramid if it is known that 


[| SA|[:| KA | -=|SO|:| LB| = 2, 


and the median SN of the triangle SBC is bisected by that plane? 

2.47. Inthe regular quadrangular pyramid SABCD a plane is 
drawn through the midpoints of the sides AB and AD of the bases, 
parallel to the lateral edge SA. Find the area of the section knowing 
the side of the base a and the lateral edge b. 

2.48. Given a regular quadrangular pyramid with a lateral edge J. 
The plane of the section passes through the diagonal of the base and 
the midpoint of the lateral edge and makes an angle a with the plane 
of the base. Find the area of the section. 

2.49. In the regular quadrangular pyramid SABCD a side of the 
base is equal to 4. A section is drawn dieough the side CD of the base 
of the pyramid which cuts the face SAB along the median of the trian- 
gle SAB. The area of the section is equal to 18. Find the volume of the 
pyramid SABCD. 

2.50. In the regular quadrangular pyramid SABCD the plane 
drawn through the side AD at right angles to the face SBC divides 
that face into two parts of equal areas. Find the area of the total surf- 
ace of the wean Ge | AD | = a. 

2.51. The altitude of a regular quadrangular pyramid makes an 
angle of 30° with a lateral face. A plane is drawn through a side of the 
base of the pyramid, at right angles to the opposite face. Find the 
ratio of the volumes of the polyhedrons resulting from the section of 
the pyramid by that plane. 

2.02. Given a regular quadrangular pyramid SABCD with vertex 
S. A plane is drawn through the midpoints of the edges AB, AD and 
CS. In what ratio does the plane divide the volume of the pyramid? 

2.53. The area of a lateral face of a regular hexagonal pyramid is 
S. Calculate the area of the section passing through the midpoint of 
the altitude of the pyramid parallel to the lateral face. 


3. Solids of Revolution 


A cylinder. A right circular cylinder (or simply a cylinder) is a 
solid resulting from a rotation of a quadrilateral about the axis pass- 
ing through one of its sides. When a polygonal line consisting of the 
sides of a rectangle, not lying on the axis of revolution, is rotated 
about the same axis a solid results which is known as the surface of 
the cylinder. The circles obtained as a result of a rotation of the sides 
adjacent to the side belonging to the axis of revolution are known as 
the bases of the cylinder. 

A solid obtained as a result of a rotation of a side of a rectangle 
which is not adjacent to the side belonging to the axis of revolution 
is known as the lateral surface of the cylinder. A perpendicular drawn 
to the planes of the bases of a cylinder whose ends coincide with the 
oi of the bases of the cylinder is known as the altitude of the cyl- 
inder. 

The volume of a cylinder can be calculated by the formula 


V = nR-H. 
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The area of the total and the lateral surface of a cylinder can be 
calculated by the formulas 


Silat == 2nRH, 
Sto = 2nRH + 2nR?, 


where R is the radius of the base and 4 is the altitude of the cylinder. 

A cone. A right circular cone (or simply a cone) is a solid resulting 
from a rotation of a right triangle about the axis containing its leg. 
A solid resulting from a rotation, about the same axis, of a polygonal 
line consisting of the hypotenuse and a leg, not belonging to the axis 
of revolution, is known as the surface of the cone. A solid resulting from 
a rotation of the hypotenuse is the lateral surface of the cone and a 
circle resulting from a rotation of a leg is the base of the cone. The 
radius of the circle is known as the radius of the base of the cone. 

The leg of the triangle belonging to the axis of revolution is the 
altitude of the cone, and the hypotenuse of the right triangle is the 
generatriz of the cone. 

The volume of a cone can be calculated by the formula 


Veone = - nR*H , 
The area of the lateral surface of a cone can be calculated by the 
formula 
Siat = NRL, 


where R is the radius of the base, 7 is the altitude, and Z is the gene- 
ratrix of the cone. 

A frustum of a cone. A part of a cone bounded by its base and 
the section which is parallel to the plane of the base is known as a 
frustum of a cone or a truncated cone. The bases of a truncated cone are 
homothetic circles with the centre of homothety at the vertex of the 
cone. 

A frustum of a cone can be obtained by rotating an isosceles trape- 
z0id about its axis of symmetry. 

Nonparallel sides of a trapezoid are known as generatrices of trun- 
cated cones; the circles resulting from a;rotation of the bases ofa 
(rapezoid are the bases of a truncated cone. 

The volume of a truncated cone can be calculated by the formula 

1 
Vea nH (Ri-+ RyR.+ RB), 

where # is the altitude, R, and R, are the radii of the upper and lower 
bases of the truncated cone. 

The area of the lateral surface of a truncated cone can be calculated 
by the formula 

Sjat = © (Ry + Ra) L, 

where L is the generatrix of the truncated cohe. 

A sphere. The set of all points of space which are at a given posi- 
tivedistance R froma given point of space O is a sphere. The given point 
Q is the centre of the sphere. 

A sphere can also be defined as a solid resulting from a rotation of 
i semicircle about an axis containing the diameter of the semicircle. 
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The segment OM (M is an arbitrary point of the sphere) is the radius 
of the sphere. The line segment connecting any two points of the sphere 
and passing through its centre is a diameter of the sphere. A diameter 
of a sphere is equal to double its radius. 

The set of all points of space which are at a distance from a given 
point O which does not exceed the given distance R is called a ball*. 
A ball can also be defined as a solid resulting from a rotation of a 
semicircle about an axis containing a diameter of the semicircle. 

The volume of a sphere of radius R can be calculated by the formula 


4 
Vi nA? 
3 wR 


The area of a sphere of radius R can be calculated by the formula 
S = 4nR?, 


A section of a sphere by a plane passing through the centre of the 
sphere is called a larger circle. A tangent plane to a sphere (a ball) is 
a plane which has asingle point incommon with the sphere. That point 
is called a point of tangency of the sphere and the plane. For a plane 
to be tangent to a sphere, it is necessary and sufficient that the plane 
be perpendicular to the radius of the sphere and pass through its end- 

oint. 
: A straight line belonging to the tangent plane to a sphere and pass- 
ing through the point of tangency is known as a straight line which is 
tangent to the sphere. 


Example 3.1. A point M lying on the circle of the lower base of 

a cylinder and a point N lying on the circle of the upper base are con- 

nected by aline segment pains through the 
midpoint of the altitude of the cylinder. Find 
the volume of the cylinder if the length of the 
segment MN is a and the angle of inclination 
of the line MN to the plane of the base of the 
cylinder is a. 

Solution. Assume that OO, is the altitude of 
the cylinder (Fig. 12.9), KA is the point of 
intersection of the altitude of the cylinder and 
the segment MN, and, by the hypothesis, 
| OK | = | KO, |. Let us consider the triangles 
KON and KO,M. These are right triangles 
(KO \1ON and KO,10,M), and the angles 
OKN and O,KM are vertical and | OK | = 


| KO, |; consequently, these triangles are 
Fig. 12.9 equal (by a side and two angles). It follows 
eee from the equality of the triangles that 
1 
| KO,|=|OK|; |KM| =| KN|=>1MN|= 5. 


The radius MO, of the base of the cylinder is the projection of the 
segment MN, and the angle KMO, which is the angle between the 
straight line MN and the plane of the base of the cylinder is equal to 


* Sometimes, when there is no ambiguity, a ball will be used as 
a synonym of a sphere. 
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a by the hypothesis. From the right triangle M KO, we find that 


a _ @ |. ust |O0;| 
pz 008M, [|KO,|= 5 sin ae ae 


Let us calculate the volume of the cylinder: 


|MO,|= 


3 
Vey =Shasell =1 |MO,|2-100,|= — cos? a sina. 


ta®> ‘ 
Answer. aay am sin @ cos? a. 


Example 3.2. The angle at the vertex of the axial section of a 
right circular cylinder is «. A plane is drawn through its vertex at an 
angle B (B < a/2) to the axis of the cone. Find the angle between two 
generatrices of the cone along which the plane cuts its surface. 

Solution. Assume that SO is the altitude of the cone, MSN is 
a secant plane making an angle @ with the altitude SO, MN is a chord 
of the circle of the base (Fig. 12.10). 
Since by the hypothesis the angle 
at the vertex of the axial section of 
the cone isa, the angle between any 
generatrix of the cone (generatrices 
SM and SN, in particular) and the 
altitude of the cone is equal to a/2. 
Let us consider the right triangle 
MSO (MOS isa right angle). Desig- 
nating the radius of the base of the 
cone as r, we obtain 

r a 
|\SM |= Pa » |SO|=r cot 5° 
2 

Let us construct an angle between 
the plane SMN and the altitude , 
SO. For that purpose, we drop a per- Fig. 12.10 
pendicular OK in the plane of the 
base of the cone from the point O to the chord MN. By the property 
of a chord, | MK | = | NK |. The straight line MN is perpendicular 
lo the altitude SO of the cone and to the straight line OK and, conse- 
quently, it is perpendicular to the plane of the triangle KSO. The 
plane MSN passes through the perpendicular MN to the plane KSO. 
Consequently, the planes of the triangles KSN and KSO are mutually 
perpendicular and the ray SK is an orthogonal projection of the ray 
‘SO onto the plane MSN. Since by definition the angle between an 
inclined line (SO) and a plane (MSN) is the angle between the inclined 
line and its orthogonal projection onto the plane, the angle KSO 


is precisely the angle whose size is B. From the right triangle KSO 
we find that 


a 
1SO| r cot 


K|= ae 
ee cos B cosB ° 


20—9263 
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As was indicated above, KOL MN and SO | MN and, consequent- 
ly, according to the theorem on three perpendiculars, SK | MN. The 
triangle MSN is isosceles (| MS | = | NS |) and SK is an altitude, 
a median and a bisector of that triangle. From the right triangle MS K 
we find the angle MSK: 


r cot cos = 
— [SKI __ 2 = 2 
cos(Z MSK)= Wl ep OB 
sin —- 
beat a 
=> Z MS K =arccos coe 9 


cos my 
Z MSN=2 Z MSKe=2 arccos . 


cos B 
a 
COS 
Answer. 2 arccos | ——— ]}. 


cos B 


3.1. Being developed, the lateral surface of a cylinder is a rectangle 
whose diagonal is equal to d and makes an angle a with the base. 
Find the volume of the cylinder. 

3.2. The area of the section of a cylinder by a plane which is per- 
pendicular to the generatrix is equal to s,, and the area of the axial 
eecuen is equal to s,. Find the lateral area and the volume of the cyl- 
inder. 

3.3. The radius of the base of a cone is r and the vertex angle in 
the development of its lateral surface is 90°. Find the volume of the 
cone, 

3.4. The lateral surface of a cone is a folded quarter of a circle. 
Find the total surface of the cone if the area of its axial section is S. 

3.5. The area of the lateral surface of a right circular cone is S; 
the distance from the centre of the base to the generatrix is r. Find 
the volume of the cone. 

3.6. The area of the lateral surface of a cone is related to that of 
the base as 2 : 1. The area of its axial section is S. Find the volume of 
the cone. 

3.7. The radius of the base of a cone is r, and the area of its lateral 
surface is equal to the sum of the areas of the base and the axial sec- 
tion. Find the volume of the cone. 

3.8. The altitude of a cone is equal to the diameter of its base. 
Find the ratio of the area of its base to that of the lateral surface. 

3.9. A plane, drawn through the vertex of a cone, cuts the base 
along a chord whose length is equal to the radius of the base. Find 
the ratio of the volumes of the resulting parts of the cone. 

3.10. Two perpendicular generatrices of a right circular cone divide 
the circle of the base in the ratio 4 : 2. Find the volume of the cone if 
its altitude is h. 
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3.11. A plane is drawn through two generatrices of a cone which 
make an angle a. Find the ratio of the area of the section to the total 
surface of the cone if the angle between the generatrices of the cone 
and the plane of the base is 6. 

3.12. The generatrix of a cone is / and makes an angle B with the 
altitude of the cone. Find the area of the section of the cone by a plane 
which passes through its vertex and makes an angle a with its altitude. 

3.13. Two planes are drawn through the vertex of a cone. One 
of them makes an angle @ with the plane of the base of the cone and 
cuts the base along a chord a long, and the other makes an angle B 
with the plane of the base and cuts the base along a chord 6 long. Find 
the volume of the cone. 

3.14. The areas of parallel sections of a sphere lying on the same 
side of the centre are equal to S, and S,, and the distance between the 
sections is d. Find the area of the section of the ball which is parallel 
to the sections S, and S, and bisects the distance between them. 

3.15. A sphere of radius R is inscribed in a dihedral angle of 60°. 
Find the radius of the sphere inscribed in that angle and touching the 
given sphere if it is known that the straight line connecting the centres 
of a two spheres makes an angle of 45° with an edge of the dihedral 
angle. 

3.16. Two equal spheres of radius r touch each other and the faces 
of the dihedral angle which is equal to a. Find the radius of the sphere 
which touches the faces of the dihedral angle and the two given spheres. 

3.17. Four equal spheres of radius r are externally tangent to each 
other so that each of them touches the other three. Find the radius 
of the circle which touches all the four spheres and contains them in 
its interior. 

3.18. Two spheres touch a plane P at points A and B and lie on 
different sides of the plane. The distance between the centres of the 
sphere is equal to 10. A third sphere touches the two given spheres 
and its centre O lies in the plane P. It is known that 


[|AO|=|OB|=2 710, |AB|=8. 


lind the radius of the third sphere. 

3.19. Three spheres touch the plane of the triangle ABC at its 
vertices and each sphere touches the other two. Find the radii of the 
spheres if the side AB is c long and the angles adjacent to it are a and 


/ 


3.20. Two spheres of radii r and R lie on a plane without meeting 
cach other. The distance between the centres of the spheres is p. Find 
the minimal possible radius of the sphere which would lie on that plane 
and touch the given spheres. 


4. Combinations of Polyhedrons 
and Solids of Revolution 


A prism and a sphere. A sphere which touches all the faces of a 
prism is said to be inscribed into the prism. A prism is said to be inscrib- 
ed into a sphere if all its vertices lie on the surface of the sphere. 

In problems dealing with combinations of a prism (a parallel- 
epiped and a cube, in particular) and a sphere solution, as a rule, 


20¢ 
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begins with a geometric construction showing where the centre of the 
sphere is. When seeking the centre of the sphere inscribed into the 
prism, use is made of the theorem stating that the centre of a sphere 
inscribed into a prism is the point of intersection of the bisecting planes 
of all dihedral angles of the prism, and the centre of the sphere circum- 
scribed about the prism is the point of intersection of all planes which 
pass through the midpoints of the edges of the prism and are perpen- 
dicular to them. 


Example 4.1. Three spheres of radius r touch the lower base of 
a regular triangular prism, each sphere touching the other two spheres 
and two lateral faces of the prism. The fourth sphere touches each of 
these three spheres, all the lateral 
B faces and the upper base of the prism. 

Find the altitude of the prism. 
A Solution. Assume that O,, O, and 
O, are the centres of the spheres of 
radius r, ABC and A,B,C, are equi- 


P lateral triangles which are the upper 

MW and the lower base of the prism res- 

pectively (Fig. 12.11). Since the prism 

-, ABCA,B,C, is regular, its lateral 

A edges AA,, BB,, and CC, are perpen- 

My *s By dicular to the planes of the bases, 

and the planes of the lateral faces are 

Ay also perpendicular to the planes of the 
bases. 

We draw a plane through the 

centre O, of the sphere, parallel to 

c the plane of the base of the prism. 

1 An equilateral triangle M,N,P, re- 

sults in the section of the prism by 

the plane, the side of the triangle 

being equal to the side of the base 

of the prism. The plane we have constructed is perpendicular to 

the planes of the lateral faces of the prism and the points O, and 

O, belong to that plane. 

Let us prove that the points of tangency of the spheres and the 
planes of the lateral faces also belong to the plane of the triangle 
M,N,P,. We drop a perpendicular from the point O, to the plane 
A,ACC,. Since the sphere touches that plane, the perpendicular gets 
into the point of tangency and its length is r. On the other hand, since 
the planes M,N,P, and A,ACC, are mutually perpendicular and the 
point O, belongs to the plane M,N,P,, the perpendicular drawn from 
the point O, to the plane A,ACC, entirely Belongs to the plane M,N,P, 
and, consequently, the foot of the perpendicular (point K in Fig. 12.12) 
belongs to the line of intersection of these mutually perpendicular 
planes (see the theorem on mutually perpendicular planes). 

We can prove by analogy that the point of tangency of the sphere 
with the centre O, and the plane A,ABB, also belongs to the plane 
M,N,P,, and the points of tangency of the spheres with centres O, 
and O, and the planes of the lateral faces belong to the plane M,N,P,. 
Since the plane M,N,P, passes through the centres of the three pairwise 


Fig. 12.44 
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tangent spheres, the lines of centres of these spheres (the segments 
0,0, 0.03, 0,05) belong to the plane M,N,P,. We have thus obtained, 
in the section of the prism by the plane M,N,P,, an equilateral triangle 
M,N,P, which contains in its interior three circles of radius r, each 
of which touches the other two circles and two sides of the triangle 
(Fig. 12.12). 

Let us consider the triangle M,N,P,. Wedraw radii 0,K and 0,L 
to the points of tangency of the circles and the side M,P,. Since 


O,K 1 M,P,, O,L 1M,P, and |0,K |= |0O3;L | =r, it follows that 
N 
/\ 
NS 
M Q 
Fig. 12.12 Fig. 12.13 
the quadrilateral O,O,KL is a rectangle and | KL | = | 0,0, | = 2r. 


Since the circle with centre O, touches the sides of the triangle M,N, 
and M,P,, the point O, lies on the bisector of the ee N,M,P, and 
£0,M,K = 30°. In the right triangle M,0,K we know the angle 
O,MK = 30° and the leg | O,K | = r. We find the other leg: 


|M,K|=ry3. 


Similarly, from ALO 3P, wefind | LP, | = r V 3. Thus the side of the 
triangle M,N,P, is equal to 2r (4 + V3). 

We draw a pane through the centre O of the fourth sphere which 
is parallel to the plane of the base of the prism. The section of the 
prism by that plane is an equilateral triangle MNP (Fig. 12.13) and 
the section of the sphere with centre O is a circle of a large diameter 
inscribed into the triangle MNP (the points of tangency of the sphere 
with centre O and the planes of the lateral faces belong to the plane 
MNP, which fact can be proved in the same way as in the case of the 
construction of the section M,N,P,). Since the planes of the triangle 
M,N,P, and MNP arc parallel, the triangles M,N,P, and MNP are 
equal and, consequently, the side of the triangle MNP is equal to 


2r (1 -+ V 3). The radius of the circle inscribed in the triangle MNP 
and, consequently, the radius of the sphere with centre O are equal to 


}OQl=r(1+ ve), 
The required altitude of the prism is constituted by the distance 
from the upper base to the plane MNP, the distance between the planes 


MNP and M,N,P, and the distance from the plane M,N,P, to 
the lower base of the prism. By the hypothesis, the sphere with centre 
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O touches the upper base of the prism, and the distance J, between the 
upper base and the plane MNP, containing the point O, is equal to the 
radius of the sphere with centre at point O: 


Lr (1+), 


It also follows from the hypothesis that three epee (with centres 
O1, Oz, Oz) lie on the lower base of the prism and the distance /, be- 
tween the lower base and the plane M,N,P,, containing the points 
O1, O2, Os, is equal to the radii of the spheres: 


lL=r. 


Now we have only to find the distance between the planes MNP 
and M,N,P,. Let us consider a polyhedron with vertices O, O,, Og, Oz. 
It is a pyramid whose base is an equilateral triangle 0,0,0, with side 
2r. The lateral edges OO,, OO,, OO, are equal to one another (since all 


the spheres are pairwise tangent) and are equal to r (2 av) . 


We draw an altitude OK of the regular triangular pyramid 00,0,0, 
(Fig. 12.44). The segment OK is perpendicular to the plane M,N,P, 
and to the plane MNP which is parallel to it, and, consequently, the 
length of the segment is the distance between the planes. Since in 
a regular triangular pyramid the foot of the altitude coincides with the 


centre of the base, it follows'that | 0,K | = 2r/ Y'3. By the Pythagor- 
ean theorem we find from the right triangle 0,0K that 


nee, (eee 
|OK |= y (00, \?— [0,K|*=-3 v V 274-12 V3. 


The altitude of the pyramid 


{ Sa 5 Sao caas tls 
H=h+1,+|OK| = r (64+ V3+V 27412 V3). 


Answer. - r (6+ V3+V 27412 V3). 


4.14. The base of a regular prism is a square with side a and its alti- 
tude is #7. Find the radius of the circumscribed sphere. 

4.2. A regular triangular prism is circumscribed about a sphere 
and a sphere is circumscribed about the prism. Find the ratio of the 
surfaces of the spheres. 

4.3. A regular hexagonal prism is circumscribed about a sphere of 
radius R. Find its surface area. 

4.4. A sphere touches the lateral edges of a regular right hexagonal 
prism whose base lies outside of the sphere. Find the ratio of the la- 
teral area of the prism included in the sphere to the surface area of the 
sphere which lies outside of the prism. 

4.5. A sphere is inscribed into a cube with edge a. Find the radius 
eee sphere which touches three faces of the cube and the first 
sphere. 
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4.6. A cube is inscribed into a hemisphere of radius R so that its 
four vertices lie on the base of the hemisphere and the other four be- 
ue the spherical surface of the half-ball. Calculate the volume of 
the cube. 

4.7. Given a cube with bases ABCD and A,B,C,D,, where AA, || 
BB, || CC, || DD,. A_ ball of radius R = 1/2 is inscribed into the 
angle A. Find the radius of the sphere inscribed into the angle C and 
eae the given sphere, provided that the edge of the cube is equal 
to 3/2. 

4.8. Given a cube with bases ABCD and A,B,C,D,. A point E 
is the midpoint of the edge C,D,, a point F is the midpoint of the edge 
B,C,. Find the radius of the sphere drawn through the points £, F, A, 
C if the edge of the cube is equal to a. 


A pyramid and a sphere. A sphere is said to be inscribed in a py- 
ramid if it touches all the faces of the pyramid. The centre of the sphere 
inscribed in the pyramid is the point of intersection of the bisecting 
planes of all dihedral angles of the pyramid. 

A sphere is said to be circumscribed about a pyramid if all the ver- 
tices of the pyramid lie on its surface. If a ball is circumscribed about 
a pyramid, then its centre is the point of intersection of all the planes 
which are drawn through the midpoints of the edges of the pyramid at 
right angles to the edges. 

In problems dealing with combinations of a pyramid and a sphere, 
it is necessary, as arule, to begin a solution with a geometric construc- 
tion as a result of which a point is found which is the centre of the sphere. 
Inaddition, itis often convenient to construct an auxiliary section 
of the pyramid and the sphere dividing the combination of the pyram- 
id and the sphere into two symmetric parts as a result of which the 
solution of the space geometry problem can sometimes be reduced to 
es ‘ plane geometry problem (such a technique is used in Exam- 
ple 4.3). 


Example 4.2. The base of a pyramid is an equilateral triangle 
with side a. The altitude of the pyramid passes through the midpoint 
of one of the} edges of the base and is equal to 3a/2. Find the radi- 
us of the ball circumscribed about the pyramid. 

Solution. Assume that S is the vertex of the pyramid, ABC is an 
equilateral triangle lying at the base of the pyramid (Fig. 12.14), 
S K is the altitude of the pyramid (and also the altitude of the triangle 
ASB), and by the hypothesis | AK | = | KB |. The triangles ASK 
and BS K are equal (they are both right triangles, SK is the common 
side and |AK|=|KB |), and, consequently, the triangle ASB 
is isosceles. By definition, a pyramid is inscribed into a ball if all 
the vertices of the pyramid belong to the surface of the ball and the 
centre of the ball is a point which is equidistant from all the vertices 
of the pyramid. Let us find the locus of points which are equidistant 
from all the vertices of the pyramid. 

The locus of points which are equidistant from the three vertices 
A, B and C is the perpendicular 0,M to the plane of the equilateral 
triangle ABC drawn from the centre O, (Fig. 12.14). The locus of points 
which are equidistant from the vertices A, S, B is the perpendicular 
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O,N to the plane of the isosceles triangle ASB drawn from the point 
O, which is the centre of the circle circumscribed about the triangle 
ASB. 

Let us prove that two perpendiculars, O,M and O,N intersect. By 
the hypothesis, the segment SK is perpendicular to the plane of the 
triangle ABC, SK |. AB, K is the midpoint of the segment AB and, 
consequently, KCyis an altitude, a median and a bisector of the equi- 
lateral triangle ABC (KC | AB). Thus the segment AB is perpendi- 
cular to two different straight lines SK and KC and, consequently, it 

is perpendicular to the plane passing 
ny through the points S, K and C (see theo- 
M rem on mutually perpendicular straight 
| lines and planes). The planes ASB and 
ABC are perpendicular to the plane S KC, 
vi since each of them includes the straight 
line AB which is perpendicular to the 
plane SKC. 
The point O, belongs to the line of 
[ intersection of the planes ABC and SKC, 
and the point O, to the line of intersec- 
A tion of the planes ASB and SKC. The 
\ perpendicular 0,M to the plane ABC 
P entirely belongs to the plane SKC and 
the perpencicn ar O,N to the plane ASB 
also belongs to the plane SKC (according 
B to the theorem on two mutually per- 
Fig. 12.44 pendicular planes and a perpendicular te 
Be hee one of the planes passing through tho 
lines of their intersection). 

We have thus proved that the straight lines O,M and O,N belong 
to the same plane, meet at a point O and the quadrilateral KO,00,, 
whose all vertices belong to the plane S KC, is a rectangle. The point 
O is a point which is equidistant from the points A, B, C, S is the 
centre of the ball circumscribed about the pyramid. The radius of the 
circle circumscribed about the triangle ASB is equal to 5a/6, and 


|O,K|=|SK|—|SO,| = eee. In the equilateral 
triangle ABC the distance from the centre O, to the vertex C is equal 
to |O,C |= a KC |= ve Since | 0,K | = | 0,0 | (KO,00, 


is a rectangle), from the right triangle 00,C we obtain, by the Pyth- 
agorean theorem, the length of the segment OC which is equal to the 
required radius of the ball: 


R=|0C|=V j0,0|?+10,C[? 


a 
Answer. 3 . 
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4.9. A regular tetrahedron is inscribed in a sphere of radius R. 
find the volume of the tetrahedron. 

4.10. The base of the pyramid is a regular triangle with side equal 
to 6 cm. One of the lateral edges is perpendicular to the plane of the 
base and is equal to 4 cm. Find the radius of the sphere circumscribed 
about the pyramid. 

4.41. The side of the base of a regular triangular pyramid is a 
and the edge angle of the pyramid is a. Find the radius of the sphere 
inscribed into the aveamid. 

4.12. The lateral edges and two sides of the base of a triangular 
pyramid are equal to a and the angle between the equal sides of the 
te is «. Find the radius of the sphere circumscribed about the pyram- 
id. 

4.13. The edge of a regular tetrahedron is a. Find the radius of the 
sphere which touches the lateral edges of the tetrahedron at the vertices 
of the base. 

4.14. The edge of a regular tetrahedron is a. Find the radius of the 
sphere which touches the lateral faces of the tetrahedron at the points 
lying on the sides of the base. 

4.15. Find the radius of the sphere which touches the base and the 
lateral edges of a regular triangular pyramid the side of whose base 
is a and the base dihedral angle is a. 

4.16. The faces of a regular truncated triangular pyramid touch 
a sphere. Find the ratio of the surface of the sphere to the total surface 
of the pyramid if the lateral faces of the pyramid make an angle @ with 
the plane of the base. 

4.17. A given regular truncated triangular pyramid can contain 
a sphere which touches all the faces and a sphere which touches all the 
edges. Find the sides of the base of the pyramid if the lateral edges are 
equal to b. 

4.18. The edge of a regular tetrahedron is a. Find the radius of the 
sphere which touches all the edges of the tetrahedron. 

4.19. The side of the base of a regular triangular pyramid is a, 
the lateral edge is b. Find the radius of the sphere which touches all 
the edges of the pyramid. 

4.20. A sphere is inscribed in a regular triangular pyramid with 
the plane vertex angle f. Find the ratio of the volumes of the sphere and 
the pyramid. 

4.21. The edge of a regular tetrahedron SABC is a. Find the rad- 
ius of the sphere inscribed in a trihedral angle formed by the faces of 
the tetrahedron with the vertex at the point S which touches the plane 
drawn through the midpoints of the edges SA, SC and AB. 

4.22. A sphere is inscribed in a regular triangular pyramid. Find 
the angle of inclination of the lateral sides of the pyramid to the plane 
of the base, knowing that the ratio of the volume of the pyramid to 


that of the sphere is 27 VY 3/ (4n). 

4.23. In a regular triangular pyramid the angle between the lateral 
edges and the altitude drawn to the base is a. Find the ratio of the 
volume of the pyramid to that of the circumscribed ball. 

4.24, In a regular triangular pyramid the dihedral angle between 
the plane of the base and a lateral face'is a. Find the ratio of the volume 
of“the sphere inscribed into the pyramid to the volume of the 
pyramid. 
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4.25. Given a sphere of radius R into which a regular triangular 
pyramid SABC is inscribed whose base dihedral angle is a. Find the 
side of the base of the pyramid. 

4.26. Four equal spheres lie inside a regular tetrahedron with 
edge a so that each sphere touches the other three spheres and three 
faces of the tetrahedron. Find the radius of the spheres. 

4.27. In the tetrahedron SABC the dihedral angles at the edges 
AB, AC, and SB are right angles and the dihedral angles at the edges 
SA, and BC are equal to 15°. Find the radius of the ball inscribed into 
the tetrahedron if | BC | = 2. 

4.28. A plane is drawn through the side of the base of a regular trian- 
gular pyramid and the centre of the ball inscribed into it. In what ratio 
does the plane divide the volume of the pyramid if its lateral edge is 
3.5 times as large as the side of the base? 

4.29. In the regular triangular pyramid SABC the side of the 


base ABC is b and the altitude of the pyramid is b Y 2. The sphere 
inscribed into the pyramid touches SBC at a point K. Find the area 
of the section of the pyramid by the plane which passes through the 
point K and the edge SA. 

4.30. The base of a pyramid is an equilateral triangle with side a. 
One of the lateral edges ofthe pyramid is also equal to a and the other 
two are oe to b. Find the radius of the sphere circumscribed about the 

yramid. 

4.31. The base of the pyramid is an isosceles triangle whose equal 
sides are b long; the lateral faces corresponding to them are perpendi- 
cular to the plane of the base and the angle between them is a. The 
angle between the third lateral face and the plane of the base is also 
equal to a. Find the radius of the ball inscribed into the pyramid. 

4.32. A sphere lies on the base of a regular triangular pyramid with 
the altitude H and the radius of the ball inscribed inthe base equal 
to r. The ball touches the base at its centre. Find the radius of the 
sphere if the plane drawn through the vertex of the pyramid and the 
midpoints of two sides of the base touches the sphere. 

4.33. In the triangular pyramid SABC the face SAC is perpendi- 
cular to the face ABC, | SA | = | SC | = 1, and the vertex angle B 
of the triangle ABC is a right angle. The ball touches the plane of the 
base of the pyramid at the point B and the face SAC at the point S. 
Find the radius of the ball. 

4.34. Three identical spheres are in the interior of a regular trian- 
gular pyramid with the length of the edge of the base equal to a and 
the base dihedral angle equal to 60°. Each sphere touches the other 
two spheres, the plane of the base and two lateral faces. Find the radii 
of the spheres. 

4.35. A sphere of radius 1 is in the interior of a regular triangular 
pyramid. At the point which bisects the altitude of the pyramid it 
is externally tangent to a hemisphere. The hemisphere rests on a circle 
inscribed in the base of the pyramid; the sphere touches the lateral 
faces of the pyramid. Find ie lateral area of the pyramid and the 
dihedral angle between the lateral faces of the pyramid. 

4.36. A regular triangle with side a lies in the plane P. Its medians 
divide it into four triangles and three regular pyramids with the alti- 
tude a are constructed on three of them, adjacent to the vertices as the 
bases (the three pyramids lie on the same side of P). Find the radius 
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of the sphere which lies between the pyramids and touches both the 
plane P and the three pyramids. 


Example 4.3. A sphere is inscribed in a regular quadrangular py- 
ramid. The distance from thecentre of the sphere to the vertex of the 
pyramid is a and the angle of inclination of the lateral face to the plane 
of the base is a. Find the volume of the pyramid. B 

Solution. Assume that SABCD (Fig. 12.15) is a regular quadran- 
gular pyramid (ABCD is a square, SK is the altitude of the pyramid, 
K is the centre of the square, the lateral faces ara equal isosceles 
triangles). Let us find a point O which 
is the centre of the sphere inscribed into 
the pyramid. 

We draw an altitude from the vertex 
A of the triangle ASB to the base SB. 
Next we draw an altitude from the ver- 
tex C of the triangle BSC to the base SB. 
Since the triangles ASB and BSC are 
equal, one and thesame point M serves 
as the feet of the altitudes and | AM | = 
| MC |. By construction, the angle 
AMC is a plane dihedral angle formed 
by the planes of the lateral faces ASB 
and BSC. In the triangle AMC the bis- 
ector of the angle AMC is a median and 
an atiuude and cuts the base AC ata Fig. 12.15 
point K. 

In our case, the point S belongs to an edge of the dihedral angle 
and the point K is the bisector of the dihedral angle and, consequently, 
the altitude SK of the pyramid belongs to the bisecting plane of the 
dihedral angle with edge SB. Constructing the disecting plane of the 
dihedral angle with edge SC, we can prove by analogy that the alti- 
tude SK belongs to that bisecting plane as well. Since two different 
planes intersect along the same straight line and the line SK belongs 
to both planes, the line of intersection of two different bisecting planes 
contains the altitude SK of the pyramid. The centre of the ball in- 
scribed into the pyramid lies at the intersection of the bisecting planes 
of all the dihedral angles of the pyramid and, consequently, in our case 
(when the pyramid is regular) on the altitude of the pyramid. 

Let us draw a plane through the altitude SK of the pyramid and 
the midpoints Z and P of the opposite sides of the square (Fig. 12.16). 
Since ADSC is isosceles, it follows that SP is a median and an alti- 
tude of ADSC and SP | DC. The segment LP is also perpendicular to 
DC and, consequently, the angle LPS isa plane dihedral angle form- 
ed by the lateral face DSC and the plane of the base ABCD which, by 
the hypothesis, is equal to~. Wecan prove by analogy that ZSLP= a. 
The centre of the sphere inscribed in the pyramid lies in the bisecting 
plane of the dihedral angle with edge DC. The point of intersection 
of this plane and the altitude SK is the centre of the ball inscribed in 
the pyramid (the point O in Fig. 12.16). 

The planes DSC and ABCD are perpendicular to the plane LSP 
since they contain the straight line DC which is perpendicular to the 
plane LSP. We drop a perpendicular from the point O belonging to 
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the plane LSP to the plane DSC. The foot of this perpendicular 
(point N) coincides with the point of tangency of the ball and the 
plane DSC. On the other hand, according to the theorem on two mut- 
ually perpendicular planes (DSC and LSP) and a perpendicular to one 
of the planes, thestraight line ON entire- 
5 ly belongs to the plane LSP. We have 
thus proved that the point of tangency of 
the sphere and the plane of the lateral 

face DSC belongs to the plane LSP. 

We can prove by analogy that the 
points of tangency of the ball with the 
planes ABCD and ASB also belong to the 
plane LSP. 

CL Let us consider the triangles OSN 
A Ya/2 and PSK. These triangles are similar 
(y (they are right-angled and have an angle 


a /? in common). It follows from the simila- 
i Wi] rity of the triangles that zSON =a 
and, by the hypothesis, | SO| = a. 
Fig. 12.16 From the triangle OSN we find that 
oe | ON |= acos a. The altitude of the 
triangle is | SK|=|SO|+ |OK|= 

a(i+t cosa). From the triangle SKP we find that 

| KAP |=|SK|cota =a (1 + cosa) cota. 

In the triangle LSP wehave | LP|=2|KP | = 2a (1 + cos a)x 
cot a = | AB |. We have thus found the quantities which we need 


to calculate the volume of the pyramid: 


1 
VsapcD => ISK| Sapcp= > a(1-+-cos a) 4a? (1-+- cos a)? cot? a 


— 4 a’ (1-+ cos a)§ cot? a. 
4 
Answer. z= a’ (1-++- cos a)® cot?a 


4.37. Find the surface of the sphere circumscribed about a regular 
quadrangular pyramid if the side of the base of the pyramid is a and 
the lateral edge of the pyramid makes an angle @ with the plane of the 
base. 

4.38. A regular quadrangular pyramid is inscribed in a sphere. 
The radius of the sphere is R, the edge angle is a. Find the lateral sur- 
face of the pyramid. 

4.39. A pyramid whose base is a square is inscribed in a sphere 
of radius R. Two lateral faces are perpendicular to the base. The larger 
lateral edge makes an angle a with the side of the base intersecting 
it. Find the lateral surface of the pyramid. 

4.40. The base of the pyramid is a square with side a. The altitude 
of the pyramid passes through the midpoint of one of the edges of the 


base and is equal to a Y 3/2. Find the radius of the sphere circumscrib- 
ed about the pyramid. 
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4.41. A regular quadrangular is inscribed in a sphere of radius 
R. Find the volume of the pyramid if the radius of the circle circum- 
scribed about its base is r. 

4.42. A sphere of radius R is inscribed into a pyramid whose base 
is a rhombus with an acute angle a. The lateral faces of the pyramid 
make an angle @ with the plane of the base. Find the volume of the 
pyramid. 

4.43. A pyramid whose base is a square is inscribed in a sphere of 
radius R. One of the lateral edges of the pyramid is perpendicular to 
the plane of the base and the larger lateral edge makes an angle a with 
the base. Find the lateral surface of the pyramid. 

4.44, The base area of a regular quadrangular pyramid is Q and the 
base dihedral angle is a. The pyramid is cut by a plane which passes 
through the centre of the inscribed sphere parallel to the base. Find 
the area of the section of the pyramid. 

4.45. Given a pyramid SABCD whose base is a rhombus ABCD. 
The side of the base is a, | SA | = |SC| =a, | SB| = |SD |, 
ZBCD = 2a. Find the radius of the inscribed sphere. 

4.46. The centre of the sphere circumscribed about a regular 
quadrangular pyramid is at the distance a from a lateral face and at 
the distance b from a lateral edge. Find the radius of the sphere. 


4.47. A sphere whose radius is a/(2 Y 3) is inscribed in a regular 
quadrangular pyramid SABCD with vertex S and the side of the base 
a. A plane P which makes an angle of 30° with the plane of the base 
touches the sphere and meets the plane of the base, without meeting 
the base itself, along a line which is parallel to a side of the base. Find 
the area of the section of the pyramid by the plane P. 

4.48. A pyramid whose lateral edges are equal to c is inscribed 
into a sphere. Its base is a rectangle whose sides subtend arcs of a and 
6 radians in the sections of the ball by the planes of the lateral faces. 
Find the radius of the circumscribed sphere. 

4.49. The lateral edges of a regular quadrangular pyramid SABCD 
(S is the vertex) are equal to a and the sides of its base are equal to 


a/ Y 2. Find the distance from the centre of the ball inscribed into 
the pyramid SABCD to the plane which passes through the diagonal 
BD of the base ABCD and the midpoint # of the edge SA. 

4.50. A regular quadrangular pyramid contains a sphere of radius 
2. The ball touches the lateral faces of the pyramid and is externally 
tangent to a hemisphere resting on the sphere inscribed in the base 
of the pyramid. The point of tangency of the ball and the hemisphere 
is at the distance from the base of the pyramid which is equal to one- 
third of the altitude of the pyramid. Find the volume of the pyramid 
and the dihedral angle at the lateral edge of the pyramid. 

4.51. Given a regular quadrangular pyramid SABCD with the 
side of the base a and the lateral edge b (b > a). A sphere with centre 
at a point O lies above the plane of the base ABCD, touches that 
plane at the point A and, in addition, touches the lateral edge SB. 
Find the volume of the pyramid OABCD. 

4.52. Given a sphere of radius R into which a regular hexagonal 
truncated pyramid is inscribed the plane of whose lower base passes 
through the centre of the sphere and a lateral edge makes an angle of 
60° with the plane of the base. Find the volume of the pyramid. 
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4.53. Given a sphere of radius R about which a regular hexagonal 
pyramid is circumscribed whose lateral face makes an angle a with 
the plane of the base. Find the lateral surface and the volume of the 
pyramid. 

4.54. Given a sphere in which a rectangular prism is inscribed, 
whose base is a regular triangle, and the altitude of the prism is equal 
to the side of the base. Find the ratio of the volume of the prism to that 
of a regular hexagonal pyramid inscribed in the sphere, the lateral 
edge of the pyramid being equal to double the side of the base. 

4.55. Find the ratio of the volume of a regular n-gonal pyramid 
to that of the sphere inscribed into it knowing that the circles circum- 
scribed about the base and the lateral faces of the pyramid are equal. 


Combinations of solids of revolution. A sphere is said to be in- 
scribed into a right circular cone if it touches the base of the cone at 
its centre and is tangent to the lateral surface of the cone along a circle. 
A right circular cone is said to be inscribed in a sphere if its vertex and 
the circle serving as its base lie on the surface of the sphere. 

A sphere is said to be inscribed in a right circular cylinder if the 
sphere touches the bases of the cylinder at their centres and is tangent 
to the lateral surface of the cylinder along the circumference of the 
large circle of the sphere which is parallel to the bases. A right circular 
cylinder is said to be inscribed in a sphere if the circles serving as the 
bases of the cylinder lie on the surface of the sphere. 

A cone is said to be inscribed in a cylinder if the base of the cone 
coincides with one of the bases of the cylinder and the vertex of the 
cone coincides with the centre of the other base. 

It is often convenient to solve problems dealing with combina- 
tions of solids of revolution by constructing an auxiliary section which 
divides the combination of the solids of revolution into two symmetric 
parts. It is, as a rule, convenient to construct the auxiliary section so 
that it passes through the axis of a cylinder (or the axis of a cone), 
depending on the kind of the problem, and the centre of a sphere. Asa 
result, a rectangle is obtained in the section of the cylinder and an 
isosceles triangle in the section of the cone, and the section of the 
ball is a circle with the radius equal to that of the sphere. Thus, for 
instance, if by the hypothesis a ball is inscribed in a cone, then the 
axial section of the cone is an isosceles triangle and a circle inscribed 
in it; if a sphere is circumscribed about a cylinder, then the section is 
a rectangle circumscribed about a circle. 


Example 4.4. The generatrix of a cone is ] and makes an angle a 
with the altitude of the cone. A plane is drawn through two genera- 
trices of the cone which make an angle f. Find the distance from that 
plane to the centre of the ball inscribed into the cone. 

Solution. Assume that S is the vertex of the cone, O is the foot of 
the altitude of the cone, SA and SB are the generatrices of the cone 
which make an angle B (Fig. 12.17). From the right triangle 
SOB (ZSOB is a right angle, | SB | = 1, ZBSO = a) we find the 
radius of the circle lying at the base of the cone and the altitude of the 
cone: 


| BO|=Tsina, | SO| = lcosa. 
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From the isosceles triangle ASB (ZASB = B, | AS | =| SB| = 1) 
we find the length of the chord AB which is cut by the plane ASB 
from the base of the cone: 

| AB | = 2l sin . 
The distance from the centre of the base of the cone to the midpoint 


of the segment AB (point N) can be found from the triangle NOB by 
the Pythagorean theorem: 


|NO|= Y |BO|?—|NB[?=1 // sin’ a—sin?t, 


We draw a plane through the midpoint of the chord AB (point V) 
and the altitude SO of the cone. The section of the cone by the plane 
is an isosceles triangle MSM, with the lateral side / and the vertex 


“UN 0M, 
Fig. 12.47 Fig. 12.48 


angle 2a; the section of the ball, inscribed into the cone, is a circle 
with the radius equal to the radius of the ball inscribed in the iso- 
sceles triangle MS M,, and the planes MSM, and ASB intersect along 
a straight line NS (Fig. 12.18). | 

Let us prove that the distance from the centre O, of the circle to the 
line SN (i.e. the length of the segment O,K) is the required distance 
from the centre of the sphere to the plane ASB. 

Let us consider Fig. 12.417. The chord AB of the circle serving as 
the base of the cone is perpendicular to the altitude of the cone and 
is perpendicular to the radius OM passing through the midpoint of 
the chord AB (point N). Consequently, the chord AB is perpendicular 
lo the plane MS M, since it is perpendicular to two nonparallel straight 
lines (SO and MM,) belonging to the plane. We thus have a plane 
MSM, anda straight line AB which is perpendicular to it. Since the 
plane ASB passes through the straight line AB, which is perpendicular 
to the plane MS M,, the plane ASB itself is perpendicular to the plane 
MS M,, i.e. the two planes are mutually perpendicular. 
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The centre of the sphere inscribed into the cone belongs to the 
plane MS M,. If we drop a perpendicular from the centre of the sphere 
to the plane ASB, then, according to the theorem on two mutually 
perpendicular planes, that perpendicular entirely belongs to the plane 
MS M,, i.e. the foot of the perpendicular (point K) lies on the line 
of intersection SN of the planes as can be seen from Fig. 12.17. 

Thus, seeking the distance from the centre of the sphere to the 
plane ASB reduces to seeking the length of the segment | KO, | shown 
in Fig. 12.18 from the problem of plane geometry. Let us find the 
radius of the circle inscribed in AMSM;,: 


IU 10 2 IU a 
100,| =| MO}-tan (+-+)- |BO|-tan (+-$} 
- IU a 
=1sina tan (+--+). 


Let us consider the triangles KSO, and NSO. These triangles are 
similar (they are right-angled and have a common angle NSO). Let 
us calculate the hypotenuse SO, of the triangle KSO,: 


|SO,|=|SO}| —|0,0|= (cos a—sin o tan (+-$} : 


The hypotenuse SN of the triangle SON can becalculated by the 
Pythagorean theorem: 


ISN| = VY |NO|?-+ |SO|? 
= V/ sin’ a—sin? B + cos? siege. 


22: 2 
The similitude of the triangles KSO, and NSO yields equations 
WoL = SN] i aa 
a l (cos a—sinag tan (+--+) // sin? a—sint S 
=“ 


l [/ sin’ a — sin? $ ( cos a@—sin @ tan (+-$) ) 

Answer. Se 7 

COs ~5 

4.56. A sphere is inscribed into a cone. Find the volume of the 
ball if the generatrix of the cone is 7 and makes an angle a with the 
plane of the base. 

4.57. Given a sphere of radius R about which a truncated cone is 
circumscribed whose generatrix makes an angle a with the plane of 
the larger base. Find the volume and the lateral area of the truncated 
cone. 
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4.58. A sphere is inscribed into a cone, the surface of the ball being 
equal to that of the base of the cone. Find the vertex angle in the 
axial section of the cone. 

4.59. A sphere is inscribed in a cone. The radius of the circle along 
which the cone and the ball are tangent is r. Find the volume of the 
cone if the angle between the altitude and the generatrix of the cone 
is a. 

4.60. A cone is inscribed in a sphere whose surface area is S. The 
angle between the generatrix of the cone and the plane of the base is 
a. Find the area of the total surface of the cone. 

4.61. A sphere is inscribed in a cone. Prove that the ratio of the 
total surface of the cone to the surface of the sphere is equal to the 
ratio of their volumes. 

4.62. A sphere is inscribed in a cone whose generatrices make an 
angle a with the plane of the base. Find the ratio of the volume of the 
sphere to that of the cone. 

4.63. A sphere is inscribed in a right circular cone. The ratio of 
the volumes of the cone and the sphere is equal to 2. Find the ratio of 
the total surface of the cone to the surface of the sphere. 

4.64. The altitude of a cylinder is equal to that of a cone. The 
lateral surface of the cylinder is related to that of the cone as 3: 2. 
In addition, it is known that the generatrix of the cone makes an angle 
a with the plane of the base. Find the ratio of the volume of the cylind- 
er to that of the cone. 

4.65. A sphere of area s is inscribed into a truncated cone with 
the lateral area S. Find the angle between the generatrix and the plane 
of the base of the cone. 

4.66. The vertex angle of the axial section of a right circular cone 
is a, and the radius of the base of the cone is R. Find the volume of the 
sphere with the centre at the vertex of the cone which divides the vol- 
ume of the cone in half. 

4.67. Three identical spheres of radius r are in the interior of a 
right circular cone, with the vertex angle of 60° in the axial section of 
the cone, so that each sphere touches the other two spheres, the lateral 
surface of the cone and the plane of the base. Find the radius of the 
base of the cone. 

4.68. Three spheres of radius r lie on the base of a right circular 
cone. A fourth sphere of the same radius lies on the first three. Each 
of the four spheres touches the lateral surface of the cone and the three 
other spheres. Find the altitude of the cone. 

4.69. Find the vertex angle in the axial section of a cone circum- 
scribed about four equal spheres located so that each of them touches 
the other three. 

4.70. A sphere of radius r is inscribed into a cone. Find the volume 
of the cone if it is known that the plane which touches the sphere and 
is peer to one of the generatrices of the cone is at the distance 
d from the vertex of the cone. 

4.71. A sphere is inscribed in a truncated cone in which the radii 
of the upper and lower bases are R and r. Find the radius of the second 
ball which touches the first sphere, the lateral surface of the truncated 
cone and the upper base. 

4.72. Two cones have the altitudes h, and h, and a common base 
of radius R, and their vertices lie on different sides of the plane of the 


21—0263 
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base. A ball is inscribed into the surface formed by the lateral surfaces 
of those cones. Find the radius of the other ball which touches both 
the lateral surface of the first cone (along an integral circle) and the 
first ball. 

4.73. A sphere touches the base of a cone at its centre. The surface 
of the sphere cuts the lateral surface of the cone along two circles one 
of which has a radius equal to that of the sphere and lies in the plane 
which is parallel to the base of the cone. The radius of the base is known 
to be 4/3 times as large as the radius of the sphere. Find the ratio of 
the volume of the sphere to that of the cone. 

4.74. A right circular cylinder is circumscribed about a sphere of 
radius R. A point C lies in the interior of the cylinder on its axis and 


is at the distance 3 R from the lower base. A plane P is drawn through 


that point, which has only one common point with the circle of the 
lower base. A right circular cone is inscribed into the sphere whose base 
lies in the plane P and the vertex is above that plane. Find the volume 
of the cone. 

4.75. A right circular cone has the radius of the base r and an angle 
a in the axial section. Two identical balls of radius R touch each other, 
the lateral surface of the cone (externally) and the plane of the base 
of the cone. Find the area of the triangle whose vertices are the centres 
of the balls and the centre of the base of the cone. 

4.76. Three identical spheres are inscribed into a right circular 
cylinder with the radius of the base r= 1 and the altitude 


H=12/ (3 + 2 V 3) so that the spheres touch the upper base of the 
cylinder, its lateral surface and pairwise touch one another. Find the 
volume of a right circular cone whose base coincides with the lower 
base of the cylinder and which touches all the three spheres. 

4.77. Given three identical right circular cones with the angle 
a (a < 2n/3) in the axial section and the radius of the base r. The 
bases of the cones lie in the same plane and pairwise externally touch 
one another. Find the radius of the sphere which touches all the three 
cones and the plane passing through their vertices. 


Chapter 43 


The Method 
of Coordinates 


1. Vectors in Coordinates 


An ordered triple of noncoplanar vectors (e,, e,, €3) is called a 
basis in the set of all vectors. Every vector a can be uniquely repres- 
ented in the form 


a= Xe, + Ye, + Zes, (1) 


the numbers X, Y, Z are called the coordinates of the vector a in the 
basis (e,, €,, €s). Representation (1) is also called a resolution of the 
vector a into components (€,, @g, @3) and is written as a = (X, Y, Z). 

The basis (e,, €,, €3) is said to be rectangular if the vectors e,, e€2, es 
are pairwise perpendicular and have a unit length (a vector of a unit 
length is called a unit vector). In that case the following designations 
are accepted: 


e, = i, eg = j, eg = k. 


If a point A has coordinates (a,, ag, ag) relative to the basis (e,, 
e,, @3) and a point B has coordinates (b,, 55, 63), then 


pial oe 
AB a (b; — Qa, bs — ao, bs — ds). (2) 


The actions on vectors defined by thcir coordinates relative to the 
basis (e,, €,, @3) are carried out according to the following rules: if 
a= (X;, ar Z)s b — (Xo, Yo, Z>)s then 


a+ b= (X,+ Xa, Yi + Yo, 2, + Zz), 
a— b= (X; — Xa, Yi — Yo, 2, — Z,), | 
Aa = (AX1, AYi, AZ;), (4) 
where A is a certain number. 


The length of the vector a = (X, + Y, + Z,), designating as.| a | 
can be calculated from the formula 


lal = VX} 4 YF + 23. 


Example 1.1. Given the vectors 


(3) 


a= 21+ 3j, b= — 3j — 2k, e= i+ j—k. 


Find the coordinates of the vector a—-b +e. 
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Solution. By the hypothesis 
a = (2, 3, 0), b= (0, —3, —2), ec = (4,1, —1). 
Using rules (3), (4), we get 
a—zbte=(2—0+4, Boh, 0+41—1) 


Answer. a—zbte=(3, a : 0). 


2 
1.14. Given the vectors a = (—3, —1, 2), b = (4, 0, 6), . = (5, 
—2, 7). Find the coordinates of the vectors (a) ee vi —at+3 
1. 2. Given three vectors: a = (2, 4), b= (—3, 1), c= 6, "—2). 


Find the coordinates of the vectors 
(a) = 2a + 3b — Se, (b) a+ 24b-+4 14e, (c) 2a — +b, (d) 5e. 


Example 1.2. Given three vectors: a = 0; 3), b = (2, 0) ec = (4,2). 
Find nonzero numbers a, pf, and y such that 


aa -+ Bb + ye = 0. 
Solution. Using rules (3), (4), we write 
(Sa, 3a) + (2B, 0) + (Ay, 2y) = (0,0), 


or, taking into account the uniqueness of the representation of a vector 
in terms of base vectors, we write a system of equations relative to the 
unknowns a, f, y: 


oa -+- 26 + 4y = 0, 


3a + 2y = 0, 
from which we can find the expression for @ and y in terms of B:a = 26» 
= — 36. Since B ~ 0, we can assume, for example, that B = 4 and 


obtain a = 2, B = 1, y=—38 
Answer. a = 2,8 = 1, yp = —3. 
Example 1.3. Points A(1, 1), B(0, 3), C(—1, —1) are vertices of 
the triangle ABC. Find the coordinates of the vectors AB, BC and CA : 
—> 
Prove that AB + BC + CA = 0. 
—_>> 7 
Solution. We find the coordinates of the vector AB applying for- 
—> 
mula (2): X =O—1=—1, Y=3—1=2, i. AB = (—41, 2). 
— —> —> 
By analogy we find that BC = (—1, —4), CA = (2, 2) and AB +. 
—> —> 
+ BC+ CA = (—1 —1+42,2—442)= 
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1.3. Given vectors a = (1, 5, 3), b = (6, —4, —2),e = (0, —5, 7) 
and d = (—20, 27, —35). Find numbers a, B, y such that 


aat Boh+ y+ d= 0. 
1.4. Given a tetrahedron OABC. In the basisconsisting of the 
—> —> — 
edges OA, OB and OC find the coordinates 
—>- 
= (a) of the vector DE, where D and E are the midpoints of the edges 
OA and BC, 


(b) of the vector OF, where F is the point of intersection of the 
medians of the base ABC. 
1.5. In the tetrahedron OABC ne median a of the face ABC is 


divided by a point M in ne ratio | AM |: | ML (= 327. ies the 


coordinates of the vector OM i in the basis formed by the edges OA : OB, 


—> 
and OC. 
1.6. Express the vector ec in terms of the vectors a and b in each 
of the following cases: 
(a) a= (4, —2), b= (3, D), c= (1, —1); 
(b) a= (5, 4), b = (—3, 0), c = (49, 8); 
(c) a = (—6, 2), b = (4, 7), ¢ = (9, —3). 


1.7. Find the coordinates of the vector PQ from the coordinates 
of the poe P and Q: 
(a) P (2, —3, 0), Q (—1, 2, —3); 


w(t. -$.4), 03.0.3), 


1.8. Given four points: A (0, 2), B (8, 1), C (—5, 3), D (2, 4). 
Find the coordinates of a point Q such that 


> —-> -_->- —_> 
Q4+QB+0C+QD=0. 


1.9. A vector AB = ais laid off from the point A. Find the coor- 
dinates of the point B in each of the following cases: 


(c) A (2, 7), a= (2, 

1.10. On the abscissa axis find a point M which is at the distance 
» from the point A (3, —3). 

1.41. On the axis of ordinates find a ae M which is equidistant 
from the points A (1, —4, 7) and B (5, 6 

1.42. Find the coordinates of the point tM which lies on the Oz 
axis and is equidistant from the points A (1, 2, 3) and B (—3, 3, 2). 

1.13*. Find the coordinates a the centre of gravity of the triangle 
ABC if the points A, B, and C have the following coordinates: 

(a) A (0, 0), BO, 3), C (5, 0), 

(b) A (0, 0), B (2, 9), C (—4, 7), 

(c) A (1, 3), B (3, 6), C (—2, Q). 
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The condition of collinearity of two vectors a = (X,, Y,, Z,) and 
b = (X.4, Y2, Z,.) has the form 


X, = AXq, Yy = AY, 2, = Ada, 
or, when A is removed, the form 


(a) a=(>, a —+) and b= (=, = ~$): 
(b) c= (—s, 6, <\ and a=(< ; = —1). 


1.16. For what values of X and Y are the vectors a = (X, —2, 5) 
and b= (4, Y, —3) collinear? 
1.17. Given four points: A (—2, —3, 8), B (2, 1, 7), C (4, 4, 5), 


—>- 
and D (—7, —4, 7). Prove that the vectors AB and CD are collinear 
1.18. A segment with the endpoints A (3, —2) and B (6, 4) is 
divided into three equal parts. Find the coordinates of the points of 
division. 
1.19. Find the coordinates of the endpoints of the segment which is 
divided into three equal parts by the points C (2, 0, 2) and D (5, —2, 0). 
1.20. Given the vertices of a triangle: A (1, 0, 2), B (1, 2, 2), 


—>- 
and C (5, 4, 6). A point Z divides the segment AC in the ratio 1 : 3; 
CE is a median drawn from the vertex C. Find the coordinates of the 
point of intersection of the straight lines BL and CE. 

1.21. For what values of a and 6 are the vectorsa = — 2i + 3j + 
+ ak and b= fi — 6j + 2k collinear? 


The scalar product of the vectors a and b designated as a-b or ab 


7 
is the product | a|-| b | cos (a, b). If the vectors a = (X,, Y,, 2) 
and b = (X., Y., Z,) are defined by their coordinates in a rectangular 
basis, then their scalar product can be calculated from the formula 


ab = X,X, + YY. + 2,Z,. (9) 


The cosine of the angle between the vectors a and bcan be calculated 
from the formula 


XyXg+VyVo+Z3Z2 
VXEFYEE ZV EF V4 23 


The condition of mutual perpendicularity of two nonzero vectors a 
and b is the following: 


X1Xq + Y1Yo 4+ 2,2, = 0, 


cos (a, ‘y) = (6) 
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Example 1.4. Given two vectors: a= (5, 2), b = (7, —3). Find 
a vector e which satisfies the conditions ac = 38, be = 30. 


Solution. Assume ec = (X, Y). Then, by virtue of (5), we have 
5X + 2Y = 38, 
7X — 3Y = 30. 


Solving this system for X and Y, we get X = 6, Y = 4. 
Answer. ec = (6, 4). 


1.22. Given vectors a = (4,,—2, —4) and b = (6, —3, 2). Cal- 
culate: (a) ab, (b) (2a — 3b)(a ahs Ob), (c) (a — b)?, (d) | 2a —b |. 

1.23. Given a vector a = (—6, 8). Find the coordinates of a unit 
vector which is collinear with the vector a and 

(a) has the same direction as the vector a, 

(b) is of the opposite direction to the vector a. 

1.24*. The vectors a = (—12, 16), b = (12, 5) are drawn from 
the same dane Find the coordinates of the vector which, being laid 
off from the same point, bisects the angle between the vectors. 

1.25. Knowing that | a | = 3, |b] =1, Je] =4anda+ b+ 

c = 0, calculate ab + be + ea. 

1.26. Calculate me lengths of the vectors 

(a) a=i—j4+k, (b) b= 2i4+j—- 

1.27. The vector is 3 pug: Calculate the coordinates of the vector 
if they are known to be equa 

1.28. Calculate the length of the vector 2a + 3b if 


a= (1,1, —1), b= (2, 0, 0). 


1.29. Given the following vectors: a = (4,1, —1), b= (5, —3, —3) 
and c = (3, —1, 2). Find the vectors, collinear with the vector C, 
whose lengths are equal to. that of the vector a + b. 

—>- 

1.30*. The vectors AB = — 3i+ 4k and BC = (—1, 0, —2) 

are the sides of the triangle ABC. Find the length of the median AM. 


Example 1.5. Calculate the angle between the vectors a = (—41, 


2, —2) and b = (6, 3, —6). 
Solution. By formula (6) 


/N 
Answer. (a, hj caren: 


9 
1.31. Calculate the angle between the following vectors: 
(a) a= (6, —2, —3), ae ( ’ ’ 0); 
(b) a= (2, —4, ’ = ( ’ , 0); 
(c) a= (—2, 6, —3), b= ’ —3); 


0, 
(d) a= (—4, —6, 2), b= iy 0, 0); 
0, 
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1.32*. What angle do the vectors a = (2, 3), b = (—2, 5), c= 
(—5, 1), and d = (—1, 1) make with the unit vector i? 

1.33. Calculate the cosine of the angle between the vectors a — b 
and a + bifa = (1, 2, 1) and b = (2, —1, 0). 

1.34*. Calculate the cosines of the angles which the following 
vectors make with the base vectors: 


(a)a=i+j+k, (b) b= —3j—k, (¢)e= — Si, (d) d= 3j4 
4k. 


1.35. Calculate the coordinates of the vector p which is collinear 
with the vector q = (3, —4) if the vector p is known to make an obtuse 
angle with the vector i and | p| = 10. 

1.36. The vector b is collinear to the vector a = (6, 8, —15/2) 
and makes an acute angle with the unit vector k. Knowing that | b | = 
50, find its coordinates. 

1.37. Calculate the angle between the vectors a = 2i i j and 
b = i — 2j and find the lengths of the diagonals of the parallelogram 
constructed on these vectors as on sides. 

1.38*. The vectors a, b, and c are equal in length and pairwise make 
alr rh Find the coordinates of the vector ec if a= i-+ j and 
1.39. A straight line makes equal angles with the edges of a right 
trihedral angle. Find the angles. 


1.40. The vectors AB = (3, —2, 2) and BC = (—1, 0, —2) are 
oi aaa sides of a parallelogram. Find the angle between its diagon- 
als. 


Example 1.6. Calculate the coordinates of the unit vector a if 
rf is known to be perpendicular to the vectors b = (1, 4, 0) and ¢ = 
(0, 1, 1). 

Solution. Assume that the vector a has the coordinates X, Y, Z. 
Then, by the hypothesis, 


X24 Y24. 72? = 4, (*) 
From the condition of perpendicularity of the vector a to the vectors 
b and c we get an equations 
X+Y=0OandY4+2Z2=0. 


Substituting X and Z expressed in terms of Y in equation (*), we 


obtain Y = + 1/Y 3; consequently, there are two vectors which sat- 
isfy the hypothesis: 


wn (—Sa ya yal 
4 1 1 
(sa ya yal 


1.44. For what value of Z are the vectors a = (6, 0,12) and b = 
(—8, 13, Z) perpendicular? 
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1.42. For what X and Y is the vector a= Xi-+ Yj- 2k per- 
pendicular to the vector b = i — j + k and the scalar product of the 
vectors a and c = i+ 2j is equal to 4? 

1.43. The vector ¢ is perpendicular to the vectors a = (2, 3, —1) 
and b= (1, —2, 3) and satisfies the condition ¢-(2i — j + k) =— 6. 
Find the coordinates of c. 

1.44. Calculate the coordinates of the vector ec which is perpendi- 
cular to the vectors a = 2) — k and b = —i- 2j — 3k and makes 


an obtuse angle with the unit vector j if | ¢| = V 7. 

1.45*. Find the coordinates of the vector a = (X, Y, Z) which 
makes equal angles with the vectors b= (Y, —2Z, 3X), ec = (22, 
3X, —Y) if a is perpendicular to the vector d = (1, —1, 2), |a]= 
2V 3 and the angle between the vector a and the unit vector j is 
obtuse. 

1.46. In the parallelogram ABCD we know the coordinates of three 
vertices: A (3, 1, 2), B (0, —1, —1), C(—1, 1, 0). Find the length 
of the diagonal BD. 

1.47. Prove that the points A (1, —41, 1), B (1, 3, 1), C (4, 3, 1), 
D (4, —1, 4) are the vertices of a triangle. Calculate the lengths of its 
diagonals and the coordinates of their point of intersection. 

1.48. Prove that the points A (2, 4, —4), B . 1, —3), C (—2, 0, 
5) and D (—41, 3, 4) are the vertices of a parallelogram and calculate 
the angle between its diagonals. 

1.49. Find the cosine of the angle m between the diagonals AC 
and BD of a parallelogram if its three vertices are known: A (2, 1, 3), 
B (5, 2, —1) and C (—83, 3, —3). 

1.50. A triangle is defined by the coordinates of its vertices A (3, 
—2, 1), B (3, 1, 5), C (4, 0, 3). Calculate the lengths of the medians 
AA, and BB,, the distance between the origin and the centre of gravity 
of the triangle ABC, and the angles of the triangle. 

1.51. Calculate the coordinates of the vertex C of the equilateral 
triangle ABC if A (41, 3) and B (3, 4). 

1.52. Calculate the coordinates of the vertices C and D of the square 
ABCD if A (2, 4) and B (0, 4). 

1.53. Given points B (1, —3) and D (0, 4) which are the vertices 
of the rhombus ABCD. Calculate the coordinates of the vertices A 
and C if ZBAD = 60°. 

1.54. Given the vertices of a triangle: A (4, —1, —3), B (2,1, —2) 
nee tas 2, —6). Calculate the length of the bisector of its interior 
angle A, 

1.55. Given the coordinates of three points: A (3, 3, 2), B (4, 1, 4) 
and C (4, 5, 1). Calculate the coordinates of the point D which belongs 


to the bisector of the angle ABC and is at the distance Y 870 from 
the vertex B. 

1.56. Calculate the work done by the force F=i-+ 2j+ k 
in er oe a a particle from the position A (—41, 2, 0) to the position 

(2, 1, 3). 

1.57. Given three forces: M = (3, —4, 2), N (2, 3, —5) and 
P = (—3, —2, 4) applied to the same point. Calculate the work done 
by the resultant of these forces when their point of application moves 
aaa and is displaced from the point A (5, 3, —7) to B (4, 1, 
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1.58. Find the lengths of the sides and the angie of a triangle with 
vertices A (—1, —2, 4), B (—4, —2, 0) and C (3, —2, 1). 

1.59. Given the coordinates of the vertices of a nae: A (4, 4, 
1), B (2, 4, 2) and C (8, 3, 3). Determine whether the triangle is right- 
angled or ‘obtuse. 

1.60. The vertices of a triangle are at the points A (2, —3, 0), 
B (2, —1, 1) and C (0, 4, 4). Find the angle m formed by the median 
DB and the base AC. 

1.61.* In the triangle ABC a point H is the point of intersection 


of the altitudes. It is known that AB = (6, —2), AC = (3, 4). Find 


the coordinates of the vector AH. 

1.62. Prove that the triangle ABC, whose vertices are at the points 
A (1, 0, 1), B (4, 1, 0), C (1, 1, 1), is right-angled. Find the distance 
from the origin to ‘the centre of the circle circumscribed about the 


triangle. 
1.63. A triangular pyramid is defined by the coordinates of its 


vertices: 
A (3, 0, 1), B (—1, 4, 1), C (5, 2, 3), D (0, —5, 4). 


Calculate the length of the vector AG, if G is the point of intersection 
of the medians of the face BCD. 

1.64*. The volume of a right triangular prism ABCA,B,C 
equal to 3. Calculate the coordinates of the vertex A, if the coor an 
ates of the vertices of one of the bases of the prism are known: 


A (1, 0, 1), B (2, 0, 0), C (0, 4, 0). 
1.65. Points A and B given in a Cartesian rectangular system of 
coordinates Oxy on the curve y = x? such that OA - > - 1 and OB-i= 


— 2. Find the length of the vector 12 OA — 3-0B. 

1.66. A point A(z,,y,) with the abscissa &,=1 and a point 
B(x., yo) With the ordinate y, = 11 are given in a Cartesian rectan- 
gular system of coordinates Oxy on the curve y = x2* — 2x+ 
3 lying in the first quarter. Find the scalar product of the vectors 


— —> 
OA and OB. 


2. Problems on Analytic Notation of Lines 
on a Plane and Surfaces in Space 


A line on a plane in the Cartesian rectangular system of coordin- 
ates Oxy can be defined by one of the equations (1)-(7): 


Azrt+ Byt+C=0. (1) 

The equation of a straight line which passes through the point 
M, (Zo, Yo) and is perpendicular to the vector n = (A, B): 

A (x — Xo) + By — yo) = 9. (2) 


The equation of a straight line which passes through the point 
M, (29. Yo) and is parallel to the vector a = (m, n): 


L—Ly = Y— Yo (3) 
m n ° : 
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Intercept equation of a straight line: 
Py 
a + b "ox 4 ’ (4) 
where a and b are the z and y intercepts, respectively. 
The equation of a straight line with a slope k: 
y= kr + Db. (5) 


The equation of a straight line passing through a given point 
M, (Zo, Yo) with the given slope k: 


Y — Yo = k (x — 2p). (6) 


The equation of a straight line passing through two points 
My (21, yy) and My (2a, Yo): 


xL£—=2 — 
1_. YT (7) 
La — Ly Yo—V1 
The angle between the straight lines 1, and I, is the smaller of the 
two adjacent angles formed by those lines. The angle between the 


ae 1, and J, with the slopes k, and k, can be calculated from the for- 
mula 


a ky —hy 
tan (7;, 12)= a ky+:k, #—1. (8) 
Ifl, 1 J, or 1, || l,, then, respectively, 
kik, =—_ — 1, k, = ky. (9) 


The distance from the point M, (zo, yo) to the straight line 1, defin- 
ed by the equation Az + By + C = 0, can be found from the formula 


B 
0M, at Atet BEC (10) 


Example 2.1. The straight line ] passes through the point Mo(z9, yo) 
at right angles to the vector n = (A, B). Write the equation of the 
line Lif M, (—1, 2) and n = (2, 2). 

Solution. According to formula (2), we have 2 (# + 1) + 
2(y — 2) = 0. Removing the brackets and collecting terms, we 
obtain an equation z+ y—1=0. 


Example 2.2. Write the equation of a straight line which passes 
through the point M, (—1, 2) parallel to the vector a = (3, —1). 
da 

3 —1’ 


Solution. According to formula (3) we have or 


x+-3y—5=0. 
Example 2.3. Given a straight line i: —2r+y—1= 0, and 


a point M (—1, 2). It is required: 
(1) to calculate the distance p (M, 1) from the point M to the line J; 
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(2) to write the equation of a straight line l’ which passes through 
the point M at right angles to the given straight line J; 

(3) to write the equation of a straight line /’’ which passes through 
the point M parallel to the given line J. 

Solution. (4) According to (10) we have 


— 2) (—1)+-1-2—1 3 
pa je ee 
: V4+1 V5 
(2) Applying the first formula (9) for k, = 2, we get kz = — 1/2. 
According to (6) we have z + 2y — 3 = 0 


(3) Applying now the second formula (9) and formula (6), we get 
y—2=2(4+1), ie y= 224 4. 


2.1. The straight line / passes through two points: M, (2, y,) and 
M, (Ze; Yo). Write the equation of the line 7 for: 

(a) M, (1, 2), M, (1, 0); 

(b) M, (1, 1), M, (1, —2); 

(c) M, (2, 2), M, (0, 2). 

2.2*. Derive the equation of a straight line which passes through 
the point M (8, 6) and cuts off a triangle with area 12 from a coordin- 
ate angle. 

2.3. Write the equation of a straight line, which is parallel to 
two given straight lines 7, and J, and is equidistant from /, and ly, if: 


(a) Ij: 8a—2y—1=0, 
piesa eee bee 
2° 9 =a 3? 
(b) ly: 3a—15y—1=0, 
z+41/2  y+4/2 
er ge 


los 


2.4. The triangle ABC is defined by the coordinates of its vertices: 
A (4, 2), B (2, —2), C (6, 4). 

Write the equations of the straight lines containing: 

(14) the side AB; | 

(2) the altitude CD; calculate the length of h = | CD |. 

(3) Find the angle m between the altitude CD and the median BM. 

(4) Write the equation of the bisectors 1, and J, of the interior 
and exterior angles at the vertex A. 

2.5. A ray of light emanates from the point M (5, 4) at the angle 
g = arctan 2 to the axis Oz and is reflected from it. Write the equa- 
tion of the incident and reflected rays (the equations of the straight 
lines containing those rays). 

2.6. Write the equation of a straight line which passes through the 
point M (2, 1) at the angle 1/4 to the straight line 2x +. 3y + 4 = 0. 

2.7*. Two vertices of the triangle ABC are at the points 
A (—1, —1) and B (4, 5), and the third vertex lies on the straight 
line y = 5 (x — 3). The area of the triangle is 9.5. Find the coordin- 
ates of the vertex C. 

2.8. Given three points: A (2, 1), B (3, 1), C (—4, 0) which are 
the vertices of an equilateral trapezoid ABCD. Calculate the coordin- 


_—> —- 
ates of the point D if AB = kCD. 
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The equation of a circle with centre at the point Cy (x9, yo) and radius 
R has the form : 


(x — Zo)? + (y — Yo)? = R?. 


Example 2.4. Derive an equation of a circle which passes through 
the points A (2, 0), B (5, 0) and touches the Oy axis. 

Solution. Assume that the unknown centre C, of the circle has 
the coordinates (z), yo). Then from the condition of tangency of the 
circle and the Oy axis we infer that the abscissa x, of the centre is 
equal to the radius R. Since the points A (2, 0) and B (5, 0) lie on the 
circle, their coordinates satisfy the equation of the circle. Using the 
indicated conditions, we get the following system of equations: 


(zo — 2)? + yg = R, 
(zo — 5)? + y? = RB, 


to = R, 
which has two solutions: 2, = 7/2, yo = & WY 10; R = 7/2. 
7 \2 —\, 49 7 \2 
Answer. (== +(y— y 10) ae and (z+) 4+ 
+ (y+ V 10)? = wa 


2.9. Derive an equation of a circle inscribed into a triangle whose 
sides lie on the straight lines x = 0, y= 0, 327 -+ 4y — 12 = 0. 

2.10. Given a circle x? + y? = 4. Derive an equation of a straight 
line 1, which is parallel to the abscissa axis and cuts the circle at points 
M and N such that | MN | = 1. 

2.14*. A square ABCD is inscribed into a circle z? + y? = 169. 
Find the coordinates of the vertices B, C, and D if A (5, —12). 
' 2.42*. Given a circle x? + y? = 9. Derive an equation of the 
circle, which passes through the origin, the point A (1, 0) and touches 
the given circle. 

2.13. Derive an equation of the circle which passes through the 
point A (2, 1) and touches the coordinate axes. 


In the rectangular system of coordinates Oxyz the plane a can be 
defined by an equation belonging to one of the following kinds: 
The general equation of a plane: 


Az+t By+Cz+D= 0. (11) 


The equation of a plane, which passes through the point 
My (Xo, Yo: 20) at right angles to the vector n = (A, B, C): 


A (x — x) + B(y— yo) + C (2 — %) = 0. (12) 


The angle between two planes a, and a, is the smallest of the dihedr- 
al angles formed by those planes. The cosine of that angle can be cal- 
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culated from the formula 


“N 
COS (G1, Qe) eee! ext lee Seem ue aa ’ (13) 


Imi}! o2 | VAR BE+C} V-AE+ BR+ C3 


where n, = (A,, B,, C,) and n,=(A,, By, C.) are vectors which are 
perpendicular to the planes a, and a, respectively. 


Example 2.5. Derive an equation of the plane if it is known that 
the point N (3, 5, 2) is the foot of the perpendicular drawn frum the 
origin to that plane and belongs to the plane. 


— 
Solution. It follows from the hypothesis that the vector ON is 
perpendicular to the required plane, where O is the origin, and N is 


— 
a point belonging to the plane, and ON = (3, 5, 2). According to (42) 
the equation of the plane which passes through the point N at right 


—> 
angles to the vector ON has the form 


3 (e@ — 3) +5 (y— 5) +2(¢—2) =0, 


or 
32 + Sy + 22 — 38 = 0. 


Example 2.6. Find the angle between the plane passing through 
the points M (0, 0, 0), N (1, 1, 1), A (8, 2, 1) and the plane passing 
through the points M (0, 0, 0), NM (1,1, 1), D (8, 4, 2). 

Solution. According to formula (13), to calculate the cosine of the 
angle between the planes, it is necessary to find the coordinates of the 
vectors which are perpendicular to those planes. Assume that the vector 


—_—> 
n, = (Ai, Bi, C,) is perpendicular to the first plane. Then n, | MN 


— —> 
and n,|NK, and, consequently, n,-MN = 0,n,-NK = 0. Writing 
these equations in the coordinate form, we obtain a system of equations 


A,+ 3B, +¢C,=0, 


3A, + 2B, -+- Cc, = 0, 


whose solutions are the unknown coordinates of the vector n,. Since 
system (*) consists of only two equations, one of the unknowns, say, 
C,, can be taken as a free unknown. Assuming it to be equal to 1, we 
get n, = (1, —2, 1). Reasoning by analogy, we find that the vector 
Do, which is perpendicular to the second plane, has coordinates (—1/2, 
—1/2, 1). Substituting the coordinates obtained into expression (13), 
we find that the cosine of the required angle is 


—1/24444 4 
V6V372 9 2? 


and, consequently, the angle between the planes is 60°. 


(*) 


cos 9 = 
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Example 2.7. Given a plane 2x-+2y — z+-4 = 0 anda straight 
line 2 which passes through the points A (2, 1, 1) and B (—83, 4, 0). 
Calculate the coordinates of the point of intersection of the line J and 


the given plane. 
Solution. Let us calculate the coordinates of the vector: 


—> 
AB = (—3, —2, 4 — 1, 0 — 1) = (—5, 3, —4). 


Assume that the point M (zx, yo, 2)) is the point of intersection of 
the given plane and the straight line passing through the points A and 
B. This means that, first, the coordinates of the point M satisfy the 
equation of the given plane, i.e. are related as 


229 + 2yp9 —%4 + 4= 0, (*) 
— — 
and, second, the vector AM is collinear with the vector AB: 
> — 
AM = kAB, 
whence it follows that 
To — 2 Se _ ok, 
Yo — 1 = 3k, (**) 
20 cos 4 = k 
Solving the system of equations (*), (#*), we find the coordinates of 
the point M: xz) = — 13, yp = 10, z = — 2. 


Answer. (—13, 10, —2). 


2.14. Derive an equation of a plane if it is known to pass through 
the origin and to be perpendicular to the vector n = (—6, 

2.15. The straight line! passes through the points A and B. Derive 
an equation of the fore which passes through the point A at right 
angles to the line /, for each of the following cases: 


(c) A (4, 0, —3), B (2, —4, 1). 
2.16. Find the angle between the planes 


(a) 2x + y—2z= 2, (b) 3x — yy — 22 = 1, 

et 2y—z= 1; 2x + 3y — z= 2; 
(Cc) z—y+32= 2, 
—z—3y+2z2= 2. 


2.17*. Given a plane x — y + 22 —1= 0 and a straight line 
which passes through the points A (2, 3, 0) and B (0, 1, 1). Calculate 
the sine of the angle between the straight line AB and the given plane. 

2.18. The straight line is defined by the points A (1, —1, 1) and 
H (—3, 2, 1). Find the angle between the straight line AB and the 
plane: 

(a) 62 + 2y — 32 —7 = 0; by sep Ae 

2.19. Ghloulate the distance between the plane {Se — 10y + 62 — 
190 = 0 and the origin. 
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2.20. Calculate the distance: 
a the point (3, 1, —1) to the plane 2227 + 4y — 20z — 


(b) from the point (4, 3, —2) to the plane 3x — y+ 52 +1 = 0; 
(c) from the point (2, 0, —1/2) to the plane 4z — 4y + 224-17 = 


2.21. Calculate the altitude (hs) of a pyramid with vertices 
S (0, 6, 4), A (3, 5, 3), B (—2, 11, —5), C (1, —4, 4). 

2.22. Derive an equation of a plane which passes at the distance 
of 6 units from the origin and intercepts line segments related as 
a:b:c=1:83:2 on the coordinate axes. 

2.23. Find the coordinates of the point of intersection of the plane 
2x — y + z= 0 and the straight line which passes through the given 
points A (—1, 0, 2) and B (8, 1, 2). 

2.24. Find the point of intersection: 

(a) of a straight line which is the line of intersection of two planes 
32 — 4y = 0 and y — 3z = 6 with the plane 2x — 5y —z —2= 0; 

(b) of the straight line son Z 2 


The equation of a sphere with centre at a point Cy (ro, Yo, 2) and 
radius R has the form 


(x —— rq)? + (y — Yo)? + (2 — 2)? = R?. (14) 

If the centre of the sphere coincides with the origin, the equation as- 
sumes the form 

x? ty? + 22 = R?, (15) 


Example 2.8. Derive an equation of a sphere which passes through 
the given point A (1, —1, 4) and touches the coordinate planes. 

Solution. Since the required sphere touches the coordinate planes 
and the centre of the sphere is in the part of space for each point of 
which z > 0, y < 0, z > 0 (since the point A (1, —1, 4) lies in that 
part of space), the coordinates of the centre are (R, —R, R). On the 
other hand, since the point A belongs to the sphere, its coordinates 
satisfy equation (14): 


(4 — R)? 4 (—1+4 2)? + 4—R)? = R’, 
whence it follows that 
R* — 6R +9 = 0, or (R — 3)? = 0, ieg R = 3. 
Answer. (x — 3)? + (y + 3)? + (z — 3)? = 9. 


2.25*. Calculate the distance from the plane 22 + 2y — z+ 
15 = 0 to the sphere zr? + y* + 22? —4 = 0. 

2.26. Given a sphere x? + y? + z? — 25 = 0 and a straight line 
1 which passes through the point A (2, 1, 1) parallel to the vector 
a = (2, —4, —1). Calculate the coordinates of the points of inter- 
section of the straight line / and the sphere. 

2.27. Find the set of points of space the sum of the squares of whose 
distances from two given points A (2, 3, —1) and B (1, —1, 3) has 
the same value m?. 


and the plane 
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3. Using the Method of Coordinates to Solve 
Geometrical Problems 


Geometrical problems presented in this section can be solved by 
means of introducing a Cartesian system of coordinates on a plane or 
in space. The problems given below can also be solved by methods of 
clementary geometry. These solutions, however, require, as a are 
the use of nontrivial artificial techniques. 


Example 3.1. In the isosceles triangle ABC (| AB| = |BC| = 8) 
a point EZ divides the lateral side AB in the ratio 3 : 14 (reckoning from 


the vertex a Calculate the angle between the vectors CE and CA if 
| CA |= 

Suigion "Let us introduce a system of coordinates Oxy as indicated 
in Fig. 13.4 (| OA | = | OC |) according to the property of an iso- 


A a Cr 
Fig. 13.4 


sceles triangle. From the triangle OBC we find that 
|OB|=YV1|BC |?—| OC |?=2 V7. 
> {> > > {> 
Since AE = 7 AB, we have CE=CA+— AB and the coordinates of 
— —>- 

the vectors CA and CE are 

CA=(—12, 0), AB=(6, 27%), ck=(—F ¥*) 
respectively. Substituting the coordinates obtained into the formula 
of a scalar product of vectors, we obtain 

(—12)-(—21/2) 8 3y7 
12V (429+(Viae 8 


Answer. The angle between the vectors CA and CE is equal to 
3 V7 

3° 

3.1. In the isosceles triangle ABC (|AB|=|BC|= 15) a 
point # divides the side BC in the ratio 1 : 4 (reckoning f from the ver- 


tex B). Calculate the angle between the vectors AE and AC if| AC | = 


22—0263 


cos A= 


urccos 
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3.2. In the right triangle ABC the angle B is a right angle, 

(| AB | = 3, | BC | = 4). Calculate the angle between the medians 
AM and BD. 

3. In aright triangle with legs AB and BC (| AB | = 8, | BC | = 

6) a straight line AD divides BC in the ratio | BD |:|DC|= 


3 
a 
— — 
4:5. Calculate the angle between the vectors AB and AD. 
3.4. A straight line AD drawn in a right triangle with legs BC and 
BA (| BC | = 4, | BA | = 3) divides the side BC in the ratio 


| BD |:|DC |= 3:5. Calculate the angle between the vectors AD 


and BC. 

3.5*. Given a right isosceles triangle ABC with a right vertex 
angle B, BS is its altitude, K is the midpoint of the altitude BS, 
and M is the intersection point of the 
straight line AK and the jside BC. Find 
the ratio in which the point M divides 
the segment BC. 


Example 3.2. Prove that if the feet of 
the altitudes of the triangle ABC are 
connected by line segments, a triangle 
results for which those altitudes are 
bisectors (Ptolemy's theorem). 

Solution. Let us drop the altitudes of 
the triangle from its vertices: AA, | BC, 
BB, | AC and CC, | AB; we designate 
the point of intersection of the altitudes 
as O. Next we choose a system of coordi- 
nates such that its origin coincides with 
the point C, and the Oz axis passes 
Fic. 13.2 through the vertex B (Fig. 13.2). Then 

eae the Oy axis will pass through the vertex C. 

Assume that the coordinates of the verti- 

ces of the triangle are the following: A (—a, 0), B (b, 0), C (0, c). 
Let us prove that the altitude C,C is the bisector of the angle A,C,B,. 

The equation of a straight line passing through the points A and 
C assumes the form 


y=—a2+e. (*) 


The equation of a straight line which passes through the points B and 
O at right angles to the straight line AC assumes the form 


a ab 
ee ers (**) 


(to obtain the last equation, we have used the relation between the 
slopes of two mutually perpendicular straight lines: k,-k, = — 1). 
Solving the system of equations (*) and (**), we find the coordinates of 
the point of intersection of those straight lines (point B,): 


a(ab—c?) ac(a-+b) 
Bs (pe apa) 
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By analogy, writing the equations of the straight lines passing 
through the pairs of points B, C and A, O, we find the coordinates of 
the point A,: 


b(c?—ab) be (a-+b) 
4 (pa per) 


Writing the equations of the straight lines passing through the 
pairs of points A,, C, and B,, C,, we find the slopes of those lines: 


_ ¢(a-+b) k _ ¢(a-+b) 


AiCi  ¢2—ab * Bir ab— cc?’ 


whence it follows that kz.c, = — ka,c,- Since a slope is a tangent of 


the angle of inclination of a straight line to the positive direction of 
the Oz axis, we obtain 


ZBC,B, =—it-— ZBC,A,, 


whence it follows that 2 AC,B, = Z BC,A,, and since the straight 
line C,C is perpendicular to the straight line AB, it follows that 
ZL B,C\C = Z A,C,C, i.e. the altitude C,C of the triangle ABC is 
indeed the bisector of the triangle A,B,C,. ; 

We can prove by analogy that the other two altitudes of the triangle 
ABC are bisector of the respective angles of the triangle A,B,C, 


3.6. An arbitrary point P is taken on the altitude CC, of the 
triangle ABC. The straight lines AP and BP cut the sides BC and 
CA at points A, and B, respectively. Prove that the ray C,P is the 
bisector of the angle A,C,B,. 

3.7*. Given a right triangle ABC with legs a and b, Z C = 90°. 
Derive an equation of the set of points M for which 


| MA |? + | MB |? = 2| MC |. 


7 3.8. Given a point M in the plane of the rectangle ABCD. Prove 
that 


| MA |? + | MC |?= | MB |? + | MD [?. 


3.9. A circle is inscribed into a rhombus with an angle of 60°. 
The distance from the centre of the circle to the nearest vertex is equal 
Lo sf Prove that the following equation holds for any point P of the 
circle: 

| PA |? + | PB |? + |PC |? 4 | PD |? = 11. 


3.10. Prove that the sum of the squares of the distances from the 
point M, taken on the diameter of a certain circle, to the ends of any 
chords which are parallel to that diameter is constant. . 

3.11. A square ABCD is circumscribed about a circle. Perpendicul- 
ars AA,, BB,, CC,, and DD, are drawn from the vertices of the square 
to an arbitrary straight line which touches the circle. Prove that 


| AA, | | CC, | = | BB, | | DD, |. 


3.12. Given an equilateral triangle ABC and a circle, passing 
through the vertices A and B, whose centre D is symmetric with re- 
spect to the vertex C about the straight line AB. Prove that if M is an 


22* 
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arbitrary point of the circle, then a right triangle can be formed by the 
segments MA, MB and MC. 

3.13. A rectangle ABCD is inscribed into a circle. From an arbit- 
rary point P of the circle perpendiculars are drawn to the straight 
lines AB, BC, CD, and DA, which cut those lines at points K, L, M, 
and N, respectively. Prove that the point N is an orthocentre of the 
triangle KLM. 

3.14. Acircle is inscribed into a square. Prove that the sum of the 
squares of the distances from a point of the circle to the vertices of 
the square does not depend on the choice of a point of the circle. Find 
that sum. 

3.15. A circle is circumscribed about a square. Prove that the sum 
of the squares of the distances from the points of thecircle to the ver- 
tices of the square does not depend on the choice of the points on 
the circle. Find that sum. 


If a problem deals with a cube or a right parallelepiped, then the 
most convenient is a system of coordinates whose origin is at one of 
the vertices of the lower base of those bodies, and the coordinate 
axes pass through the edges drawn from that vertex. 


Example 3.3. The length of an edge of the cube ABCDA,B,C,D, 
is equal to 1. A point # taken on the edge AA, is such that the length 
of the segment AE is 4/3. A point F taken on the edge BC is such that 
the length of the segment BF is 1/4. A plane a is drawn through the 
centre O, of the cube and the points Z and F. Find the distance p from 
the vertex B, to the plane a. 

Solution. We choose a system of coordinates such that its origin 
coincides with the vertex A, and the axes Oz, Oy, and Oz pass through 
the edges AB, AD, and AA,, respectively. In that system of coordin- 
ates 

1 


F(4, 7,0), E (0, 0, z)> 


4 1 1 
0; (= ’ oy ’ =) e 
Let us derive an equation of the secant plane a. Assume that the 


vector n = (n,, mg, mg) is perpendicular to the required plane. Since 
the vectors 


belong to the required plane, we: can use the condition of perpendicular- 
ity of the pairs of vectors n, EF and n, EO, and get the following sys- 
tem of equations for ny, ng, ns: 
n n 
ac mae Gana be 


ny Nog 


rela en Ad ae ey 


2 4 2 
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FA | 


Assuming ng to be a free unknown, we obtain n, = 9 "s and ng = 


— Sng. Assuming ns = 9, we get a vector n = (5, —8, 9) as 


the vector perpendicular to the required plane. The equation of the 
plane which passes through the point E (0, 0, 1/3) at right angles to 
the vector n = (5, —8, 9) has the form 


ox — By + 92 —3=0. 


The coordinates of the point B, in the chosen Cartesian system of 
coordinates are (1, 0, 1). Let us calculate the distance from the point 
B, (1, 0, 1) to the plane 

ox — By + 9z—3= 0. 
Assume that M (zx, Yo, 29) is a point of the foot of the perpendicular 
to the given plane which passes through the point B,. Let us calculate 


the coordinates of the point M. Since the point belongs to the plane, 
the coordinates of that point must satisfy the equation of the plane: 


529 — 8yyp + 929 —3 = 0. (#) 


—> 
On the other hand, the vector B,M is perpendicular to the given plane 


—> 
und, consequently, the vector BM is collinear with the vector n: 


—> 
BM = kn. 


The last equation in the coordinate form yields the following three 
equations: 


o> = 8k, (ee) 


Solving the system of equations (*), (#*), we find the coordinates of 
the point M: 


445 _ 88 4 
T= T7007 Yor AD: 7-77 
44 


which is precisely 


—>- 
and the length of the vector | B,M | =——— 
the required distance from the point B, to the plane. 

Answer. 14/Y 170. 


3.16. The length of an edge of the cube ABCDA,B,C,D, is equal 
lo 1. A point # taken on the edge BC is such that the length of the 
seoment BE is 1/4. A point Ff taken on the edge C,D, is such that the 
length of the segment FD, is 2/5. A plane a is drawn through the centre 
of the cube and the points EF and F. Find the distance from the vertex 
A, to the plane a. 
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3.17. The length of an edge of the cube ABCDA,B,C,D, is equal 
to 1. A point # taken on the edge AB is such that the length of the seg- 
ment BE is 2/5. A point F taken on the edge CC, is such that the lengt 
of the segment FC is 2/3. A plane a is drawn through the centre of the 
cube and the points EF and F. Find the distance from the vertex A to 
the plane a. 

3.18. The length of an edge of the cube KLMNK,L,M,N, is 
equal to 1. A point A taken on the edge MM, is such that the length 
of the segment A M is 3/5. A point B taken on the edge K,N, is such 
that the length of the segment K,B is 1/3. A plane a is drawn through 
the centre of the cube and the points A and B. A point P is the pro- 
jection of the vertex N onto the plane a. Find the length of the segment 
BP. -: 


3.19. The length of an edge of the cube KLMN K,L,M,N, is equal 
to 1. A point A taken on the edge KL is such that the length of the 
segment AL is 3/4. A point B taken on the edge MM, is such that the 
length of the segment MB is 3/5. A plane a is drawn through the cen- 
tre of the cube and the points A and B. Find the length of the segment 
ah where the point P is the projection of the vertex N onto the 

ane @. 
i 3.20. The length of an edge of the cube KLMN K,L,M,N, is equal 
to 1. A point A taken on the edge KL is such that the length of the 
segment KA is 1/4. A point B taken on the edge MM, is such that the 
length of the segment M,B is 2/5. A plane a is drawn through the 
centre of the cube and the points A and B. A point P is the projection 
of the vertex K, onto the plane a. Find the length of the segment AP. 

3.21. Given a cube ABCDA,B,C,D,; a point K is the midpoint 
of the edge AA,, L is the centre of the face CC,D,D. Find the angle 
between the planes BKL and AD,C. 

3.22*. Find the area of the section of the cube ABCDA,B,C,D, 
by a plane passing through the vertex A and the midpoints of the 
edges B,C, and D,C,. The edge of the cube is equal to a. 

3.23*. In the cube ABCDA,B,C,D, with an edge a a point K is 
the midpoint of the edge AB, and a point L is the midpoint of the edge 
DD,. Find the sides of the triangle A, KZ and the ratio in which the 
volume of the cube is divided by a plane passing through the vertices 
of the triangle. 

3.24. In the cube ABCDA,B,C,D, with edge a the midpoints of 
the edges AA,, A,B,, B,C,, CyC, CD, DA, and AA, are consecutively 
connected. Prove that the figure obtained is a regular hexagon and 
find its area. 

3.25. The length of an edge of the cube ABCDA,B,C,D, is a. 
E and F are the midpoints of the edges BC and B,C, respectively. We 
consider the triangles whose vertices are the points of intersection of 
the planes, which are parallel to the bases of the cube, and the straight 
lines A,E, DF, AD,. Find: 

(a) the area of the triangle whose plane passes through the mid- 
point of the edge AA,; 

(b) the minimum possible value of the area of the triangles being 
considered. 

3.26. A sphere is inscribed in a cube. Prove that the sum of the 
squares of the distances from each point of the sphere to the vertices 
of the cube does not depend on the choice of the point. Find that sum. 
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Example 3.4. The base of the pyramid SABC is an equilateral 


triangle ABC whose side is 4Y 2. The lateral edge SC is ed eer 
to the plane of the base and is 2 long. Calculate the angle and the 
distance between the skew straight 
lines one of which passes through 
the point S and the midpoint of 
the edge BC and the other passes 
through the point C and the mid- 
point of the edge AB. 

Solution. We introduce a rect- 
angular system of coordinates 
assuming the point C to be the 
origin and the straight line’CD to 
be the axis of ordinates (D is the 
midpoint of the edge AB), the 
straight line CS to be the appli- Fig. 13.3 
cate axis and the straight line 
which belongs to the plane of the 
triangle ABC and is perpendicular to the straight line CD to be 
the abscissa axis, and the line segment whose length ‘is 1 to be the 
unit length (Fig. 13.3). In that system of coordinates the vectors 


—>- —_> 
CD and SE (E is the midpoint of the side CD) have the following 
coordinates: 


cb= (0, V3 | op), 0) =(0, 276, 0), 


2 
—>>- an es 
se=(4P4, St, -1081)=(72, v8, —2). 
Therefore, 
+ > CDSE 12 V2 , 
cos (CD, Se ee ee ee 
1\CD|-|SE| 2V6-) 12 


and, consequently, the required angle is 45°. Assume that PQ is a 
common perpendicular to the straight lines SE and CD (P€ SE, 
—> 


— 
Q€CD). Then there are numbers a and £ such that SP = a-SE, 
—> —_ 
CQ = B-CD. It is clear that 
—_> — —> —> —_ —_ —> 
PQ = PS + SC + CQ = —aSE —CS + BCD, 
or, in the coordinate form, 
— a = = 
PQ=(—a V2; —aV/6+8-2 6; 2a—2). 


—> — —-> —> 
Since PQ1LCD and PQLSE, it follows that PQ-CD = 0, PQ:-SE = 
(. The last two vector equations in the coordinate form look like 


(—a /6+f-2 /6)-2 Y6=0, 
—a V2 V2+(—a V6+8-2 1/6) V 6+ (20 —2) (—2)=0, 
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or 
a = 26, 
—3a + 368 +1=0, 
whence a = 2/3, B = 1/3..Thus 


Answer. The angle is equal to 1/4, the required distance is equal to 
2/V 3. 


3.27. The base of the pyramid SABC is an isosceles right triangle 


ABC, the length of whose hypotenuse AB is equal to 4 Y 2. The lateral 
edge SC of the pyramid is perpendicular to the plane of the base and 
is 2 long. Find the angle and the distance between the skew lines one 
of which passes through the point S and the midpoint of the edge AC 
and the other passes through the point C and the midpoint of the edge 


3.28. The base of the pyramid HPQR is an equilateral triangle 


PQR whose side is 2 Y 2 long. The lateral edge HR is perpendicular to 
the plane of the base and is 1 long. Find the angle and the distance 
between the skew lines one of which passes through the point H and 
the midpoint of the edge QR and the other passes through the point R 
and the midpoint of the edge PQ. 

3.29. The base of the pyramid HPQR is an isosceles right triangle 


POR the length of whose hypotenuse PQ is equal to 2 Y 2. The lateral 
edge HR of the pyramid is perpendicular to the plane of the base and 
it is 1 long. Find the angle and the distance between the skew lines one 
of which passes through the point H and the midpoint of the edge PR 
and the other passes through the point R and the midpoint of the edge 


PQ. 
4 3.30. All the edges of a regular prism ABCA,B,C, are a long. 
We consider line segments with their endpoints lying on the diagonals 
BC, and CA, of the lateral faces, the segments being parallel to the 
plane ABB,A,. 
(a) One of the segments is drawn through the point M of the diagon- 
al BC, such that | BM |:| BC, | = 1:3. Find its length. 
“ (b) Find the least length of all the segments under consideration. 
3.31. The side of the base ABCD of a regular pyramid SABCD 
is a long, and a lateral edge is 2a long. We consider line segments with 
their endpoints lying on the diagonal BD of the base and on the lateral 
edge SC, the segments being parallel to the plane of the face SAD. 
Find the least length of all the segments under consideration. 


4, Geometrical Problems Which Can Be Solved 
by the Methods of Vector Algebra 


This section contains problems which can be solved by the methods 
of vector algebra. These methods are based on the property of unique- 
ness of the resolution of a vector ona plane into components with 
respect to two noncollinear vectors and on the property of unique- 
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ness of the resolution of a vector in space into components with re- 
spect to three noncoplanar vectors. 

The problems presented below can be conventionally divided into 
two types: “direct” problems and “inverse” problems. In direct prob- 
lems we postulate that three points belong to the same straight line 
(in a plane case) or four points belong to the same plane (in space). 
In such problems it is usually required to establish or verify certain 
relations between the lengths of segments. 

In inverse problems it is required, as arule, to establish the rela- 
tions between the lengths of segments under which certain three points 
A, B, C belong to the same straight line or certain four points A, B, 
C, D belong to the same plane, and sometimes it is required to establish 
the fact that certain straight lines meet at one point. 

The solution of direct problems in a plane case is based on the veri- 
fication of the vector formula 


_—> —_ 
AB = kBC, (1) 


whose satisfaction for a certain real k signifies that three points A, B, 
C lie on the same straight line, or on the verification of the formula 


—>- —> — 
OC = a0A + (1 — a) OB, 


where A, B, C are points belonging to the same straight line and O 
is an arbitrary point. 

When solving a number of problems on a plane, use is also made 
of the following properties of noncollinear vectors: 

(1) If two vectors a and b are noncollinear, then the equality 
aa + Bb = 0 yields an equality a = B = 0. 

(2) If the vectors a and b are noncollinear, then the equality 
c=aa+t B,b=a,a-+ Bab yields equalities «,—=a,, B, = Ba 
(the property of uniqueness of a resolution of a vector into components 
with respect to two noncollinear vectors). 


Example 4.4. Given a parallelogram ABCD. The straight line 1 
cuts the straight lines AB, AC, and AD at points B,, C,, and D, re- 


apectively: Prove that if AB, = r,AB, AD, = LAD, AC, = AeA C, 
t 


en 
re 
oan Caer 


(a direct problem). 
— —> —> 
Solution. Assume that AB =a, AD=hb and AC=a+tb 
—>- 
(Fig. 13.4). Then AB, = 4a, AD, = Agb and AC, = Ay (a+ b). 
Since three points A,, B,, C, lie on the same straight line /, the follow- 
ing equality holds true: 
—> — 
B,C, = kB,D,, (*) 
but 
—_ a —> 
B,C, — AC, — AB, = (As =< A) a + Aeb, 


— — 
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> > 
Substituting the resolution of the vectors B,C, and B,D, into com- 
ponents with respect to the noncollinear vectors a and b into relation 


A M 


Fig. 13.4 Fig. 13.5 
(+), we obtain 
By virtue of the uniqueness of a resolution of a vector into components 
with respect to two noncollinear vectors a and b we obtain a system 
As ~~ Ay ea ae kay, 
Ag — kAsg. 


Excluding the coefficient k&, we find the relation between 
Ay, Ag and Ag: 


AqAgs + Agds = AqAd- 
Dividing the last relation term-by-term by A,A,A,, we have 
4 14 1 
eager ar 
and that is what we wished to prove. 
Let us consider an example of an “inverse” problem. 


Example 4.2. Points B and C are taken on the side ON of the paral- 
lelogram AMANO and on its diagonal OM and are such that 


—_> 4 > —_> 4 papas 
OB=—ON, OC=— OM. 
n n+1 
Prove that the points A, B, and C lie on the same straight line. 
Solution. Let us express the vectors AB and AC in terms of the 


_ —> 
vectors ON and OA (Fig. 13.5): 


> 4 — ‘1—_> —_> 
AC = OM—OA, AB=—ON—OA 
n+4 n 
—> — —> 
Since OM = OA + ON and, consequently, 
4 —- 
ane | OM = =aa| (OA+ON), 
it follows that 
> > > — 4 => n— 
AC = (OA+O0ON)—OA= ON — OA. 
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Comparing the resolution of AB and AC into components with respect 
—> — 
to the noncollinear vectors ON and OA, we obtain 


—> > 
AB=kKAC, where ya tt 


—> — 
Since the vectors AB and AC are collinear and have a common origin, 
the three points A, B, C lie on the same straight line. 


4.14. Points ZL, M and N lying on the same straight line are taken 
on the straight lines BC, CA and AB respectively, which define the 
triangle ABC. Prove that if 


—> > —> —_> — —> 
BL = aLC, CM = BMA, AN = yNB, 
then aBy = — 14 (Menelaas’s theorem). 


4.2. Givena triangle MNP. Points A, B and C taken on thestraight 
—_ _> — —_> —> 
lines MN, NP, PM are such that MA = aAN, NB = BBP, PC = 


ak, 
yCM. Prove that if aBy == — 1, then the points A, B, C lie on the 
same straight line (inverse Menelaas’s theorem). 

4.3. The straight lines a and b are parallel. Arbitrary points A,, 
A,, Ag are taken on the line a and arbitrary points B,, B,, B, are 
taken on the line b. Points C, C,, C, taken on the line segments A,B,, 
A,B,, A3B, are such that 


| AyC, | = a@| A,B, |, | A.C. | = a1 AoBe |, 
| AsCs | = @ | AgB; |. 
Prove that the points C,, C,, C, lie on the same straight line. 
4.4. Points C,, C,, C, divide the line segment AB into four equal 


° e e 
parts; D is an arbitrary point. Express the vectors DC,, DC,, DC, 
—> 


in terms of the vectors DA =a, DB =b. 
4.5. Given three points M, A, B, and a fourth point C is such 


— —_ —_ —> 
that AB = 3AC. Express the vector MC in terms of the vectors MA 


—_—> 
and MB. 

4.6. Three points A, B, M are taken on a plane. A point C taken 
on the line segment AB is such that | AC |: | CD | = k. Express the 


—> — — 
vector MC in terms of MA and MB. 


Example 4.3. If the point A of the intersection of the diagonals 
of the quadrilateral M NPQ and the midpoints B and C of its opposite 
sides MN and PQ lie on the same straight line, then MNPQ is a 
(rapezoid or a parallelogram (Fig. 13.6). © | 


— —> — 
Solution. Assume that AM = a, AN = b. Then AP = ka and 
—- . 
AQ = lb. Since B is the midpoint of the segment MN, we have 


pM ae ae eee. A 
AB =~ AM +7 AN = 5 (a+b). 
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Similarly, 
oo Ae, eed 
AC =~ AP + — AQ =~ (ka-+ lb). 
2 2 2 
By the hypothesis the points A, B, C lie on the same straight line 
M 8 WW 
a C p 
Fig. 13.6 


—_— —_ 
and, therefore, there is a number m such that AC = mAB, i.e. 


2% (a-+b)=-— (ka+ ib), 
m 


or 


—k m—l 
5 at—s b=0, 


whence it follows that m= k = l. Then 
—> —> 
MN=b—a, PQ= lb—ka= —k (a —)D), 


—> —_> 
i.e. PQ = kMN. Consequently, PQ || MN, i.e. MNPQ is a trapezoid 
or a parallelogram. 


4.7. The point of intersection of the medians of a quadrilateral 
coincides wih that of its diagonals. Prove that the quadrilateral is 
a parallelogram. 

4.8. Prove that the midpoints of the bases of a trapezoid and the 
point of intersection of the extensions of its nonparallel sides belong 
to the same straight line. 

4.9. Point M is the midpoint of the segment AB and point M’ 
is the midpoint of the segment A’B’. Prove that the midpoints of the 
segments AA’, BB’ and MM’ lie on the same straight line. 

4.10. Prove that the midpoints of the sides of an arbitrary quadri- 
lateral are the vertices of a parallelogram. 

4.41. (a) Prove that in an arbitrary quadrilateral the midlines, 
when intersecting, are divided in half. 

(b) Prove that in an arbitrary quadrilateral the line segment con- 
necting the midpoints of the diagonals passes through the intersection 
point of the medians and is bisected at that point. 


The solution of a number of problems on a mutual position of three 
points A, B, C, which do not lie on the same straight line, is based on 
the use of the formula 
? 44q07- -> => 


OM =~ (OA+ OB +06), (2) 
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where M is the centre of gravity of the triangle ABC, and O is an 
arbitrary point. 


Example 4.4. Assume that ABCDEF is an arbitrary hexagon and 
U,V, W, X, Y, Z are the midpoints of its sides. Prove that the centres 
of gravity of the triangles UWY and VXZ coincide (Fig. 13.7). 


Solution. Since the points U, V, W, X, Y and Z are the midpoints 
of a hexagon, it follows that 


> {o> > 72 1 


OU = (WA-+0B), OV =—(0B+00), ow = (0C-+0D), 


2 
> ‘4. >_> > (> > —>~-> {> => 


where O is an arbitrary point. Designating as M and N the centres of 
gravity of the triangles UWY and VXZ, we have, by formula (2), 


— —_ 
OM =~ (OU -+0W + OF) =~ (OA-+0B+ OC-+OD+0E+ OF), 
> 4 >-OcoShlUm> 47> 7>- 2 -?- F- > hc > 
ON =-7 (OV + OX + 02) = | (OA+ OB+ O0C+0D+0E-+ OF). 
Thus, OM = ON , whence it follows that the point M coincides 
with the point N. 


4.12. Given a triangle ABC. Prove that the equation OA + OB + 


OC = 0 holds if and only if O is the centre of gravity of the triangle 
ABC. 

4.13. (a) Assume that M and WN are the centres of gravity of the 
triangles ABC and DEF. Prove that 


—_> —_—> —-> —> 
AD + BE + CF = 3MN. 


(b) Assume that A, B, C, D, E, F are arbitrary points of a plane. 
Prove that 


—> —_> —> —_> —> —> 
AD + BE+.CF= AE + BF + CD. 
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4.14. Point M is the centre of gravity of the triangle ABC. Prove 
that : 


> ~—-> — 
CA + CB = 3CM. 
4.15. A straight line 1, which cuts the sides AC and BC at points 


P and Q, respectively, is drawn through the centre of gravity of the 
triangle ABC. Prove that 


[AP | , | BQ| 
=4, 
iPeT Toc 
4.16. The vertices A,, B,, C, of the triangle ABC belong to the 
sides BC, CA, and AB of the triangle ABC respectively, and the 
cenéres of gravity of the two triangles coincide. Prove that the points 
A,, B,, and C, divide the sides of the triangle ABC in equal ratios. 


When solving problems connected with calculations of the ratios 
of the areas of some plane figures, use is often made of the following 
property of the areas of triangles. If the 
area of the triangle ABC is S and points M 
and N chosen on the sides AC and BC are 
such that 


|CM|:|CA|=k, 
|CN |: |CB |= kg, 


then the area of the triangle MCN is 
k,k.8. 


Example 4.5. In the triangle ABC a 

point K taken on the side AB is such 

Fig. 13.8 that| AK |:| BK|=1:2, anda point 

L taken on the side BC is such that 

|CL|:| BL|= 2:14. Assume that Q is the point of intersection 

of the straight lines AZ and CK. Find the area of the triangle ABC 
if the area of the triangle BQC is known to be equal to 1. 


— — 
Solution. Assume AB = a, AC = b (Fig. 13.8). Since | BL |/ 
| LC | = 1/2, we obtain Spaz = 1/3, Srqc=2/3 by virtue of the 
property of areas formulated above. 
Let us find the ratio | OL |/| AL |. The straight line which passes 
through the point Z parallel to the side AC divides the side AB in 


— 
the ratio 2:1 (reckoning from the vertex A) and AM = = a. The 
straight line which passes through the point Z parallel to the side AB 


divides the ae AC in the ratio 1 : 2 (reckoning from the vertex A) 
— 
and AN = “3b. Therefore, 


one 1 
AL aay ats b. 


—_ —> 
Since the vectors AQ and AL are collinear (the points A, Q, L lie 
on the same straight line), we have 


pa 7 ob 
AQ = WAL = 3 (2a-+b). (+) 
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Similarly, we can show for the point K that 


> 2> 11> 14 
— > 4 
CQ=ACK = = (a—3b). 

> -> —> 

But AO =AC-+CO, whence 
+ (2a-+b)=b-+ > (a—3b). 


From the condition of uniqueness of a resolution of a vector jnto 
components with respect to two noncollinear vectors a and b, we get 
a system of equations 2u = A, uw = 3 — 3A, from which we find that 


w= 3/7. 


We can now find the relation Sa 
[QL| _|AL|—l4@1_,_ 14@1 
| AL | | AL | [| AL| ’ 
| QL | 4. 
and according to equation (*) we have AL | =1—-p=—. Hence 
Sapo 1 _7 ; os : 
Sone fone and since Sggc=1, the required area of the 
triangle is equal to 7/4. 
Answer. 7/4. 


4.17. In the triangle ABC whose area is equal to 6 a point K 
taken on the side AB divides that side in the ratio | AK |:|]BK|= 
2:3, and a point ZL taken on the side AC divides AC in the ratio 
| AL |:| ZC |= 5:3. The point Q of intersection of the straight 
lines C K and BL is at the distance 1.5 from the straight lines AB. Find 
the length of the side AB. 

4.18. Given a triangle ABC. Points M and N are taken on the 
sides AB and BC respectively; | AB| = 5|AM|,| BC |= 3]| BN |. 
The segments AN and CM meet at a point O. Find the ratio of the 
areas of the triangles OAC and ABC. 

4.19. Point K divides the median AD of the triangle ABC in the 
ratio 3 : 1, reckoning from the vertex. In what ratio does the straight 
line BK divide the area of AABC? 

4.20. A point taken on each median of the triangle divides the 
median in the ratio 1 : 3, reckoning from the vertex. Find the ratio 
of the area of the triangle with vertices at those points to that of the 
original triangle. 


The solution of some problems presupposes the use of a vector ec 
which is collinear with the bisector of the angle between the vectors 
a and b. It is convenient to represent the vector ¢c in the following 
form: 

a b 


Th : (3) 
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Problems 4.21-4.24 can be solved with the use of formula (3). 


—> 

4.21. In the triangle ABC find AA,, where AA, is the bisector 
of the interior angle A of the triangle. 

4.22. In the triangle ABC the median BD meets the bisector AF 
at a point O. The ratio of the area of the triangle DOA to that of the 
triangle BOF is 3/8. Find | AC |: | AB |. 

4.23. In the triangle ABC the bisector AA, divides the side BC 
in the ratio | BD |:|CD |= 2:1. In what ratio does the median 
CE divide this bisector? 

4.24. The bisectors AD and BE of the triangle ABC meet ata 
point O. Find the ratio of the area of the triangle ABC to that of the 
quadrilateral ODCE knowing that] BC | = a,| AC | = b,| AB| =e. 


It is convenient to use the following property of vectors in solving 
certain problems. If three vectors a, b, and ¢ are noncoplanar, then the 
equation 


aa + Bb + ye = 0 (4) 


yields an equation a= Bp = y = 0. 

The consequence of equation (4) is the uniqueness of the represen- 
tation of any space vector as a linear combination of three noncoplanar 
vectors a, b and ec, the equations 


d = aa + Bib + yc, 
= aa + Bob + yee 
yields equations 
y= Ge, Bi= Bsr, Ya = Ve 
The condition of coplanarity of three vectors a, b, and ¢ has the form 
aa -+ Bb + ye = 0, 


where a, B and y are certain real numbers at least one of which is 
nonzero (i.e. a? + B? + y? > 0). 


Example 4.6. Given three noncoplanar vectors a, b and ¢c. Prove 
that the vectors a + b, b + c, ec — a are coplanar. 

Solution. To prove this statement, it is sufficient to find numbers 
a, B, y satisfying the following conditions: 


a(a+b) +B (b+c¢)+y(e—a) = 0, (+) 
a? + B2 + y? > 0. (+4) 

We reduce (*) to the form 
a(@a—y)+ba@-+ph)+e(6+ y) = 0. (#*#) 


Since a, b, ¢ are noncoplanar, it follows from equation (4) that a, B, y 
must satisfy the system of equations 


a—y=0, a+B8=0, B+y=0. 
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The triple of numbers « = 1, B = —1, y = 14 is one of the solutions 
of this system tor which condition (* *) is satisfied. Consequently, the 
vectors a + b, b + c, e — a are coplanar. 


4.25. Given three noncoplanar vectors a, b and c. Prove that the 
vectors a + 2b — ce, 3a — b +c and —a + 5b — 3¢ are coplanar. 

4.26. Given three nonzero vectors a, b, ¢ each two of which are 
pairwise noncollinear. Find their sum if the vector a + hb is collinear 
with the vector c, and the vector b + c is collinear with the vector a. 

4.27. Given three noncoplanar vectors a, b and ec. Find the numbers 
p and q for which the vectors pa + gb+ ¢ and a+ pb -+ ge are 
collinear. 

4.28. ABCD isa paralrerogram O is its centre, Q is an arbitrary 


point of space. i the vector 00 i in terms of the vectors 0A = a, 
CD = hb and AD =e. 


The solution of problems 4.29-4.33 is based on the use of the follow- 
ing vector relation. If A, B, C, D are four points belonging to the 
same plane and O is an arbitrary point of space, then 


<> —- —_ —_> 
OD = a0A + BOB + (1 —a — B) OC," (5) 
where ~ and Bf are some numbers. 


4.29. Given a parallelepiped ABCDA,B,C,D,. A plane cuts the 
straight lines AB, AD, AA,, se at points Bo, Po Ag. and Cu? re- 


—> 
apc ee Prove that if AC, = mCi, AB, =i AB, AD = = wADy, 


AAy = = AA, then 


Dae 


4.30. Points K, L, M, N are ma on the sides OA,, A,Ag, AoAs, 
and A,O, respectively, of a ee quadrilateral OA,A,A3, and 


> —_— 
OK =aKA, A,L=BLA,, A,M=yMAz, A,N = 6NO. 


Prove that for the four points K, L, M, N to belong to the same plane, 
it is necessary and sufficient that the equality apyd = 1 be satisfied. 
4.31. Given two triangles A,A,A, and A sAsA ane oO not 


lie in the same plane. Prove that the vectors MN, PO and RS are 
coplanar if M, NV, P, Q, R and S are the midpoints of the segments 
A,A,, AyAs, A As "AAs: AyAy, AgAy. 

4.32. Given two triangles ABC and. ABC, which do not lie in 
the same plane; M and N are the midpoints of the sides AC and BC, 
and is Bins and se He are the midpoints a the ue A,C, ang B,Cj. Prove 


that if AB = = AB,, then the vectors MM, NN,, and CC, are coplanar. 
4.33. Given two skew lines m and n. Points P, Q, R are given 
on the straight line m and points P,, Q,, Ry on the straight line n, 


23—0263 
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—> > —> 
with PQ = kPR, PQs = kP,R,. Prove that the straight lines PP,, 
@ 


QQ,, RR, are parallel to the same plane. 


When solving problems connected with the ratio of the volumes 
of parts of a tetrahedron formed upon a section of the tetrahedron by 
a plane, use is often made of the follow- 
ing assertion: if the volume of the 
tetrahedron ABCD is V and points M, N, 
P taken on its edges DA, DB, DC re- 
spectively are such that 


|DM|=k,|DA|, |DN |=k,| DBI, 
| DP | = kg| DC |, 


then the volume of the tetrahedron MNPD 
is kykoksV. 


Example 4.7. A plane passes through 
the vertex A of the base of a triangular 
pyramid SABC, bisects the median SK 
of the triangle SAB and cuts the median 
SL of the triangle SAC at a point D 


such that 2|SD|=|DL|. In what 
ratio does the plane divide the volume 
Fig. 13.9 of the pyramid? 


; —_ _—> — 
Solution. We introduce the designations SA = a, SB = b, SC =e 


(Fig. 13.9). It is evident that k, = 1. Assume that SM = kb, SN = 
kgec, where M and NWN are the points of intersection of the plane of 
the section and the edges SB and SC respectively. Let us find k, and 
kj. For that purpose we use the equations 


ee ree | Nie 


—> 
Designating SM = k,b, we can use equation (5) to represent the vector 
_> 
SM in the form 

SM=aa +7 (at+b)+ ¢ (1—a—B) (a+e). 


Using the uniqueness of a resolution of a vector into components 
with respect to three noncoplanar vectors, we get a system of equations 


4 4 | 1 
O=2ata bts, h=zB, 0=Z(l—a—8), 


from which we find k, = 1/3. 
| Similarly, from the equations 


SN = kee, SN= (Fa-+ +4) a+fn+5(t—a—Bp)e 
we find k, = 4/5. | 
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On the basis of the assertion formulated above, we obtain 
1 14 
Vsamn=1-3° 5 VsSABC) 


and, consequently, the volume of the remaining part of the pyramid 
is equal to 2 Vsasc. Thus the required ratio of the volumes is 1:14. 


4.34. Parallel sections ABC and A,B,C, are drawn in a trihedral 
angle with vertex S. Designating as V, V,, V,, Vs the volumes of the 
tetrahedrons SABC, SA,B,C,, SA,BC, SAB,C,, respectively, show 
that 


Ve=y V2-V;, and Vo:Vg=V-Vj. 


4.35. Given a regular quadrangular pyramid SABCD. A plane 
is drawn through the midpoints of the edges AB, AD and CS. In 
what ratio does the plane divide the volume of the pyramid? | 

4.36. The volume of the pyramid ABCD is equal to 5. A plane 
which cuts the edge CD at a point M is drawn through the midpoints of 
the edges AD and BC. With this ratio, the lengths of the segment DM 
and of the edge MC are related as 2/3. Calculate the area of the section 
of the pyramid by the indicated plane if the distance between that 
area and the vertex A is equal to 1. 

4.37. A plane cuts the lateral edges SA, SB and SC of the tri- 
angular pyramid SABC at points K, L and M respectively. In what 
ratio does the plane divide the volume of the pyramid if it is known 
that | SK|:| KA |= |SLZ|:|2B|= 2, and the median SN 
of the Siar ig SBC is bisected by that plane? 

4.38. All the edges of the triangular pyramid SABC are equal. 
A point M taken on the edge SA is such that | SM|=| MA |, 
a point N taken on the edge SB is such that 3| SN | =| SB |. 
A plane drawn through the points M and N is parallel to the median 
AD of the base ABC. Find the ratio of the volume of the triangular 
pyramid which is cut off from the initial pyramid by the drawn plane 
to that of the pyramid SABC. 


5. A Sealar Product of Vectors 


A scalar product of two nonzero vectors is the product of the lengths 
of those vectors by the cosine of the angle between the vectors: 


“N 
a-b = | a|-| b | cos (a, b). (1) 


The necessary and sufficient condition of the perpendicularity of two 
nonzero vectors is the equality of their scalar product to zero: 


a-b = 0. (2) 
“N 
If m = (a, b), then 
a-b> 0 for 0<9<F; a-b< (0, for > <9<n. (3) 


238 
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7 one product of a vector by itself is equal to the square of 
a-a = a? = [a |?. (4) 
Properties of a scalar product: 
a-b = b-a (commutative law); 
(Aa) -b = A (a-b) (associative law); 
a-(b + ce) = a-b-+ a-e (distributive law). 


Formulas (1)-(4) make it possible to establish a relati ; 
tween vectors and elucidate the properties of secre pee 


Example 5.1. It is known that the vectors 3a — 5b and 2a +b 
are mutually perpendicular and the vectors a -- 4b and —a +b 
are also perpendicular to each other. Find the angle between the vectors 


a and b. 
Solution. By the hypothesis 


(8a — 5b)-(2a + b) = 0, 
(a + 4b)-(—a + b) = 0. 
Hence it follows that 
6a? — 7a-b — 5b? = 0, (x) 
—a’*? — 3a-b + 4b? = 0, 


i.e. we have obtained two equations for three unknowns a2, b? and 
a-b. According to (1), the cosine of the angle between the vectors a and 


b can be calculated by the formula 


~~ a-b 
cos Sled earnest B ° («*) 
From equations (*) we find 
19 20 
a-b= 7 a, b? = + a?. (+x) 


43 


Squaring both sides of equation (**) and substituting the values of 
(*««) into the resulting equation, we obtain 


~ 192 
cos? (a-b) = 95.43. 9 


or y, 
49 * 19 
—-, cos (a-b) = — a 
5 V 43 ey 5 V 43 


Answer. arccos ae or arccos (——) ‘ 
5V 43 5V 43 


cos (ab) = 


S 


\ 
5e1. Given: |a] = 3, | b| = 4, A b) = 22/3. Calculate: 
(a) a®; (b) (a + b)*; (c) (3a — 2b)(a + 2b). 
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5.2. Knowing that|a| = 3,|b| =1,/e| = 4anda+ b+ e= 
0, calculate a-b + b-e + cea. 

5.3. Find the vectors a and bsuch that] a+ b|] = |a— bf. 

5.4. Prove that the vector (ab) ec — (ac) b is perpendicular to the 
vector a. 

5.5. Prove that if a, b, e¢ are arbitrary vectors and a is not per- 
pendicular to c, then there is a number & such that the vectors a and 
b -+- ke are perpendicular to each other. Find k. 


If the vectors a, b and ¢ are the sides of ABC then the equation 
a+ b+c=0 yields an equation 
ec? = a? + b? — 2a-b, 
which is a vector notation of the cosine theorem. Problems 5.6-5.21 
can be solved with the use of a vector notation of the cosine theorem. 


5.6. A median CC, is drawn in the triangle ABC. Prove that if 
| BC | > |AC |, then the angle CC,B is obtuse. 

5.7. Prove that the angle C of the triangle ABC is acute, right 
or obtuse according as the median CC, drawn from the vertex C is 


larger than, equal to or smaller than > | AB |. 


5.8. (a) Find the length of the median | AD | of the triangle ABC 
knowing the lengths of the sides | AC | = b, | AB | = c and the 
magnitude of the angle A. 

(b) Find the length of the bisector | AE | of the triangle knowing 
the lengths of the sides | AC | = b, | AB | = cc and the magnitude 
of the angle A. 

5.9. Given the sides of the triangle ABC. Find: 

(a) the length of the median | AD | = m,; 

(b) the length of the bisector | AF | = l,. 

5.10. In the triangle ABC the angle B is aright angle, the medians 
| AD | and | BE | are mutually perpendicular. Find the angle C. 

5.11. In the triangle ABC points D and F chosen on the sides BC 
and AC respectively aresuch that| BD | = |DC|,| AE | =2|CE |. 
Find| BC |:| AB |ifitis known that AD | BE and ZABC = 60°. 

5.12. In the quadrilateral ABCD the angle A is equal to 120° 
and the diagonal AC is the bisector of that angle. It is known that 


[AC [= =| AB |= =| AD |. Find the cosine of the angle between 


—_ —_ 
the vectors BA and CD. 

5.13. Prove that if the equality a? + b? = 2c? holds true for the 
triangle ABC, then am, + bm, = 2cm,, where m,, m,, m, are the 
oe of the medians of the triangle, and a, b, c are the lengths of 
its sides. 

9.14. In the triangle ABC a line segment A,B, is drawn parallel 
to the side AB, the points A, and B, lying on the sides AC and BC 
respectively. Show that if | AB, | = | BA, | then the triangle ABC 
ix isosceles. 

5.15. The medians AA, and BB, are drawn in the triangle ABC. 


> > 
a if ZC + (AA,, BB,) = 180°, then | CA [? + | CB |? = 
2 3, 
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5.16. Prove that if G is the centre of gravity of the triangle ABC 
and O is some point of space, then 


| OA |? + | OB |? + | OC |? = 3] OG |?4 | AG |? 4 | BG |? +/CG |? 


(Leibniz’s theorem). 
5.17. Prove that if O is the centre of the circle circumscribed about 
the triangle ABC and #7 is its orthocentre, then 


—_> >> — = 

(1) OW = OA + OB + OC; 

(2) | OF |? = 9R* — (a2 + Bb? + c?); 

(3) | AH | = 2R | cosA |. 

5.18. Prove that the centre O of a circumscribed circle, the centre 
of gravity C of a triangle and the orthocentre A of an arbitrary triangle 
nee the same straight line (Euler’s line), with | OG|:|GH |= 
= 1:2. 

5.19. Prove that the distance from the centre O of a circle cir- 
cumscribed about the triangle ABC to its centre of gravity G is defined 
by the formula 


| OG p= Re (a? -++ b?+-c?). 


5.20. Prove thal if Q is an arbitrary point, H is the orthocentre 
and O is the centre of a circle circumscribed about the triangle ABC, 
then 

> 1 


> > —> > 
00 = (QA+ QB+0C—OH). 


5.21. A quadrilateral ABCD is inscribed into a circle. Prove that 
if | AB |? -+.| CD |? = 4R?, where R is the radius of the circumscribed 
circle, then the diagonals of the quadrilateral are perpendicular. 


A scalar product can be used to prove the validity of certain in- 
equalities for the trigonometric functions of the angles of a triangle. 


Example 5.2. Prove that the inequality 
cos 2A + cos 2B + cos 2C > —3/2 


holds for every triangle ABC. 
Solution. Assume that point O is the centre of the circle, with 
radius R, circumscribed about the triangle ABC. It is evident that 


—> — —_—> 

(OA 4- OB + OC)? > 0. Removing the brackets, we obtain 
—> > —> —> —> —> > > > 
OA?-+-20A-OB? + OB? 4+- 20B-0C€+20C-0OA-+0C? > 0. 

Since the central angle formed by the radii OA and OB is double the 


angle C inscribed into the circle, we have 


—> —> 
OA -OB = R? cos 2C, 
Similarly, 


—_> —> —_> — 
OC-OA = R* cos 2B, OB-OC = R? cos 2A. 
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— —> —_— 
Since OA? = OB? = OC? = R?, the last inequality assumes the form 


2R* (cos 2A + cos 2B + cos 2C) + 3R?2 > 0, 


or 
cos 2A + cos 2B +. cos 2C > —3/2, 


and that is what we wished to prove. 
5.22. Prove that the inequality 
cos A + cos B + cosC < 3/2 


holds for the angles of every triangle ABC. 
5.23. Prove that the inequality 


sin? A + sin? B + sin?C < 9/4 


holds for the angles of every triangle ABC. 
5.24. Prove that the inequality 


cos 2A + cos 2B — cos 2C < 3/2 


holds for the angles of every triangle ABC. Under what condition 
(oes this inequality turn into an equality? 
5.25. Prove that the inequality 


cos a@ + cos B + cos y > —3/2 
holds for any trihedral angle with plane angles a, B, y. 


Chapter 14 


Combinatorics. 
The Binomial Theorem. 
Elements of the Theory 
of Probabilities 


{. Arrangements. Combinations. Permutations 


Assume that a set is given which consists of n different elements 
{a,, ..., adn}. We choose from it a set consisting of r elements, i.e. 
take a sample of size r. Samples can differ from one another either 
by the composition or by the order of the elements. If we assume that 
there are identical elements in a sample, then in some cases the size 
of the sample may exceed that of the initial set. 

Telephone numbers are an example of these samples. Assume that 
a number consists of 12 digits and the telephone dial contains 10 digits. 
Then, when we dial a number, we are choosing 12 elements from a set 
consisting of 10 elements. Since the dial returns to its original position 
after a digit is dialled, there must be repeated digits in a telephone 
number. This means that a sample can contain one element repeated 
over and over again. 

The number of different samples of size r with repeating elements, 
taken from an original set containing n different elements, is equal 
to n™. If the elements in the sample are not repeated, then the size 
of the sample cannot exceed that of the original set. The number of 
different samples containing r nonrepeating elements taken from an 
original set of size n is 


Ah=n(n—1)...(n—r- 1); (1) 


Af, also indicates the number of different ways in which n elements 
can be arranged in r positions and is, therefore, called the number of 
permutations of n elements taken r at a time. If n = r, then the samples 
only differ by the order in which their elements are taken. Samples of 
that kind are known as permutations of n elements. The number of 
different permutations is 


P,=n(n—1)...1=n! (2) 


In some problems the order of the elements in the sample is of no 
importance, for example, a selection of 3 people to the presidium of 
a meeting consisting of 200 people, or buying 5 goods in a shop where 
there are 100 different items. In that case, samples of the same com- 
position, i.e. samples whose elements coincide, are assumed to be 
indistinguishable. The number of samples of different compositions of 
size r taken from a set of size n is 


( mY Se tin ye (n—r-+4)_ n! : 3) 


r 
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( a is known as the number of combinations of n elements taken r 
at a time. 


Example 1.1. The letters of the Morse code are sequences of dots 
and dashes. How many different letters can be formed by using 5 sym- 
bols? 

Solution. The original set in this problem consists of two elements, 
a dot and a dash. Since five symbols are used, the sample contains five 
clements which can be repeated. Thus the number of different samples 
each of which represents a letter is equal to 25 = 32. 


1.1*. How many seven-digit telephone numbers are there? 

1.2*. How many different telephone numbers are there if it is 
assumed that each number contains not more than seven digits (a 
telephone number may begin with a zero)? 

1.3. Assume that the letters of a certain code are sequences of dots, 
dashes and spaces. How many different letters can be formed from 
5 symbols? 

1.4. In some country no two citizens have the same set of teeth 
(i.e. different ones are missing). What is the largest number of citizens 
the country can contain (the largest set of teeth is 32)? 

1.5. Assume that p,, ..., p,, are different prime numbers. How 


Sa hi kh k 
many divisors are there for the number g= pi p2°..., P,.", where 


k,,. . +, km are natural numbers (the divisors 1 and q are included)? 

1.6. How many different seven-digit telephone numbers are there 
if the digits in the numbers are not repeated? 

1.7*. How many different outcomes are there in an experiment 
consisting of n tosses of a coin? (The outcomes of two trials are assumed 
to be different if either the number or the order of the heads and tails 
in the trials are different.) 

1.8. How many permutations are there of seven students divided 
into rows of three sitting side by side? 

1.9. A collection of 30 volumes is on a book shelf. How many ways 
are there of arranging the series 

(a) for volumes 1 and 2 to be side by side; 

(b) for volumes 3 and 4 not to be side by side? 

1.10*. How many different chords can you strike on ten keys of 
a piano if each chord contains from three to ten notes? 

1.141*. A meeting of 40 people must choose a chairman, a secretary 
and 5 members of a committee. How many different committees can 
be formed? 


If the number of different samples consisting of several hetero- 
geneous groups of elements must be determined, it is convenient to 
assume that the elements of each group are chosen from a different 
original set, i.c. the number of initial sets is the same as the number 
of different groups whose clements are represented in the sample. Thus, 
for instance, let us assume that we must form a combined team of 24 
sportsmen from eight regions, so that the team contains three sports- 
men from each region. This sample contains 24 elements which are 
chosen from eight original sets, three elements being taken from each set. 
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Example 1.2. There are m white and n black balls in an urn. In 
how many ways can r balls be selected from the urn of which k balls 
will be white? (It is assumed that the balls of each colour are distinct, 
say, are numbered.) 


Solution. There are ( A ways of selecting k white from m white 


balls and ( ways of selecting the remaining r—k black 


n 
r—m 
balls from the group of n balls. Every way of selecting the k white balls 


n 


is associated with the (’ different ways of selecting the black 


—k 
balls. Consequently, the total number of different samples is equal 


m n 
to the product ( k ("_,) ° 


1.12. Wehave ten roses and eight dahlias from which we must make 
a bouquet consisting of two roses and three dahlias. How many different 
bouquets can we make? 

1.13. There are 36 cards in a pack of cards, four of which are aces. 
How many different hands of six cards are there containing two aces? 

1.14. A team consists of two house-painters, three plasterers and 
one joiner. How many different teams can be formed from a staff of 
fifteen house-painters, ten plasterers and five joiners? 

1.15. Six out of 48 numbers in a lottery are winning numbers. Those 
who guess all six numbers get the main prize. Smaller prizes are 
given to those who guess five, four, or even three of the six winning 
numbers. How many different cards with all the possible numbers can 
there be for which (a) five, (b) four, (c) three of the six numbers have 
been guessed, if six arbitrary numbers are crossed out in each card 
(cards with the same numbers crossed out are assumed to be identical)? 

1.16. How many circles can be drawn through 10 points no four 
of which lie on the same circle and no three lie on the same straight 
line, if each circle passes through three points? 

1.17. Ten cards have been taken from a pack of 52. In how many 
cases will there be at least one ace among the selected cards? 

1.18. How many ways are there of choosing a hand of 6 cards con- 
taining an ace and a king of the same suit from a pack of 52 cards? 

1.19. Ten men and six women participate in a tennis tournament. 
How many ways are there of forming four mixed pairs? 

1.20*. How many different four-digit numbers can be formed from 
the digits 0,1, 2, 3, 4, 5, 6, 7 so that each number contains one digit 1? 

1.21. How many different four-digit numbers can be formed from 
the digits 0, 1, 2, 3, 4, 5, 6, 7 so that each number contains a digit 1? 
(The digits in the number cannot be repeated.) 


2. Permutations and Combinations with a 
Given Number of Repetitions 


We shall consider here samples whose elements are repeated a 
given number of times. Assume that a sample consists of m elements 
among which one element (let us assume it is the first one) is repeated 
n, times, another element (the second) is repeated n, times and so on, 
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the kth element being repeated n, times. It is evident that 
nyt+nr+... + n= Mm. 


A collection of integers (n,, ..., m,) is called the composition of a 
sample. It defines the number of the groups of elements from which the 
sample is chosen and the number of like elements from each group 
present in it. Thus, for instance, a sample with the composition (1, 2, 4) 
consists of three groups of elements, with one element from the first 
vroup, two elements from the second group, and four repeated elements 
from the third group. 

The number of different samples with the same composition is 
called the number of permutations of m elements with a given number 
of repetitions n,, ..., n;,. It can be found from the formula 


m| 


rn coe, = >. 
Pm ( 1) ’ h) nl... npl 


(1) 

Example 2.1. A train time-table must be compiled for various 
days of the week so that two trains a day depart for three days, one 
(rain a day for two days, and three trains a day for two days. How many 
different time-tables can be compiled? 

Solution. The number of trains a day (the digits 1, 2, 3) are three 
croups of like elements from which a sample must be formed. In 
the time-table for a week the number 4 is repeated twice, the number 2 
is repeated 3 times and the number 3 is repeated twice. The number of 
different time-tables is equal to 


. 77 
P(2, 3, 2)=s7 aro 


The number of different compositions of a sample containing m 
clements from k groups of like elements is* ; 


(k-+m—1)! 
“ml (k=) * (2) 


Example 2.2. R balls must be distributed among k boxes. How 
iany ways are there of doing this? (Each box may hold all the balls.) 

Solution. We shall assume for convenience that we have k boxes 
in each of which the number of balls can vary from 0 to R. Then, 
supposing that each box is associated with a group of identical elements 
we have k different groups from which we form a sample containing R 
elements with repetitions. The different ways of distributing’ the balls 
correspond to the different compositions of the sample, i.e. 


(R+k—1)I 
Ri(k—1! ° 


2.4. How many different combinations of letters can be formed 
from the letters in the word “Mississippi”? 


== 210. 


C(k, m)=C (k-+m—1, m)= 


C(R+k—1, R)= 


* Formula (2) can be obtained by counting the number of permu- 
tations with repetitions from m +k — 1 elements, where m is the 
number of elements of the original sample and k — 1 is the number 
of boundaries separating the groups of like elements. 
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2.2*. How many different collections of cakes, eight cakes in each 
collection, can be formed from four kinds of cake? 

2.3*. A lift with seven people stops at ten floors. From zero to 
seven people go out at each floor. How many ways are there for the 
lift to empty? (The ways only differ by the number of people leaving 
at each floor.) 

2.4*. In a game of bridge a pack of 52 cards is distributed among 
four players, 13 cards to each player. How many ways are there of 
dealing the cards? 

2.5*. How many ways of tossing 12 dice are there in which each 
of the values 2, 3, 4, 5, 6 occurs twice? 

2.6*. There are m white and n black balls, with m > n. How many 
different ways are there in which all the balls are put in a row so that 
no black balls are side by side? 

2.7*. We toss a coin and assume a head is a success and a tail is 
a failure. How many trials will lead to 52 successes out of 100 tosses of 
the coin? (An experiment is a series of 100 trials; two experiments are 
eeuuee to be different if the results of at least two tosses do not coin- 
cide.) 

2.8*. Two variants of a test paper are distributed among 12 stu- 
dents. How many ways are there of seating of the students in two 
rows so that the students sitting side by side do not have identical 
papers and those sitting in the same column have the same paper? 

2.9. Twenty books about mathematics and logic are on a book- 
shelf. Prove that the greatest number of permutations of a collection 
consisting of five books on mathematics and five books on logic is 
when there are ten books in each science. 


3. The Binomial Theorem 


The natural power of the sum of two quantities can be found from 
the formula 


(a+vyr=( 5) art( ft) ami+( 5) ara 
bet (2) anmomy (| on, (1) 


The right-hand side of the formula is known as the expansion of 
ni 

m! (n—m)! 

coefficients. The general form of the terms on the right-hand side of the 

formula is usually written* 


T= ( 7) amra, k=0, 1, 2, ..., 0. (2) 


power of a binomial, and | i )=- are called the binomial 


The total number of terms in the series is n +- 1. 
* Use is also often made of the formula 


n(n—‘1)...(n—k-+1) an-hph. 


= fs n-kbk — 
Ps (i; )e oe ie 


8 The Binomial Theorem 365 


10 
Example 3.1. Find the term in the expansion of (2+) which 


does not contain z (i.e. contains x raised to the power zero). 
Solution. According to formula (2) for a general term, 


R 
re=(0)20(S)" 


By the hypothesis, the number & must satisfy the equation 
10—k—4k= 0. (*) 


The only root of equation (*) is k = 2. Thus the second term of the 


expansion 
10 1 10 
nr eae ae = 
™1=(,) *a=(2)=* 
is the required term. 
Answer. 49. 


Example 3.2. Find the sixth term of the expansion of (y!/2-+ 21/3)” 
if the binomial coefficient of the third term from the end is equal 
to 45. 

Solution. Let us first find the power of the binomial. According to 
the hypothesis the number n must satisfy the equation 


(| >) = nO =45, 


whose roots are n, = 10, ng = —9. Since n, = —9 is not a natural 
number, the root is n = 10, and, consequently, the sixth term of the 
expansion can be represented as 


To= (ig ) We (aye = (77) yrst = toy, 


Answer. 210y?z°. 


3.4. Find the sum of the binomial coefficients if the power of the 
binomial is 40. 

3.2. Which term in the expansion of (x +- 2-*)!2 does not contain z? 

3.3*. Find out which term in the expansion of the binomial 


(Vz + x7)” contains z°-5 if the ninth term has the largest coef- 
ficient. 


, 8 

3.4*, Find out which term in the expansion of (=++) 
contains 22. 

3.5*. Prove that the sum of all the coefficients of the expansion of 
(2y — x)k is equal to 1 for any natural k. 

3.6. The binomial coefficients of the second and ninth terms of 
‘the expansion of (5273/2 — 21/3)" are equal. Find out which term in 
the expansion does not contain +z. 


366 Ch. 14 Combinatorics. Binomial Theorem. Probability Theory 


100 
3.7**, Find the largest term in the expansion of ($+5) ; 


100 
3.8. Which is the greatest term in the expansion of (+70) ? 


3.9*. The sum of the binomial coefficients in an expansion is equal 
to 1024. Find the term of the expansion of (23 ae “)" which contains z 


raised to the eleventh power. 

3.10*. Prove that if the power n of a binomial is an odd number, 
then the sum of the binomial coefficients of the even terms is equal 
to the sum of the binomial coefficients of the odd terms. 

3.11. In the binomial expansion of 


((V 3-ya) 


find the term containing a? if the sum of the binomial coefficients of 
the odd terms is 2048. 


3.12. Find the greatest term in the expansion of (VY 5 + Y 2)?°, 
3.13. The third term in the expansion of (22+—)” does not 


contain z. For which z’s is that term equal to the second term in the 
expansion of (1 + %)39? 

3.14*. For which positive values of x is the fourth term in the 
expansion of (5 +- 3z)!° the greatest? 

3.15*. Find x for which the fiftieth term in the expansion of 
(z + y)/% is the greatest if it is known thatz + y= 1,z2>0,y > 0. 

3.16. Find x for which the kth term of the expansion of (x + y)” 
is the greatest ifz+y—=1andz>0, y>0. 


Example 3.3. In the binomial expansion of 
(V3+V3) 


find the terms which do not contain irrational expressions. 
Solution. A general term in the expansion is 


o-Rk Rk 


T= (5) WOE" (VI =(Z)-3 5 2? 


2 and £ are integers. The 


number k must, evidently, be an even number smaller than 5..We make 
sure by direct verification that the only value it can assume_is 2. 
Consequently, there is only one such term in the binomial expansion, 
that is 


The resulting expression is rational if 


5 54 
T.=( : ) 3-2= 6." =60. 
Answer. 60. 
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3.17. Find the terms which do not contain irrational expressions 
in the expansion of (/3 + j/ 2)24. 

3.18*. How many rational terms are there in the expansion of 
(Vi2 4 31007 


3.19**. In the binomial expansion of (Vz+ : 


2x 
three coefficients form an arithmetic progression. Find all the rational 


terms in the expansion. 
3.20*. Prove that 


(E)+(E)-($) tet (Jo 


3.21. By comparing the coefficients in x on both sides of the equa- 
tion 


)" the first 


(1+ x)™ (1 + x)" = (1 4 x)™*", 
prove that 


n m n m n m\  (m-+n 
Cr) (ota) (4) +40) ()=("2")- 
3.22. Using the result of the preceding problem, find the sum of 
the squares of the binomial coefficients. Prove that the sum of the 


squares of the binomial coefficients is equal to (-") é 
3.23*. Prove that the equality 


1—10 (7) +402 (7) — 108 (J) +---—t0%- (7) +402" — (g4)n 


holds true. 


Some combinatorial formulas can be obtained by differentiating 
3 es both sides of the expansion of (1 + x)”, which is valid 
or all z. 


Example 3.4. Prove that the equality 


n(3)#0=0 (2) pont (qty) 0am 


holds true. 
Solution. By differentiating the binomial expansion for (4 -} x)”, 
we have 


Gee €Y ateens (9) | 


= n2"1-4(n—1) mY gmat Aa 
On the other hand, the equality 
id + 2)" = nl 4 2)8 
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holds true. Substituting the value x = 1 into the identity 
n (1-+2)"-1 = ne™1-+(n—A) ( i) a oe le 4) 
we obtain the required equality 
—j] n rast 
sieiliiaael ©) lees! OO aes oe? 
3.24. Prove that 
n(n—1) (9 )+e—1)(n—2) (7 )+...42(," 5). 
3.25*. Prove that 


C(n, 0) Cr 1) | C(n, 2) aE n) _ 2 ge vit 
“nt ee a ee n—1 eae ee (2 —3)- 


3.26*. Prove ak 


"(9 )—@—9 (7) He (3) 


—(n—3) (3 )+---+(—r1 (74) = 0. 


3.27*. Prove that 


C (n, 1) Ate A _ (—1)n C(n, n) -| = n= 2l, 
ae 2 aa n=21+-4. 


3.28*. Simplify the expression P, + 2P, +...-+ nP,. 
3.29*. Prove that 


[alte Pete tapi eee 


3.30. Prove the inequality 
, — 2 
oe) (™" *)<(%") 
n n n 


4, Caleulating the Probability of an Event 
by Means of Combinatorial Formulas 


Assume that several people are to take part in a lottery in which 
10 tickets are drawn. Each ticket is labelled with the name of a par- 
ticipant and then all the tickets are thoroughly shuffled. A ticket is 
selected at random and the person whose name is on the ticket gets a 
prize. What is the probability that a certain person will get the prize. 
If the name of the person appears on only one ticket, he has one chance 
in ten. If it is written on two tickets, he has two chances in ten and 
so on. 
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The selection of any of the tickets labelled with the name of that 
participant is a favourable outcome. The number of favourable out- 
comes is obviously the number of tickets with his name. The chance 
a participant has of getting a prize is given by the ratio of the number 
of favourable outcomes to the total number of outcomes that are 
equally possible. To find that number, the number of favourable out- 
comes must be divided by the number of all the outcomes of the ex- 
periment. 

When the experiment is carried out many times, the ratio of the 
number of outcomes in which the participant wins to all the outcomes 
of the experiment approaches the ratio of the number of the partici- 
pant’s tickets to all the tickets in the lottery. Therefore, the ratio of 
the number of the possible favourable outcomes to the number of all 
the possible outcomes of the experiment is naturally considered to be 
the probability of winning. 

Let us now approach the concept of probability more formally. For 
that purpose we introduce the following definition. Any one of the 
equipossible outcomes of the experiment is called an elementary event 
(in the example given above the selection of one of the tickets is an 
elementary event). The set of all the equipossible outcomes is known 
as the space of elementary events, or the sample space, and each elemen- 
tary event is known as a point in that space (in the example given 
above the space of elementary events consisted of ten points). 

The collection of the elementary events combining all the out- 
comes in which event A takes place is called the set of elementary 
events which are favourable for event A. The probability of event A is the 
ratio of the number of elementary events which are favourable for it 
to the number of all the possible elementary events. If the number of 
outcomes favourable to event A is m and the number of all points 
constituting the sample space is n, then the probability P (A) of 
the event A is 


P (A) = min. (1) 


In the problems in which the number of all the possible elemen- 
lary events is finite, the number of elementary events favourable to 
event A can be found directly. 


Example 4.1. Fifteen of a class of 20 students are members of a 
mathematics society. What is the probability that a randomly chosen 
student is a member of the society? 

Solution. Assume that event A is the randomly chosen student 
being a member of the society. Then the number of elementary events 
favourable to the event A is15, while the number of all the elementary 
events in this case is 20. Consequently, the probability is 


P (A) = 15/20 = 3/4. 
Answer. 3/4. 
Example 4.2. Two dice are tossed. Which event is more probable: 
a score of 11 or a score of 4? 
Solution. We associate the outcome of the experiment with an 


ordered pair of numbers (z, y), where x is the number of points on the 
lirst die and y is the number of points on the second die. Thus the sample 


24—0263 


370 Ch. 14 Combinatorics. Binomial Theorem. Probability Theory 


space consists of,a set of,pairs (z, y), where xz and_y assume the values 
from 1 to 6. The number of such. pairs is 36. Two elementary events to 
which the pairs (6, 5) and (5, 6) correspond are favourable to event A, 
which is that the points on the two dice sum to 11. Three elementary 
events to which the pairs (1, 3), (3, 1), (2, 2) correspond are favourable 
to the event B (that the points on the two dice sum to 4). 

The probabilities of events A and B are thus 


P (A) = 2/36 = 1/18 and = P (B) = 3/36 = 1/12 
and consequently event B is more probable. 


4.1. What is the probability that a leaf from a new calendar torn 
out at random corresponds to the first day of a month? (The year is 
assumed not to be a leap-year.) 

4.2. What is the probability that a randomly chosen number from 
one to twelve is a divisor of 12? (Unity is assumed to be a divisor of 
any number.) 

4.3*. What is the probability of a randomly chosen two-digit 
number being divisible by 3? 

4.4. Find the probability that a randomly chosen term of the 
sequence U, = n? + 1 = 1, 2, ..., 10) is divisible by 5. 

4.5. There are ten white and three red balls in an urn. What is 
the probability of drawing a red ball from the urn? 

4.6**. A coin is thrown thrice. Which of the events is more pro- 
bable: event A consisting in the tails occurring all three times or event 
B consisting in the tails occurring twice and the head’s occurring once? 
Calculate the probability of these events. 

: 4.7. te dice are thrown. What is the probability of the score 
eing 7 

4.8. Two dice are thrown. What is the probability of the score 
being even? 

4.9. One standard article was lost when 100 articles 10 of which 
were substandard were transported. Find the probability of a randomly 
chosen article being up to standard. 

4.10. Given the conditions of the preceding problem find the 
probability that an article selected at random will be substandard. 

4.41*. There are three children in a family. What is the probability 
that all are boys? (The probability of a child being born a boy or a girl 
is assumed to be the same.) 


In some cases it is convenient to use combinatorial formulas for 
calculations of the probability of an event. 


Example 4.3. Find the probability that all the students in a group 
of 40 were born on different days of the year. 

Solution. The outcomes of the experiment are different samples of 
an initial set of 365 taken 40 at a time. A sample may contain repeated 
elements (since any day can be the birthday of several people). Con- 
sequently, the sample space contains (40)%® different samples.The 
samples which do not contain repeated elements correspond to the 
favourable events. There are A4®, samples of this kind. Thus the 
required probability is P (A) = A49,/40%%. 
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Solve the following problems using the formulas for distributions, 
combinations and permutations. 

4.12. There are n white and m red balls in an urn. What is the 
probability that two balls drawn at random are red? 

4.13. As he was dialling a telephone number, a subscriber forgot 
the last three digits and, remembering only that they were different, 
cine at random. What is the probability that he dialled the right 
number. 

4.14. At the end of a day 60 melons remained in a shop, of which 
o0 were ripe. A customer chooses two melons. What is the probability 
that they were both ripe? 

4.15. There are n white, m black, and k red balls in an urn. Three 
balls are drawn at random. What is the probability that they are all of 
different colours? 

4.16. An examination paper includes questions on four topics 
taken from a curriculum of 45 topics. A student has not revised 15 of 
the topics. What is the probability that he gets a paper in which he can 
answer all the questions? 

4.17. The integers 1 to 15 are written on individual cards. Two 
cards are selected at random. What is the probability that the digits 
written on the cards will sum to 10? 


In the following problems it is convenient to use the formula for 
the number of permutations with a given number of repeatitions. 

4.18*. What is the probability that a random arrangement of 
blocks with the letters i, i, i, t, t, n,n, 0, a, vin a row results in a 
word “invitation”. 

4.19. Seven students randomly occupy a row of seven seats. Find 
the probability of three definite students sitting side-by-side. 

4.20. Four books on algebra and three books on geometry are put 
on a book-shelf at random. What is the probability that the books on 
cach topic will be side-by-side? 

4.21*. Find the probability that in a game of bridge (four players 
get 13 cards each) each player gets an ace. 

4.22. When a coin was tossed 10 times, five heads and five tails 
were attained. What is the probability that all five heads came up on 
the first five tosses? 


Example 4.4. Ten out of fifteen building workers are plasterers 
and five are house-painters. A team of five is chosen at random. What 
is the probability that the team will have three painters and two 
plasterers? 

Solution. The sample space consists of all the samples of different 
compositions containing five elements from a set of size 15. The number 
of such samples is (*) . The favourable events are associated with 
samples containing three painters and two plasterers. The number of 


ways of choosing three painters out of five is ( : and, independent 


of the preceding choice, two plasterers can be chosen in i ways. 


24* 
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Consequently, the number of samples corresponding to a favourable 


4 . Thus the probability is defined by 


rv=($)(8)/(8)- 
snaer (8)(8)/( 8) 


In a general case the probability of obtaining a sample of size 
k +f r, where k elements belong to a group of n elements and r elements 
belong to another group of m elements, is given by 


rove (™)(2)/("E). @ 


4.23. There are 15 articles in a box, five of which are coloured. Five 
articles are selected at random. Find the probability that four of them 
are coloured and one is not. 

4.24. Inalotof N articles n articles are standard. A random choice 
of m articles is made. Find the probability that k articles out of the 
chosen ones are standard. 

4.25. What is the probability of winning the main prize_in a lot- 
tery in which six numbers must be guessed out of 48? What is the 
probability of guessing five, four or three numbers? 

4.26. What is the probability of getting one ace, or an ace and 
a king when six cards are dealt from a pack of 52 cards? 

4.27. There are six tickets to the theatre, four of which are for 
seats on the first row. What is the probability that of three tickets 
selected at random two will be in the first row? 

4.28. Twenty teams take part in football matches. They are divided 
at random into two groups, each group consisting of 10 teams. What 
is Se oaeminey that the two strongest teams will be in the same 
group 


event is the product ( : } ( 


the expression 


9. Problems in Calculating 
Probabilities by Geometrical Methods 


There are some problems which cannot be solved by the direct 
calculation of elementary event, which requires that each event is 
equally possible and the number are finite. Let us consider an example. 
Assume that a power line connecting points A and B has been damaged 
by a storm. What is the probability that the damage occurred in the 
part of the line between points C and D, which themselves lie between 
A and B? In this case the set of elementary events is infinite since the 
break may occur at any point along the line between A and B. It is 
natural to assume that the probability of the break in any section of 
the line is proportional to the length of that section. Since the prob- 
ability of the damage along the whole segment is unity (the break has 
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occurred), the probability of the break in CD is 
P (A) =|CD|/| AB |. 


Let us assume that the outcomes of an experiment which is carried 
out an infinite number of times are distributed uniformly in a 
domain S. This means that the probability of an event F, that the 
outcome of the experiment lies in a certain part of domain S, is 
proportional to the magnitude of that part and does not depend on 
its position or shape. 

Thus 


P (E) = m (s)/m (S), (1) 


where P (E) is the probability that a point chosen at random from the 
domain S is in the domain s, and m (s) and m (S) are the magnitudes 
of the respective domains. 


Example 5.1. A telephone subscriber has ordered a call. He may 
get it at any time in the next hour. What is the probability of the call 
taking place in the last 20 minutes of the hour? 

Solution. Assume that event E is the call taking place in the last 
20 minutes offthe hour. Let us represent the sample space as a line 
segment of length 60. The elementary events favourable to the event FE 
lie in the last third of the segment. Consequently, 


P (E) = 1/3. 


5.1. A mine-field is laid so that the mines are placed every 100 m 
along a straight line. What is the probability that a ship 20 m wide 
Nee md up if it passes through the mine-field at right angles to the 

ine 

5.2. A circle of radius R surrounds a smaller circle of radius r. 
Find the probability that a point thrown at random into the larger 
circle will also fall in the smaller one. (The probability of the point 
falling in a circle is assumed to be proportional to the area of the 
circle and independent of its position.) 


If a random event whose probability must be found reduces to 
deciding whether a point lies within a certain section of a plane figure, 
the boundaries of the figure and the section being the curves of known 
functions, then the calculation of the areas in expression (1) reduces 
to the calculation of definite integrals. 


Example 5.2. Two real numbers, x and y, are selected at radom, 
given thatO < x7<1,0< y <1. Find the probability that y? < rz. 

Solution. Assume that a point with coordinates (x, y) corresponds 
to the pair of numbers zx and y. The sample space is a square whose 
sides are unit’segments of the coordinate axes. A figure whose set of 
points corresponds to the outcomes favourable to the event y? < x 
is bounded by the graphs of the functions y = 0, x = 1 and y? = z. 
This area can be calculated by the formula 


4 


_ - ax gyafi_ 2 
s= | Vidr= 32 3 
0) 
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Since the area of a unit square is unity, it follows that 


P (A) = 2/3. 
Answer. 2/3. 


5.3. Two real numbers z and y are chosen at random and are such 
that | z | <3, | y | <5. What is the probability of the fraction z/y 
being positive? 

5.4. Two real numbers zx and y are chosen at random and are such 
that |z|<1,0<y<1. What is the probability that xz? < y? 

5.5. Two real numbers z and y are chosen at random and are such 
ee x|<1 and |y|<1. What is the probability that |z|< 
ly | 

5.6*. Two positive numbers z and y each of which does not exceed 
two are taken at random. Find the probability that zy < 1, y/z < 2. 

5.7*. Two positive numbers x and y are taken at random, neither 
of them exceeding unity. What is the probability of their sum not 
exceeding unity if the sum of their squares exceeds 1/4? 

5.8*. A parabola touches the base of a square and passes through 
its upper vertices. What is the probability that a point thrown in the 
square at random will fall in the domain between the upper side of 
the square and the parabola? 

5.9. A parabola touches a semicircle and passes through the end- 
points of its diameter. What is the probability that a point thrown 
into the semicircle at random will fall in the domain bounded by the 
arc of the semicircle and the parabola? 

5.10. Suppose a function f (x) given on the segment [0, 1] is such 
that f’ (x) > 0 for x € [0, 1], with f (0) = 0, f (1) = 1. Prove that 
when a point is thrown into a square whose sides are the interval [0, 1] 
of the z-axis and the interval [0, 1] of the y-axis the greatest proba- 
bility that it will fall in the domain bounded by the curves y = f (z), 
y = f (a), y= 0, y = 1 is attained for a = 1/2. 

5.41*. A domain is bounded by the curves x= 0, x = n/2, 
y = sin z, y = sina. A point is thrown into a rectangle whose sides 
are the interval [0, 1/2] of the z-axis and the interval [0, 1] of the y-axis. 
For what value of a is the probability of the point falling into the 
domain is the least? 


In order to solve some problems by geometrical methods, it is 
convenient to introduce a Cartesian system of coordinates. 


Example 5.3. Two friends agreed to meet at a definite place be- 
tween 14 a.m. and noon. The first to arrive waits for his friend for a 
quarter of an hour and then leaves. Find the probability of the meeting 
taking place if each of them arrives at an arbitrary moment between 
11 and 12 a.m. 

Solution. Since the arrival of each friend is accidental, we can 
choose a segment of unit length and associate the arrival of the first 
person with randomly chosen point of the segment and the arrival of 
the second person with another random segment of unit length. We 
lay off those segments on the coordinate axes, the first on the x-axis 
and the second on the y-axis. Thus the sample space is a square of unit 
area inscribed in the first quadrant of the coordinate plane. Every 
point with coordinates (z, y) is a pair representing the arrivals of the 
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two friends. The elementary events (xz, y) which are favourable to the 
friend’s meeting must satisfy the condition 


[xe—y|< 1/4. (*) 


A geometrical interpretation of the required event is associated with 

the intersection of the band (*) and the unit square consisting of the 

points whose coordinates (zx, y) satisfy the inequalities 0 < z < 1 and 

0 < y <1. The area of the figure where the band and square intersect 

is the probability of a meeting since the area of a unit square is unity. 
Answer. 7/16. 


5.142. At arandom moment within a period of 20 minutes student A 
telephones student B, waits for 2 minutes and then puts down the 
receiver. During the same 20 minutes student B arrives home at a 
random moment, stays for 5 minutes and then leaves. What is the 
probability that the two will have a talk? 

5.13*. Two points, B and C, are thrown at random onto a unit 
segment of the abscissa. Find the probability that the length of the 
segment BC will be smaller than the distance between the origin and 
the nearest point. 

5.14. A person lives in a town B connected by a railway with 
towns A and C. The trains running between towns A and C stop at 
town B. A train leaves town B in each direction every hour. A person 
arrives at the station at a random moment and takes the first train 
to arrive at the station. How must the time-table be compiled for 
the probability that the train will leave for A to be 5 times the 
probability that the train will leave for town C? 

5.15*. Buffon’s needle problem. A plane is ruled with parallel 
straight lines at distance of 2a apart. A needle 21 long (1 < a) is thrown 
on the plane at random. Find the probability that the needle 
will hit any of the lines. 


6. Calculating the Probabilities 
of Compound Events 


Events are divided into certain, impossible and random events. 
It follows from experience that certain events always occur, impossible 
events never occur, random events may occur and may not occur. For 
example, a certain event is that a white ball is taken from an urn which 
contains only white balls, and an impossible event is that a white 
ball is taken from an urn containing only black balls. If there are both 
white and black balls in an urn, then the selection of a ball of a definite 
colour from the urn is a random event. 

A certain event coincides with the whole sample space Q and a 
random event A is a subset of that space. An impossible event @ does 
not contain any elementary events. 

The sum of two events A and B is an event C being the occurrence of 


either the event A or the event B. The sum of two events is designated as 
C =9A + B. (1) 


The following example elucidates the concept of the sum of two 
events. Assume that a boy has bought tickets for two lotteries, 
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“Sprint” and “Start”. Let us consider a random event C that the boy 
wins in one lottery at least. The occurrence of this event is connected 
with the occurrence of at least one of the following events: an 
event A—there are winning tickets of the “Sprint” lottery among the 
tickets the boy has bought; an event B—there are winning tickets of 
the “Start” lottery among those bought by the boy. 

The product of two events A and B is an event C which is the occur- 
rence of both these events. The product of two events is expressed as 


C=A-B, (2) 


Events A and B are said to be mutually incompatible if their product 
is an impossible event: 


A-B= De 


The following example elucidates the concept of the product of two 
events. 

There are Mercedes and Jaguar cars among those involved in an 
accident. Some of the cars turned upside down. An event A that a 
randomly chosen car that did not turn upside down is a Jaguar is a 
product of two events: event B—the car did not turn upside down and 
event C—the car is Jaguar, i.e. A = B-C. 

The definition of the probability of a compound event A, which 
is a combination of simpler events A,, ..., A; whose probabilities 
are known, is based on the formulas for the addition and multiplica- 
tion of probabilities. The following examples elucidate the meaning 
of these formulas. 

We conduct an experiment which consists in throwing two dice 
and calculating the probability of an event C being that the score 
does not exceed three. The space of elementary events occurring as a 
result of the experiment can be represented as ordered pairs of integers 
varying from 1 to 6. There are 36"pairs of this kind. Among these 
events, the events (1, 1), (1, 2), (2, 1) are favourable to the event C. 
Thus, according to the definition given in Sec. 4, we infer that the 
probability of the event C is 


P (C) = 3/36 = 1/12. 


Let us consider now the event C as a combination of more simple 
events. For that purpose we note that the event C occurs if an event A — 
the score is equal to two, or an event B—the score is equal to three, 
occurs. Thus theevent C is the sum of’the events A and B: C = A+B. 
From the original space of elementary events onlyfthe pair (1, 1) is 
favourable to’the event A and the pairs (1, 2) and (2, 1) are favourable 
to the event B. Consequently, the probabilities of the events A and B 
are equal to 

P (A) = 1/36, P (B) = 1/18 
respectively. Thus, in the given case, there holds an equality 
P (C) = P (A) + P (B). 


Note that in this example the events A and B are incompatible (the 
total cannot equal two and three at the same time). 

Let us calculate the probability of an event C that a card drawn 
at random from a pack of 52 cards is either an ace or a heart. The 
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sample space in this example consists of 52 elements. The elementary 
events which are favourable to the event C are either a card of hearts 
being drawn from the pack (there are 13 cards of the same suit in a 
pack) or an ace (there are 4 aces in a pack). Taking into account that 
one of the aces is also of hearts and, consequently, 16 elementary 
events prove to be favourable, we obtain 


P (C) = 16/52 = 4/13. 


Let us now represent C as a combination of more simple events: an 
event A—the card drawn at random is a heart, and an event B—the 
card drawn at random is an ace. Then, according to the definition of 
the sum of two events, C = A -+ B. The probabilities of the events A 
and B are equal, respectively, to 


P (A) = 1/4, P (B) = 1/13. 


We shall also need the probability of the product of the events A 
and B, i.e. the event D = A-B is that the card drawn at random is 
the ace of hearts. The probability of the event D is evidently equal to 


P (D) = 1/52. 
It is easy to verify that in the given case there holds an equality 
P (A + B) = P (A) + P (B) — P (D). 
The following formula generalizes the examples we have considered: 
P (A + B) = P (A) + P (B) — P (AB). (3) 


i.e. the propa of the sum of two events A and B is equal to the 
au of the probabilities of those events minus the probability of their 
product. 
When the events A and B are incompatible, formula (3) assumes 
the form 
P (A + B) = P(A) + P (B). (4) 


Let us consider an experiment consisting in throwing two dice 
and calculating the probability of an event C consisting in the fact 
that the number of dots appearing on the top face of the first die 
exceeds 3 and that of the second die exceeds 4. The elementary events 
favourable to the event C are ordered pairs of numbers (4, 5), (4, 6), 
(5, 5), (5, 6), (6, 5), (6, 6). Thus 


P (C) = 6/36 = 1/6. 


Let us now represent the event C as a combination of more simple 
events: an event A that the score on the first die exceeds three, and an 
event B—the score on the second die exceeds four. Then, according to 
the definition of a product of events, the event C can be represented 
as a product of the events A and B:C = A- B. 

Let us calculate the probabilities of the events A and B. Note 
first of all that the sample spaces arising upon the throw of each die 
separately consist of six equally possible outcomes. The elementary 
events favourable to the event A consist in 4, 5 or 6 dots appearing 
on the top face of the first die. Consequently, P (A) = 1/2. 

— The elementary events favourable to the event B are that 5 or 6 
dots appear on the top face of the second die. Consequently, P (B) = 
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1/3. It is easy to verify that in this case there holds a relation 
P (C) = P (A)-P (B). (5) 


The events A and B for which relation (5) holds true are said to be 
independent. Thus formula (5) can be used to calculate the probability 
of the product of two events when they are independent. If condition 
(5) is not fulfilled for events A and B, then those events are said to be 
dependent. In that case we can speak of the so-called conditional pro- 
bability of the occurrence of the event A provided that the event B 
did occur. 

Assume that we must calculate the probability of an event A 

that the sum of the dots appearing on the top faces of two dice does not 
exceed four, if it is known that one dot appeared on the top face of one 
die (event B). Since the event B did occur, we can take it to be certain 
and consider a new sample space consisting of 14 elementary events 
which are favourable to the event B: 
(1, 1), (1, 2), (1, 3), (4, 4), (4, D), (1, 6), (2, 1), (3, 1), (4, 1), (5, 1), (6, 4). 
In this new sample space, 5 elementary events, (1, 1), (1, 2), (1, 3), 
(2, 1), (3, 1), are favourable to the event A. Thus the probability of 
the event A in this sample space is equal to 5/11. We call the quantity 
obtained a conditional probability of the event A provided that the 
event B took place and designate it as P (A/B). 

Let us now consider the original sample space arising from a throw 
of two dice and calculate the probability of the event C= A B that 
the score of the dice does not exceed four and a unity appears on the 
top face of one of the dice. The elementary events favourable to the 
event C can be represented by the following pairs of numbers: (1, 1), 
(1, 2), (4, 3), (2, 1), (3, 1). Thus P (C) = 5/36. Eleven elementary 
events which are favourable to the event B have been considered above. 
one onan: P (B) = 11/36. It is easy to verify the validity of the 
relation 


P (C) = P(A/B) P (B). 


The following formula for multiplication of probabilities generalizes 
the examples we have considered: 


P (AB) = P(A) P (B/A) = P (B) P(A/B), (6) 


i.e. the probability of the product of two events A and B is equal to the 
product of the probability of one of the events by the conditional pro- 
bability of the other event calculated on the assumption that the 
first event did occur. 

For the case of three events the formula generalizing formula (6) 
has the form 


P (ABC) = P (A/BC) P (BC) = P (A/BC) P (BIC) P (C). (7) 


Example 6.1. Two balls are drawn from an urn containing n white 
and m black balls. What is the probability of the balls being of differ- 
ent colours? 

Solution. We represent the event C that the selected balls will be 
of different colours as C = A + B, where the event A is that the first 
ball is white and the second ball is black; and the event B is that the 
first ball is black and the second ball is white. Since the events A 
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and B are incompatible, we have, according to (4), 
P (C) = P (A) + P (8B). (*) 


The probabilities of the events A and Bcan be calculated by formula 
(6). We represent the event A as A = W, Bl, where the letters W 
and Bl written in the indicated order mean that the first selected ball 
was white and the second black. Then 


P (A) = (P (W) P (BIW). 


The probability of the event W is the ratio of the number of white balls 
to that of all the balls in the run. The conditional probability of the 
fact that the second ball is black, provided that the first ball is white, 
is the ratio of the original number of black balls to all the balls in 
the urn minus one. Thus 


n m 
mA nt-m ntm—1° 
Similarly, 
mi Ht 
BON aia peegg 


Substituting the expressions obtained into formula («*), we get 


2nm 


1 O= GE) (np * 


2nm 


Answer. ———————————. 
(n-- m) (n+ m—1) 

Solve the following problems using the formulas for multiplication 
and addition of probabilities. 

6.4. There are n white and m black balls in an urn. Two balls are 
drawn. What is the probability of both balls being white; both balls 
being black? 

6.2*. Solve problem 6.1 under the condition that the selected 
balls are replaced and their colour is recorded. 

6.3. Four cards are drawn from a pack of 52 cards. What is the 
probability of all of them being of different suits? 

6.4. A die is thrown several times. What is the probability of one 
dot appearing on the top face of the die on the third throw? 

6.5. Twenty cars were driven to a service station. Five of them 
had a fault in the running gear, eight had a fault in the motor and 
ten had no faults. What is the probability that a car has faults both 
in the running gear and in the motor? 

6.6. When preparing for an examination in mathematics a student 
must be ready with the answers to 20 questions in the fundamentals of 
mathematical analysis and 25 questions in geometry. However, he 
had only time enough to prepare answers to 15 questions in the analysis 
and 20 questions in geometry. An examination paper contains three 
questions, two of which are in analysis and one in geometry. What 
is the probability: 
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(a) that the student will pass the exam with an excellent mark 
(will answer all three questions); (b) with a good mark (will answer 
any two of the three questions)? 

A complement of the random event A (or an opposite event) is an event 
C that during an experiment the event A did not occur. A complement 


to the event A is designated as A. The probabilities of the events A and 


A are related as 


P(A) 4 P (A) =1. (8) 
If the compound event A is represented as 
A=A,+...+A,, (9) 


where A; are events whose probabilities are known, then it is some- 
times convenient to calculate the probability P (A) using the formula 


A A Ne one Be, (10) 


which relates the complements of the events being considered. Thus, 
if A; are independent, we obtain 


P(A) =1—P(A)=1—P(A,)...P (A,)=1 —[1 — P(A)... 
... [1 — P (A,)). (11) 


If all the events A, are equally probable, formula (11) assumes a more 
simple form 
P(A)=1— (1 — ph, (12) 


where p is the probability of the event A;. 


Example 6.2. One bomb is enough to destroy a bridge. Find the 
probability of destruction if three bombs are dopped onto the 
bridge with the probabilities of hitting equal to 0.3, 0.4, 0.7 re- 
spectively. _ 

Solution. Let us calculate the probability of the event A consisting 
in the destruction of the bridge. We designate as A,, A,, A; the events 
consisting in the first, the second and the third bomb not hitting the 


— ee 


bridge respectively. Then A = A,A,As. Since the independence of A; 
yields the independence of A;, we have 


P (A) = P (A,) P (A,) P (A3) = 0.3-0.4-0.7 = 0.084. 
Consequently, the probability of destroying the bridge is 
P (A) =1— P (A) = 0.916. 
Answer. 0.916. 


6.7. There are n white, m black and k red balls in an urn. Three 
balls are drawn at random. What is the probability of at least two 
balls being of the same colour? 

6.8. There are 15 text-books on a book-shelf, 5 of which are bound. 
Three text-books are selected at random. What is the probability of 
at least one of them being bound? 
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6.9. There are n tickets in a lottery, J of which are winning tickets. 
A person buys k tickets. What is the probability of at least one of the 
tickets being a winning ticket? 

6.10. In one radar{surveillance cycle a target is detected with 
probability p. Ineach cycle the location of the target occurs indepen- 
dently of other cycles. What is the probability of the target being de- 
tected in n cycles? 

6.11*. There is a target at which n shots are fired. Every shot 
hits the target with the probability p. How many shots must be fired 
for the probability of hitting the target to be not less than P? 


The probability of the event A which can occur only upon the occur- 
rence of one of several incompatible events B,, B,,..., B, is equal to 
the sum of the products of the probabilities of each of those events by 
the conditional probability of the event A provided that the given 
event did occur: 


P (A) = P (B,) P (A/B,) + P (B,) P (A/B,) 
4....-4+ P (B,) P (A/B,). (13) 


Equation (13) is called the formula for total probability. 


Example 6.3. There are 6 Masters of Sport and 4 firstgrade sports- 
men on the first team, and there are 6 first-grade sportsmen and 4 Mas- 
ters of Sport on the second team. A combined team formed from th 
players of the two teams consists of 10 players, 6 sportsmen from the 
first team and 4 sportsmen from the second team. One sportsman is 
chosen at random from the combined team. What is the probability 
of his being a Master of Sport? 

Solution. Assume that the event B; (i = 1, 2,) is that the sportsman 
chosen at random is from the ith team. Then the probability of the 
events B,; are equal to P (B,) = 3/5 and P (B,) = 2/5 respectively. 
Assume that the event A consists in that the player chosen at random 
is a Master of Sport. Then, provided that the event B; has occurred 
(i.e. it is known to which team the sportsman belongs), the conditional 
probabilities of the event A are equals P (A/B,)=3/5 and P (A/B,) = 
2/5 respectively. Using the total probability formula, we obtain 

So 8g ea. A8 
ESS he 6 OS" 
Answer. 13/25. 


6.12. An examination is carried out according to the following 
scheme: if a certain paper has been drawn, the examinator puts it 
aside, i.e. the other students cannot draw it. A student knows the 
answers to the questions on k papers, k < n. In what case is the pro- 
bability of the student drawing the paper he knows greater, when he is 
the first to answer or the last? 

6.13*. There are two balls in an urn whose colours are not known 
(each ball can be either white or black). We put a white ball in the 
urn. What is now the probability of drawing a white ball? 

6.14. One gun is selected from five guns among which there are 
3 sniper guns and 2 ordinary guns, and a shot is fired from that gun. 
Find the probability of hitting the target if the probability of hitting 
when firing the sniper gun is 0.95 and that using the ordinary gun is0.7. 
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6.15. There are two urns. There are m white and n black balls in 
the first urn and & white and J black balls in the second urn. One ball 
is taken from the first urn and placed into the second. What is the 
probability now: 

(a) of drawing a white ball from the first urn; 

(b) of drawing a white ball from the second urn? 

6.16. There are two lots of identical articles with different amounts 
of standard and defective articles: there are N articles in the first lot, 
n of which are defective, and M articles in the second lot, m of which 
are defective. K articles are selected from the first lot and / articles 
from the second and a new lot results. What is the probability of an 
article selected at random from the new lot being defective? 

6.17*. Under the conditions of the preceding problem find the 
probability of at least one article out of three selected at random from 
the new lot being defective? 
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1+YV2,14YV 2). 3.44. (—2, —4), (+. >). 3.45. (1, 4), 


25—0263 


386 Answers and Hints 


—5, 4), (5, —4), (—1, —4). 3.46*. (3, 5), (5, 3), (—3, —5), (—5, —3). 
Hint.Into the first equation represented in the form z+ + y* +. 2z2y? = 
931 + x?y? substitute (x? + y*) whose expression is found from the 
first equation. 3.47*. (2, 1), (1, 2), (—3, 0), (0, —3), (4, —2), (2, —1). 
Hint. Represent the first equation as (¢ + y)? + (zy — 1)? = 10. 
3.48*. (5, 2), (—2, —5). Hint. Factor 25 — y®. 3.49. (2, —1, —1),(—1, 
—1, 2), (—1,2,—1). 3.50. All permutations of the numbers (1,0, 0). 

1 1 15 15 
* eae _ eee ee es pais sates 
3.51%, (2, ri4)s ( 2, a 4), ( ze 2) 


2 / 2 L415. V 15 2 yo 
Vi) ™ (Varo? V at -FV a): 
Hint. Introduce new variables u= xy, v= zz, w = yz. Find the expres- 
sions for vu and win terms of v from the first and the second equation 


of the resulting system, the third equation, after the substitution, 
will be quadratic with respect to v. 


3.52. {0, 0, 0}. 3.53. pat hte), y= ETO) 2 (ete 
2abe (ab —be+-ca) 
3.08. (+ V oS (—ab+be-+-ca) ’ 
2abe (ab-+ be —ac) 2abe (—ab- be-- ca) 
£V aos (—ab-- be-+ca)? = (ab —bc-+-ca) Gb on ) ° 


3.55. (4, 3, 9), (9, 3, 1). 3.56. (0, 4, —1), (—1, 2, —1), (—4, 1, 0). 
3.57. (8, —1, —1), (0, 2, —1), (0, —1, 2). 3.58 All permutations of 


1, 2, 3. 3.59. (3, 6, 10) and (6, 3, 10). 
b c 
3.60. Ean nee ,. 9 Toe 11 fa ae 2 e 
{yar “yer? @ yee! 
V (=a+b+e)(a+b—c)’ ~ ¥ (@—b+e)(—a+b+e) * 
2 )and (0. 0, 0). One of the coordinates has 


i 
V (a—b +e) (a+b—c) 
a positive sign and the other have like signs. 3.62. (0, 0, 0), 


(£1, +1,4+1),(0, V2, + V2), (+ V2,0, V2) and (+ V2, 

+ V2, 0). 3.63. (4, 0, +), (—1, 0, =). 3.64. (+14, 

+2, +5), one of the coordinates has a positive sign and the 

other have like signs. 3.65. (0, 0, 0). 3.66. (—5, —3, 0), (8, 1, —2). 
13 5 20 16 

3.67. (2, —1). 3.68. (2, 3), (+-3) , 3.69. (> gz) 3.70. (4,4), 

3.71. (2, 3), (—2, —3), (2, —3), (—2 3). 3.72. (4, 1). 3.73, (25, 9), 


49 81 
(> =). 3,74, (5, 4). 
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Chapter 2 


Sec. 4. 1.4.4. 4.2. ab (a —b)% 41.3. a ta+ti4. 1.4%. o 


Hint. Use (4) to write all the logarithms to a certain common base 
1.5. (log, z + 1)8. 


a-t-b 

16. pay: be 6 1.8. a Re TA es 
e e ee * cae 
1.41. a b e-+1. 1.12. logs aé=— 1—log,c e 1.13 * g@-1+B-1-+-y-1+.§-1° 


Hint. Pass to the logarithms to the base z. 1.18*. Hint. On the left-hand 
side of the expression pass to the logarithms to the base N. 1.19*. Hint. 
When simplifying the expression, take into account the fact that the 
root of an even degree is understood in an arithmetic sense. 1.20*. Hint. 
See the Hint to 1.18*. 1.21*. Hint. See the Hint to 1.18*. 


Sec. 2. 2.4. 4. 2.2. 2. 2.3. =, 2.4. —3. 2.5. =. 2.6. aS, 
4. 2.7. log, 2. 2.8. (2k-+-1), = + ak, kEZ. 29. —5, ~. 
2.10. x, 2.44. 81. 2.42, 2. 2.43. = 3. 244. mn, n€Z. 


2.15. —2+YW4—2log,5- 2.46. 5. 2.47, 2, —2. 2.48. log,(2+ V5), 


V5—1 


log, VP— | 2,19. 3, loge 8. 2.20. 9, 84. 2.21.4, ——2, 2.22. 4, 


3 e 
—1, 0. 2.23. >. 2.24. 0. 2.25. —1, Ai. 2.26. 1, log, 3. 2.27. : 9 
aaa 2.28. 0. 2.29, —2, 2. 2,30. —2, 2. 2,34. —2, 2. 


2.32, 1. 2.33. 1, 3. 2.34. +. 2,35, 2, 3, 4, 14. 2.36, = 2, 4. 


2.37. 1, a!/", 2.38, = 25, 2.39. 10, 10-4. 2.40%, 2. Hint. Divide 


both sides of the equation by 2* and use the property of monotonicity 
of an exponential function. 2.41*. 3. Hint. See the Hint to 2.40*. 
2.42*. 1. Hint. Compare the greatest value of the function appearing 
on the left-hand side of the equation and the least value on the right- 
hand side. 2.43*. 4. Hint. Find y, and y, which are the roots of the 
quadratic equation with respect to the variable y = 2%, solve the 
equations y, (x) = 2* and y, (x) = 2* using the property of mono- 
tonicity of the functions appearing in them. 2.44*. 3. Hint. See the 


hint to 2.43*. 2.45*. 1. Hint. Make a substitution y = z — 1 and use 
the hint to 2.43*, 


Sec. 3. 3.1. =. 3.2. 3, 2. 33. 2. 3.4 2. 3.5. —1, 7. 


3.6. 1, 10-3, 10-2. 3.7%, —_ 9. Hint. Take the logarithms of both 


25¢ 
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sides of the equation to the base 3. 3.8%. 10V 108(13/3) 49-V 1og(13/3) 
40V log (7/3) | 10-V 108 (7/3) Hint. Introduce the unknown y = 708 x, 


3.9*. 10-2, 10(1+V 3)/2 | 49(1- V3)/2, Hint. Take the logarithms of 


both sides of the equation to the base 10. 3.10*. 10, 0.1. Hint. See 
the Hint to 3.9%. 3.14. 10. 3.12. 10, 104. 3.13*. —40, —1. Hint. Use 


the identity YW 2? = —zx which is valid for z < 0. 3.14. log, 10 
4 1 

ae Oe, ee 

log, 28 — 3. 3.15*. 39 5° 

of the equation to the base 15. 3.16*. 1, 0.1, 0.01. Hint. Having 

simplified the right-hand side of the equation, take its logarithms to 


the base 10,3.17. 3,3 + V2. 348. 3.3.19. 7. 3.20. 4, 3. 3.21. —10. 
3.22. 2. 3.23. 2, 3. 3.24. 1, 3.25, 1. 3.26. 3, 3.27. 3, 
a 
3.28.1. 3.29. ++, 3.30.4, 3. 3.31.4, Y4. 3.92.4,4, 
2 2 4/8 
3.33. 8, ee, 3.34. b?-+4-1, b>0 and b & 1, 3.35. ; 9 + 


V4 


3. Hint. Solve the quadratic equation with respect to 


Hint. Take the logarithms of both sides 


1 
 ] 
3.36%. 7 


the variable y = log, x. When solving equations of the form log, x = 
y; (z) and log, z = yq (x), use the property of monotonicity of the 
functions entering into different sides of the equation. 3.37*. 1. Hint. 
Compare the greatest value of the function appearing on the left-hand 
side of the equation with the least value appearing _ the right-hand 


side. 3.38*. 2. Hint. See the Hint to 3.37*. 3.39%. + , 2. Hint. See 
the hint to 3.36". 


1 3 


Sec. 4. 4ele (5, 5). 420 (4, 2). 403, (= ; —+). 4.4. (6, 6). 


4.5. (3, 9), (9, 3). 4.6%. (1, 4). Hint. 4%, 2(*-¥)/?, 28-¥ are successive 
terms of a geometric progression. 4.7. (2, 2). 4. 8. (2, 4). 4.9. (41, 9), 
(16, 1). 4.10. (—2, 7). 4.44. (4, 1). 4.12. (2, 4). 4.13. (14, —1), (5, 3). 
4.14. (16, 3), (5 —2). 4.15. (27, 4), (a —3) 4.16. (4, 4). 
4.17. (6, 2). 4.18. (9, 16). 4.19*. (4, 1), (—4, —1). Hint. The first 
equation is a quadratic equation with respect to z = QV xy and the 


second is a quadratic equation with respect to u = ae 
4.20*.(V'3,1), (—V3, 1). Designate z= 22+ y, u = 2¥-*" and use 
6**—V _. 3**—U/Qu-*"| 4,94, (2, 2, 4). 
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Sec. 5. 5.4. 4. 5.2. 3. 5.3. 2.5.4. 2. 5.5. 4, 5.6.4-+ VW 1+ log 2, 


1—Y 1-Flog 2. 5.7, 1, 4. 5.8%. 2, Solution. Dividing 


aioe 
log 5 ° 


3x 4 \x-2 
8 ao (5.2083) 
both sides by 22-52, we get 5*-2.2%+! =4<>\5.2!+*/ = 
4 


4<>5.oxtt — 4 or ee ee or z= 2. 
log 5 
5.9. log =| log ae 5.10.5, 5.A1*, -1-/f + log (14+ 7); 


=e. V > log (4+-V 11). Hint. The numbers 103**+7%, 10%*+5*, 


40-(*+**) are successive terms of a geometric progression. 5.12*, No 
solutions. Hint. Investigate the behaviour of the functions appear- 


ing on different sides of the equation. 5.13. —YV 2, V 2. 5.44, 4, 8. 


5.15. — + a z>3. 5.46. (log,3—2)-1, (1— log, 4)"2. 
5.47. (5, 0.5). 5.18. 10, 1041/9. 5.49. Ee co } 5.20. = 5.21. 2, 7/3. 


522. 1. 5.23. 8. 5.24, 1. 5.25. 5. 5.26. 2. 5.27%. (3, 9). Hint. Take 
the logarithms in the first equation to the base zx. 5.28. ze 


32 16 4 


). 5.29. (4, 2), (—4, 2). 5.30%. (4, 4), ( ie Hint. Taking 


3 81° 9 
the logarithms in both equations, to the base 10, rationalize 
the system with respect to the unknowns u =e : 


Yr+Vy- 5.34%. ( 100, ma) (400, 100), (aa 100 | ; (a5 


{ 
100 
5.32. (2, 6), (6.2). 5.33. (1, 1, 1), (4, 2, V2). 5.34. (a4, a, a7), 


cae 


Chapter 3 


). Hint. Pass to decimal logarithms in the first equation. 


Sec. 1. 4.4. (—0o, —2)U(2, +00). 4.2. — —2) U(3, -b00). 


1.3. [—1, 3]. 1.4. (—oo, —2)U(—1, Of. 4.5. (—8, 4). 
1.6. (—oo, —41) U (3, 7). 4.7. [—4, 2]. 41.8, (—oo, —2) U (A, 2) 
{ 


(3, --oo). 1.9. (4, 2]. 4.40. (—~, —>) VJ (+ 4). 1.11, (—c, 
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Nu(s. 2) UG, 400). 4.42, [—5. cae 
1.13. ras, 1.14. (—0o, yu] 4, a 


1.45. [—46, 3). 1.46. (—24¥° , i 1.47. [—6, 0) U (3, 4]. 
1.18. [—5, —1) U (4, +00). 1.19. [—1, -+--0o). 1.20. No solutions. 
1.24, (—1, — U (2, --oo). 4.22. (—-, a, 


6 
1.23. 2€R. 1.24. (5, oo). 1.25. (—2, —thu[ —+ +). 


1.26. z€R. 1.27. E : =|. 1.28. [(4—V17, V5—1]. 1.29. ré€ 


(—o, Y2—1) U (W241, +00). ee eee 3 } ; 
1.31.(—o0, —2—V 2] UV M+V3, +00). 1.32. (—o, —1—V3]y 
[4— V5, +00). 1.33. [—1, 2) U (8, 54+ V° 18). 


Sec. 2. 2.4. (—oo, log, (—1+YV7). 2.2. (—2, +00). 2.3. (—0o, 


—1]. 2.4. (—=. ~Y/ 2106, a U ly 21og, Vet, 


+e). 2.5. [—Vlog,4, Viog4]- 2.6. [—4, 2)U(, +o). 


2.7. [—10, +5]. 2.8. [0, 4]. 2.9. [log,,5, 4]. 2.10. (—Y7, —V 3) U 
(V3, V7). 2.44. [2, 18). 2.42. (—log,9, +00). 2.13. (— oo, log; 3). 


2.14. ( + logs 6, log. 5 . 245. [—1, 3). 2.16. (2, -f 0). 


2.17. (—, — +] T (=, oo), 2.18. [0, 4]. 2.49. (— 00, O)U 


(log, 2, 1) 2.20. (—41/2-++k, kK] U U4, 1/2+k), kEZ. 
Sec. 3. 3.4. — —1) 3.2. (3, +00), 3.3. | -+ ) T 


2 2°4 
(+. | Sh Go, ty. “BiG: Ez 2]. 3.6. (—V3, V3) 
3.7 Gz 4) 3.8 (—=>—#)- 3.9. (4, 7). 3.40. (1, 4-00) 


3.41. (3, 7). 342. (40-2, 10). 343. [—2, u[>. 7). 
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3.44. (0, =| U 19, oo). 345. (1, 2)U[3, 4). 346. (—7, 1). 

3.47. (—5, —4)U(—3, —1). 3.18. (0, 4]U[2, +00). 3.49. [4, +00). 
3 San 8 Sanna 

3.20, (— oo, log, 2). 3.24. — —1) T (ae yin 8y 


3.22. (0,2) U (4, +00). 3.23. (0, 1) U (2, +00). 3.24. (0, as y=]. 


um OT V5— : 
3.25, | -—= F 3.26. (4, 3) U (3, 5). 3.27. [R= 1). 
3.28. (2-18, 2-%] [J [2, foo). 3.29. (—2, —1) U [0, oo). 3.30. 0, 1)U 


(Ve—1, 5). 3.31. (0, 4)U[4, 2!+V 3]. 3.32. (-1 rl 
E >). 3.33, [2-V 1/8 4) y (4, 3/3). 3.34. (0 0, U (1, 
we (EL) Ea). am (dud) 


(+. 2). 3.87. (—4, —3) UT, +e). 3.38. (4, 2). 3.99, ( 0, 


3—V5 3+4+Y5 34+YV5 
<i> T j=. +00), 3.40. (—-—, 3]. 3.41. (—oo, 
—7)U(—5, —2] U[4, +00). 3.42. (— 00,0] U [loge 5, 4). 3.43. (2—-V2, 


=|u uf. 24+V2), 3.44, (0, sora) Yee +0). 
2 


3.45. (+ toe. 7, log, 3. 3.46, i —r)U (se 7k yay 


3.47. (+. =|. 3.48, (1000, + co). 3.49. ( re t} U (9, --ov). 


3.50. (eet us 3.51. (1, 2). 3.52. (0, 1)U (1, 'V10)- 


3.53. (3, m) U (x, =) | ( = 5), 3.54. (2nk, a+ oak | U 


(2nk +, nines: kEZ. 3.55.(, =). 3.56. (m+, 


wk + | , ke Z. 3.57. (2nk-+aresin > » ask +5) u U (20k +>, 


(2h 1) n—aresin = ) » kEZ. 3.58. (+ , 2 } U ( =, : U 


(20k =, F-+-2nk) , kEZ, kee 0. 3.59% 2=1, 2=2. 
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Hint. Find the domain of definition of the unknown z and verify the 
validity (or nonvalidity) of the given inequality for every integer 
from the domain of definition. 3.60. z= —1, x=0, x= 1, 
z= 2. 3.64. 6, 7, 8 


{ eres 
Sec. 4.4.1.21,2=+ 7 (—14+V1—4a) for a<0, 
z=0 for a=0, for a>0O the equation has no solutions. 
4.2. a>. 4.3.2 V2<a< a a. 2 m< — 4+ 
4 


2 V3. 4.5. m>1. 4.6. For no m. 4.7. zac. 48.—3<a< 


rj A 


1 1 
3. 4.9. Ws eae 410. p=—7z. 411. ay=6, a= 
3 
—5 - 4.12. (0, 0), (1, —2). 4.13. (a) For a<0 there are no solu- 


tions, for a=O0 there are three solutions, for 0<a<1 there are 


four solutions, for a=1 there are two _ solutions, 
for a> 1 there are no solutions. (b) For a<0 there are no solu- 
tions, for a=O0 there are two solutions, for 0<a <4 there are four 
solutions, for a=4 there are three solutions, for a>4 there are 


4 = 
two solutions. 4.14. Fy <a< 1.415. a<c—2, 4.16. For Ja|< V2 


the inequality has no solutions. For |a@|<Y2 the solution is 


a—Va'—iti<c2r<a+ Ya—i—i. 4.17. For a<0 and a>4 
the inequality has no solutions, for 0<a<2 the solution is 
—a<2x<a, for a=2 the solution is —2<2<2, for2<a<4 


the solution is > Ya(4—a)<r< > V a(4—a) 4.18. a <50. 


1 3 4 43 
4.19. kos, k> 3° 4.20. —yz<a<t. 4.21.* — "F< a <3. 


Hint. Writing the inequality in the form 3—z?>|zx—a|, con- 
struct and investigate the graphs of the functions appearing on the 


left-hand and right-hand sides of the inequalities. 4.22. a=1, 
7 te 
A=. 4.238. a=1, 2=0, 4.24. a= 100. 4.25. |h | > V54+2,|kI< 


V5—2. 4.26. h> 2, 4.27, h=(2k+1)n, kEZ. 4.28. m= —2, 


n= —4, 4.29. x=log, afor0<a<1. For a<0and a> 1 the equation 
has no solutions. 4.30. 2=-+ log,,(1+ Vi—a fora<1. Fora>1 


there are no solutions. 4.31.0<a< 56 . 4.382, ax— V7, a> 


V7. 4.33. For a=O0 there are no solutions, s<—2-+loggza for 
a>0O, xr<log, (—a) for a<0. 4.34 ab>2. 435. a>1. 
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9 


—1— y17 —1— V5 
4.36.2<e<3.4.37,0<c<8. Fe ca col LA ees ek 
| 5 —1 47 

ETS Ys aoa 4.39. 'a<—2. 4.40. —3<24<—1. 


2 cos a 


444. z>3. 442. (1, 0). 443. 2=—arcsin V 1+4 cos? a 
2 


V1-+4 cos? a 
73 
+ 20k and hy nk axe 20k. 4.44. r=(—1)k X 


pL 
(—1)” arcsin +nn, k, n€Z, for 2k ——e— <acx 


arcsin 402-V 2(a2-1) 4 933, for a<— V2 or a> V2, x= (— 1)k X 
arcsin 10t+V 2a? 1) 4 np for—-V2<a<—1, for —1<a<y2 
the equation has no solutions. 4.45. b <—2— V8, b>2. 4.46. —3< 


4 
<a<x—2, r=+ Fy arceos 2a+5tak, kE€Z. 4.47. ay,5,=42. 


b 4 1 
4.48, x=nk-+-(—1)k arcsin=—7 forb <9 (2 #z» b #0, b4~—1} ‘ 


For b> 1/2 the equation has no solutions. 4.49. For a<0 the 
loga 3 


equation has no solutions, r=ak + arcsin 2 2a, k€Z, for 
a>0. 4.50. O0<2<1 for a>1,0<2<arcsina, 1<x<n/2 for 


axsini, O<a<1, arcsin a<z<n/2 for siniti<a<i. 
It It 
4.51. (0, 0), (4, 0). 4.52. k= 1, z=tan Zz i-y%), y=cos — (1+ 


V7). 4.53. a<—1, a=0. 


Chapter 4 
a, x n 1 
Sec. 1. 1.33. Tan (+++) for aE lo, +) U (+2; 
7 37 3m 
cot (++ } for ae| an, 7) U (+, 2x | . 1.34. 2tanda 
for a =< +a. 


4 6—y2 4 
yb—yv 2.5. 1. 


Sec. 2. 2.14. —1. 2.2. Gi: 2.36 <—— gee ee 2.4. r 


3 V5—1 


2.6. 4. 2.7. z: 2.8%. —T + Hint. Use the equation 


cos (3-18°)=sin (2-48°). 2.9%. =(V3-V 1042 V5 5-14). 
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Hint. Use the equation sin 42°= sin (60°— 18°). 2.10. 0.96. 2.41. 2. 
3n—n3 4—m a*—}3 
2.42. a*—4a?+-2. 2.13. 7 2.14. 2 . 2.45. eB 


4a = ee 
2.16. 3. 2.47. Gabi 2.148*. — 3. Hint. Considering the 


conditions as a system of trigonometric equations, find a and f as 
the roots of that system which belong to the indicated intervals. 


(o} 4 
2.19. mur = PET . 2.20. tan > =2, tan >z7 =-3° 


a 
2.21. —2, — > , 2. 2.22. 423—3r—m=0. 2.23. tan 7 =m. 


x) 
=) 
e 
R 
eS 
\~ 
wQ 


9 iz 5 : 
2.24, —, 2.25, ao 2.26. ve 2.27, z. 2.28.45. 2.29%. 1—2. 


Hint. sin 2=sin (1 —2) and m—2€ (—} ; +) ‘ 
2.30, 2+2:V30_ 934 V2 59 4V24V5 959 3 V1 
2V2—V 15 2 9 4) 13 
2.42**,. Yes, it does. Solution. Designating r=—cos y, we trans- 
form the argument of the second term by the formula 
+ 008 ie sin y=cos (+- . For the variable y the equa- 


tion assumes the form arccos (cos y)-+arccos | cos (+— y= 


or, after simplification, the form y+ y- |= 


me 
3 
> . For y€ [o, a the given equation turns into an identity. 


2.43". Yes, it does. Hint. See the Hint to problem 2.42. 


24k, $n 008 SS Unt?) a 608-01) , 9 45, 008 n+?) a] sin ne 


sin @ sina 
4 a 4 n 4 
ane a pail 9 ee, 
2.46. aT cot an 2cot 2a. 2.47. 5° 2.48. x 2.49. x 2.50. 0. 


2.54. tan ENO 
2 
Sec. 3. Unless otherwise specified, the letters n, 1, m, k encoun- 
tered in the answers assume integral values. 3.1. — + 2n, 
(—1)" + tn. 3.2. mn. 3.3. + fan. 3.4. ian, ++ 


2kn. 3.5.* ES + nn, = +- an } U [> + mn, ban | 


Hint. Simplify the expression isolating perfect squares in the radicands. 
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1+75 y5—1 


4 
3.6. arctan —j—-++n, —arctan-—7—-+ nn. 3.7, arctan aL 


7 bye 1 
kx, arctan > kn. 3.8. a +2kn, m(2k4-1). 3.9. + gt An. 


9 onk rt 
3.10. —_ +. 1k, a5 arctan +nk, as Ty (2k+ 1). 


4 1 
B44. —-+2ke, (—1)" 2-4-nn, 3.42, arctan -Lkn. 3.43. 3 xX 


pf ak 

(Ak-+4). 344. 0 (2k-+4), 5 (Ak—1). 3.45. Fy (6k 1). 3.16. >. 
kn 4 “aot ‘ 

3.17%. c= > + 5 arcsin (2 V #5) for a€ ls, | , for the 


other values of a there are no solutions. Hint. The values of 
a for which the equation has solutions can be found from the con- 


AA ka AL 
dition |sinz| <1. 348 —--+ kn, Gpt+—-. 349. —Gogt+ 


tk 71 qk 7 2mn 86 30 2sn 241 
979 tgs 8.20. — a9 —- FE FOG TH aB- + 324. 7G 
147 qt 5m , ot 7 
—s— . 3.22. getan, ge-+—Z— . 3.23, No solutions. 3.24. —-+ 


3 { : 
2nn. 3.25. arctan zak, mk — arctan + . 3.26. mk, + arctany’ 2+ 
It It It 
mk bak. 3.27. —z (4k+1). 3.28. 4-+ 2k. 
3 
3.29, 2kn, —-+2kn. 3.30. an, (—1)"-—— tan. 3.31%, 2= 


qt a+2 5 
To 1 2kn + arccos aV3 for a € (—oo, —1) U (—1, —2(V 2-4) U 


[2(V 2441), +00). Hint. Represent it as an equation with respect 
to the variable t=sinz-+-cosz. The values of a for which the equa- 


tion has solutions can be found from the condition |t| <<V2. 


k 1 4+-16a?—1 
3.32. = . 3.33. =k + > arccos = fora=+0, z= 


It 2k+-14 
kn + for a=0. 3.34 —“P—n. 3.35. E+. 3.36. mn. 
It I tk wk at 
3.37. 76 (2k+ 4), z= (8k +1). 3.38. a a 3.39. ZF (2k-+ 1), 

mn 


mA wv KES AI A 

SZ (2k-+1), Fo (Qk+A). 3.40. (2k). 4. SAS, H+ 
Tt wk 1 

un. 3.42. + cgi os 3.43. arctan 3+-k, arctan Erak. 


vf 
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at E14 by 57 
3.44. ZF (8k-+ 1). 3.45. |Z tke, Tq 1 2kn, Ty + ekn. 


I IU 
3.46. 2kn, —-+2kn. 3.47. hn, —Z-+hn, 2kn. 3.48, + 


ko 3—1 k 
>=) 2 tin. 3.49. (—4)"arcsin eS ie: 3.50, a 


3 tn tn 1 1 
3.51. tt nn, Fg t+ Go + 3.52. —Z-, —g (2n-+4). 3.53, —Z + 
on 
kat, ke —y—-+ kn, 3.54. kt, (—A)RH phn, + + ke. 


It IU IU aU 
3.55. —Z +k, oe nm. 3.56. ae _* 1). 


wk BLA tk 

3.57, —p-—1, Gp (2k+1)—1. 3.58. —- . 3.59. —5-, 5 (2n +4). 
2 

3.60. —=nn, n(2n+1), > (2n+1). 3,64. = (2n+1), go. 
Ut at IU 

3.62, a, ge (2nf1). 3.63, ——-+(—1)" or. 3.64. a 


2 
aU HI A aU 

3.65. Fe (4n—1), an. 3.66. ZF (2n+1), 2mn, ys (4n + 1). 
Ei 1 Tt 

3.67. 5 (2n-+ 1), Tin + ~y arccos (sin? a). 3.68. “a (2k + 1), 

k 
(—1)k tmk,  (2k+1), Ge k+1). 3.69. =. 3.70, = x 
k 

(2k+1), (Ak aot. Bt. + tan. 3.72, —-+a0, 

Qnn, ——g-+2nn, —-(2n41). 3.73. ——aotan, 374 + 
tn JU un IG a wn aU 
> Tete 305. -z tan, (—1)" 5 +7. 3.76. [+ 

4 3 
>> — + ann. 3.77. an, +, + 7 arccos (—+) -+ 


Mf tn It Jun 
san. 3.78. —+nn, (—1)" qa +z. 3.79. stn, 70 1 9° 


wt I a A IU tn 
3.80. + 7 al + nn, + os +n. 3.84. > -- in, TF + ar 
IU tn It wn ut It 
3.82. —g--—7- - 3.83.7 >. 3.84. tan. 3.85. + ban. 


2 
3.86*. -b arccos (—) +2nn. Hint. Introduce the variable 


mT mn 
t=2z+—7 and set up an equation for y=sint-+cost. 3.87. —3-. 


Answers and Hints to Ch. 4 397 


I 4 aU It 
3.88, (—1)"1 = nn. ‘3.89. fmm. 3.90. =~, ——a t+2nn. 


5 
TU tn IU wn aU HA wn 
3.91. (—1)"37+--> Tet a? pan. 3.92. Zt , 
bf wn It 2stn bf asin ot 
3.93. (— 1)” qt: Vea ean fe or 3: 3.94. min, —aT 


tk b stk 
ee eae 


2 
3.97. st »> n= 3l. 3.98". (- 4-208, 2 . Hint. Estimate 


4 7 
mm. 3.95. +: arccos(Y3—1)+4+2k. 3.96. 


I 
the left-hand and right-hand sides of the equation. 3.99. <3 7 


nk, ——2-+2nk, —2 + nk. 3.100, an. 3.401. +S, 
(typ Se ston, St 5.103, 4, E+ 
nk. 3.404. ——--+nk, (—1)n 4 Se 3.105. =-+-5-. 
3.406, ——E-+tnk, San-+—. 3,107. — = tank, (A) = + 
nk. 3.408, (—1)k-— nk, mk, 3.109. gota k, t+ 
mk, 3.410. —+nk, mk. 3.411. +> k, wk. 3.412*. ( arccos 2+ 
2mn, 2) . Hint. Estimate the left-hand and right-hand sides of the 


. 4,7 3 AL 
equation. 3.413. 5+. 3.114 —Tm, —>,—Zy >: 
1 570 bi 2m 
3.115, 79 %, 20, > 3.416. + > Tr k=0, +1, +2, 


—95 25 -+- 2 (2k-+-4 
+3. 3.417%, sate eat ED heed 1,0, 9 3's 


Hint. The values of k satisfying the equation must be obtained 
from the condition of the existence of real roots. 


3.sige, Amt) et V Gn iint—220 
pea 12 ’ 


—(4n+1)m + VY (4n + 1)? 09+ 240 : 
— ?7G =, n is any number, m is any 
number except for + 1 and 0. Hint. See the Hint to problem 3.117*. 

4+-(4k+4) 7 1-2 (4k-+1) x 
3.1197, Ser Nae PEPE a k is any integral non- 


negative number. Hint. See the Hint to problem 3.417*. 
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3.120**, Solution. The initial equation can be written in the 
orm 


m , cosz+sinz AL cos z—sin z 
cos (ee | cos (ft) =0, 
Solving the equation cos (+e | =0 by the method 
of an auxiliary angle, we have Y 2sin (S+2)=+ (4k + 1). 


Estimating the left-hand and right-hand sides of the last equation, 
we infer that it has no solutions for all k€Z. We can prove by 
. mu , cosx—sinz 
analogy that the equation cos (—t+S S| =0 has no solu- 
tions either. 
I 1 . 9 

3.121%. 2ku + 9, > (4k +1)+ Q, P= 5 arcsin Ze , the signs 

are either not NPE or ae lower. sane See the ponurien of 
—— 4\n 

3.120**, 3,122*, 7 arccot (x+7)-+n., " arcsin Pre ee 
mn, lx~—i1, 10. Hint. See the solution of 3.120**. 


5t | 3 gn, 3 at , 3 mn, 3 

3.123, —-+5, —n+1, ——trz, ~TtzLzts- 
it 

3.124. ——-+2nn. 3.125, (a) 0, —-, m (b) mn, —g-+2nn. 


7 
3.126. arctan yi +n. 


3m oe 
3.127**, —7--+2nn. Solution. The equation is equivalent to the 
2 mn 3x 
equation sin r= Us whose roots are z= -7--+ 2nn and r= 


2nn, 2n is the least common multiple of the periods of the equa- 


mt 
(ion and the inequality and, consequently, the values FZ and 


3 uw , 2 : 
—Z must be verified. Substituting —7- into the inequality, we 


4 
75 
cos —7— eos a 
obtain a numerical inequality 2 cos 3. sin 3 >2 . Since 
aU 
cos 77 = PLA 
2 —1, cos Tat > 0, cos3-+sin 3= Y 2 cos (-—3) <0, the 


numerical inequality obtained is not valid. We make sure by anal- 


3m 
ogy that —Z— satisfies the inequality, 
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3 
3.128*, ~ 4nk. Hint. See the solution of 3,127**. 


3n 
3.129*. = +k. Hint. See the Hint to 3.128*. 3.130*. <j 


wv 
Qnk. Hint. See the Hint to 3.128%, 3.131, —- (4k-+1). 3.482. (3 x 


(Ak -+-4), > (an-+4)), (- (4k—1), > (4n—1)). 3.133. +x 


(4k-+-1). 
7 nm qt 1 

3.134**, (= (m+), > (6k+1)} ; ( (6m—1), 5 (6k—1)). 
Solution. With respect to the variables u=tanz and v= tan as 
the initial equation assumes the form 

i ee RV JO 

put te Ou) pT Oe) po 2 

or, after simplification, the form u?-+ v2—8uv+9u?2v2+1=0, the 
last equation is equivalent to the equation (u—v)?+(3uv—1)2=0. 
Returning to the initial unknowns, we have; 


or 


3.135. (- (4k+-4), > (414+). 3.136. (5 (4k—1), x 
JU 
a4 


(41—1), > (4m—4)). 3.137, > (8k-+4). 3.138. ( 


aU 
mi, + +in} ‘ 


wn IU KA) av 
Sec. 4. 4.1. (=a Sas tat). 4.2, (um +t 


+ — qt — AL 
Pye mk 2S), (amt ze ts, mnt + Fy’), 


in each solution the signs are either both upper or both lower, 


k 
=arcsin 0,535, p=arcsin 0.185. 4.3 (kant, aan + 
m AL a 71 AA 
3 . (nk-+nn—+, tk—mn——s). 4.4. (7 + ak+mn, mt 


nk— nn), (s+ nk-+-nn, sr + ak—an), (—sp tik + 
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7H 71 qt ' 
wn, ~y + ak— mn) 9 (—-sp + xk—an, —opt nk-+mnn }. 
AF I It q 
4.9. (> +- 2x1, oS a 2p | ‘ (— e -+ 2x1, 9 a 2np } . 


2m am 
4.6. (2um, 2mn), (> (3m + 1), =z (3n + t)) ’ (smn + @,m-+ 


x x 7 3—V 11 
+ +9) ’ (n— Q,; n——- = @} » =arccos BAe OM 
7 4nl . 1 1 Anl 7 
se (20k +7, t+): (— = + 2nk, a —+), 
an 4m a 3 4a] cf 
(Riou, 8), (Span BF), 
48, (2nk+qQ, 2nl+), (2nk+n+Q, 2nl+N+FH), P=arctan 
4/ ann 4/2nx 
00 500 
vs » =arcsin v3 and either both upper signs or both 


lower signs are taken, 4.9. (2mn, 2nk-+m). 4.10. (mk, 2nn), 
4 2 1 2 
( arccos 7 1 2nk, => + 2nn) ; ( —arceos 7 t2nk, z+ 2nn } : 
mt EL 1 
4.11. ((—1)"( —+ak ) tan, ~F+n8] ; ((—1)r arctan 3 
1 
(—1)" mk-} an, arctan z + nk ) ‘ 4.12. (++ tk, am | ’ 


3 m1 
( : 1 2kx Hn, > aR an} ’ (> — arctan 2 + 2kn + 
monn 4 2 
nu, —arctan 2-42} ~ 4.13. ((—1)ns 3-53 — arctan vee 


Se). cc eae. (tlie, 


4.15. (+ ann, (—1)m-— + am), 4.16. ((—4)2- + 


n n 
nn, +z +2nm). 4.17. (4 = + 2nn, (—1)k + ak). 


MIF ~ IU aU wn 
4.18. (+ + xk, V3) ~ 4.419. (+. et kn, at) : 


(—1)k 


. 2 
x — arcsin = 


4.20. (4 @n41), «(@p+4)). 4.24. 


—4{)n 4 —1)k 2 (—1)" 4 
( 5 arcsin stktn) >, {o> aresin gg —* aresin = > 


bf ; 5m (bis It 417 Tm 75 
mz). 422 (“F, SZ), (Fw) (FF) 


(=, —). 4.23. (= (2k +4), + as, +m). 
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ai 193 
4.24. (o--nn, —9—nn} » where g=arctan aye 
Tt 7 mt 
425. ( (6k+(—1)), 4 Ol+341)). 4.26% (+ 
wk,  arctan2+n1, arctan3-+xnm ; (xk +arctan 2, = +- 


ml, mm-t-arctan 3), where k-+1-+-m=0. Hint. Calculating the tan- 
gents of both sides of the first equation, rationalize the system 


with respect to tanz,tany, tanz. 4.27*. ( arctan 2V5 + .ak, arctan 


. 5 
V5+n1, arctan v + xm) » if we take the upper signs, then 
we have k+1+m=0 and if we take the lower signs, then we 


have k+l+m=2. Hint. See the Hint to 4.26*. 4.28, (a+ 
kn, a t+ in), (nn — SE, nn——a). 4.29. (+- 
a, ao) 4.30. (— eS a arcsin et AE 
= + i“ ern =s sa AU =). 4.34. (S, 5), 


9 
(—+, x), (4, 0), (—1, 0), (0, 1), (0, — 1). 4.32, a=20l, 


(+ An + In, + kant), a=n (21+4), (++ 
m(21-4-1) m (21-+4) 
ge a a 


—kr +) » 2 Um: there are no 


solutions. 


3 4 V3 = 
Sec. 5. 5.4. —3tani. 5.2. — 5+ 53. —y, —G- 544. V 3. 


5.5*. cosa for a€ (0, x], cos 5a for a€ [—2m, 0), for a € (— 00, 2x) UJ 


(%, --oo) there are no solutions. Hint. When solving the quadrat- 
ic equation for the variable z=arccos z, take into account that 


O<arccos r<n. 5.6. V 2. 5.7. a2 5.8. ca 5.9. 1.5.40. 0, 1. 


oO 2 
2 2 
5.41. No solutions. 5.12. —2. '5.43. 0, aes a 5.44. 0, 
4 ve 3 1 1 4 
—1, 4. 5.45.5. 5.16. . 5.17.0, 3, —Zz- 5.18. —Z, 


- x, 4. 5.20. [0, 4]. 5.21, [—4, OJ. 5.22. (0,1). 


26—0263 
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2 
5.23. pes 1. 5.24. (0, 1]. 5.25. [—4, 4]. 5.26, [0, 00). 
5.27, (—41, 1). 5.28 (0, 1). 5.29% 2=2a Y1—a? for ac¢ 
| -4-. 4 y2 +], for the other values of a there are no solu- 


tions. Hint. oe domain of the permissible values of a can be found 


from the condition | 2arcsina | < > . 5.30%. c= V 1—4a? fora E 


1 
| 0, ae for the other values of a there are no_ solutions. 


Hint. See the hint to 5.29*. 


Sec. 6. 6.1. (—3-+-2nn, “i +200) » 6.2. (arctan 2+ mn, 


+a] . 6.3. (an, arccot (—3)+ an). 6.4. [1-3 2+ 2nn, 1 
It I ‘ 70 
> +2nn | . 6.5. | 0, V =] u| i Ea oe, 
131 130, 
Vs temju[-V ¢ ol u[-Y “gi ten . 
7 om =O 
— 242m ils k=0, 1, 2,... 6.6. (=p +2nn). 
6.7*. No solutions. Hint. Use the inequality |sinz| <1 
Tt A 1 37 
6.8. | —- + 2nn, aa arn | Z 6.9. (4---nn, an] U 
3 ; 
(<j-tan, n(n+4)} . 6.10. ae ald —arctan 2 +- smn) U 
1 
(——F+-nn, +a) . 6.11. (— “5 arcsin Stn, an | U (+ 
1 2 
tn, > +7 aresin 3) - 6.12, ae a (12 +-3)} U 
A A 2m on 
(—> (4k +2), aoe (4k43)). 6.13. (F- +20, * +2nk ) ; 


1417 ). 


6.14. (—F +enk, 6 —— + Ark 6.15. (m+2nk, n+Q+2nk] U 


1 
[2rk—qQ,  2nk), Q=arcsin 3° 6.16. (—F-+2n, + 2k | U 
5 5 
(=--++2nk, e+ anc | . 6.17. A ee aes —+20k | and 


bf nm , 2k 2mn 2un 4117 
a 2k. 6.18. (et. FH =a 37 )u (+ 9 + 3 ’ “48 + 
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zl ). 6.19. (xn, 3+ an) u (+ - an, ey nn) . 
un (EAE, FE) (BHP EE), 

6a. (tse. Fmt tap) 6.22. (Gt2nk, ae 
2mk } and — > peak. 6.23. (——-+-nn, nun } U (+a, ++ 


nn ) . 6.24. (=f -+benn, F+2nn) UY (—x-+2nn, 2nn). 


1 
Sec, 7. 7.4. [—1, 1]. 71.2. [—1, 1}. 7.3. lz 9 1 | ° 
3 3 
The | —1, V3) e 7.5. (—-- 9 oo } C) 7.6. (— oo, cot 2). 
1 
7.7. (—oo, tan1). 7.8. @. 7.9. (—00o, 00). 7.10. | —1, cos z| P 
1 1 
7.44. (—1, 5) e 7.12. [—1, 0). 7.13. (1, 00). 7.14. | 0, 5) e 


ts. (42, 1) uy (—1, 2). 


Sec. 8. 8.8*. Introduce an auxiliary angle and use the ine- 
quality | sinz | <1. 

8.9**, Solution. Let us represent the oxpression we have to 
estimate in the form 


+ (1—cos 22)+-5 sin 22-+-5 (4-+008 22) 


ate , 1 
>> + [(e—4) cos 2z+-b sin 2z]. 


Then we must use the inequality proved in 8.8*. 

8.10*. Hint. Represent the left-hand side as a function of half 
the argument. 8.11*. Hint. Apply the technique used in 8.2. 
8.12*. Hint. See the Hint to 8.11*. 

8.14**, Solution. The initial inequality is equivalent to the 
inequality 


cos a-+-cos B-+-cos y 3 
Se 
2 4 
Since cos B-++cos y= 2 cos Pry. cos ft we can take into account 
the hypothesis and use the reduction formula to obtain 


cos a.-+-c0s B-+-cos y < cos a+ 2sin >. 


26% 
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Since cosa =1—2 sin? = , the problem reduces to finding the great- 


est value of the function;1—2 sin? = +2 sin >. Isolating a per- 
2 

fect square, we get 1-52 (sin 4) <5 . Thus cos a+ 

cosB -+ cosy < <+ , whence follows the validity of the initial 

,nequality. 


2 
8.20*.' Hint. Estimate the difference cos x — ( 1— 5) iusing the rep- 


resentation 1—cos z=2sin? =, 8.21*. Hint. Use the result of the 
preceu ne problem and of Example 8.3. 8.22*. Hint. See the Hint 
to 8.20*. 


Chapter 5 


See. 1. 1.4. cos0-+isin0. 1.2, 3(cosm+isinn). 1.3. cos + 


i sin. 1.4. V2 (cos +isin— ). 1.5. V2 (cos $+ 
2. On It adelohs.. cdl 3 

isin =) . 1.6, 2 ( cos 3 tt sin ¥} . 1.7.5 | cos (— arecos-=-) + 
i sin (—arccos =) | . 1.8.5 | 0s (= + arceos =)4 i sin (s+ 


arecos = ) | ; 1.9. cos Rt isin =. 1.10. cos (F+ a )+ 


isin( +a). 1.44. a 4.42, +(1+i). 1.43, +2(4—i). 


ag V5 [ cos ( nx-+ eet 49) art gp areeos (8) | 
(k=0, 1). 41.45. ta 146, 42% haa il, 
+[V¥3—1+(Y 3+1) i]. 1.47. cos = 3 isin = » C08 —— ott i sin 


9x Ost 13 437 
cos +i sin 3» cos —+isin— 3 


_ 2itk + arceos = 2atk +-arceos = 
1.18. V5 | cos ——— + isin a oan 


= 


1.19. cos (k=0, 41, 2). 


— +i sin 


Sec. 2. 2.1. A circle Pe unit radius with centre at the origin, 2.2. A 
positive semiaxis Oz which includes the point O. 2.3. A ray emanating 
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from the origin (without the point O) which makes an angle of x/3 
with the Oz axis. 2.4. The interior part of the circle bounded by con- 
centric circles of radii 1 and 4 with centre at the origin. 2.5. The set 
of all exterior points of a circle of unit radius with centre at the point 
(1/2, 0). 2.6. The set of all points which lie in the interior of a circle of 


radius Y 99 with centre at the origin. 2.7. The Oy axis. 2.8. The 


straight line y = 22 + 3/2. 2.9. A half-plane lying above the straight 
line y = —1/2. 2.40. The set of all points which lie in the interior of 
a circle bounded by concentric circles of radii 14 and 4 (including the 
circle) with centre at the point (0, —1). 2.11. The straight line y =—z. 
2.12.The set of all points of the rectangle | q |< 1,| p | < 2.2.13. (1) 
The straight lines defined by the’equation ay + bz = 0. (2) The straight 
lines defined by the equation y = —b. 2.14. The set of all points 
which lie outside the circle with centre at the point (1, 0) and radius 10. 
2.15. The Ox axis and points with coordinates which satisfy the con- 
- 4 V3 V3 
ditions z a? 5 <y< a 


an e 3.26 0, —1, 24 V3i a! 


Sec. 3. 3.1. 1—i, y) 9 e owe y) e 
+ i sin 


2stk 
5 


2mt 


A 0, 
3.4 cos 5 


(k=0, 4, 2, 3, 4). 3.5. (2, 4), 


( 3 =) . 3.6. (6, 1). 3.8. —1. 3.9. z;=1, Zn 1, Z3—= — i. 


2° 2 
3.10. (a) (i, i), —i), (b) (i, i), (—i, —i). 3.44. | a + bi] = 4, 


at bi ~ —1. wi All real and all purely imaginary numbers. 
—ef@+YV2—a 
a?— 1 
V 2. Fora > Y 2 the equation has no solutions. 3.14*. a > 2. Hint. 
Investigate the mutual positions of the circles | z+ V2\= 
1 


a —3a+2 and |z+i V2|= a2. 3.15. —h<a < —2, 


3.13.2 = —1—ifora=i1,z= —ifori<a< 


3.46. z= ae (Y- ). 


Chapter 6 


Sec. 1. 1.2. The sequence increases monotonically. 1.3*. The 
sequence increases monotonically beginning with the second term. 
Hint. Compare the ratio y,4,/y, and unity. 1.4.c = 0,d #0, a/d > 0 
ore #0, d/e > —1,ad > bc. 1.5. y, = Ois the least term, the greatest 
term does not exist. 1.6. y, = 4 is the greatest term, the least term 
does not exist. 1.7*. x, = 24 is the least term, the greatest term does 
not exist. Hint. Find the extremal points for the function f (x) = 
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22 + aes 1.8. (a) n > 34, (b) n > 301. 1.9*. None. Hint. Solve 


the inequality 2 < | z? — 5z + 6| < 6 in integral positive numbers. 
1.10*. Beginning with n = 3. Hint. Consider the interval of mono- 
tonicity of the function f (7) = 27 — 524+ 6. 1.41*. For integers 


belonging to the interval E [-]] the sequence increases mono- 


tonically, for integers belonging to the interval leak 1, co | 


the sequence decreases monotonically. If —41/In q is an integer, the 
sequence decreases monotonically beginning with the term numbered 
—41/ln gq. Hint. Consider the intervals of monotonicity of the function 
f (z) = xg®. 1.12. Itisx, € [1/2, 2]. 1.13. Itisz, € [1, 4/3]. 1.14*. Itis 
z, € [0, 1/2]. Hint. Verify the fact that the sequence f (r) = x? — 22 +- 
3 increases on the interval [1, oo]. 1.45*. It is z, € [0, 4]. Hint. 
Reduce the expression in parentheses to a common denominator. 


Sec. 2. 2.7*. Hint. Take some neighbourhood of the point a and 
compare the values of the terms of the sequence, which have not got 
into that neighbourhood, and the endpoints of the neighbourhood. 
2.8*. Hint. Take some neighbourhood of the point a which does not 
include q. 2.9*. No. Hint. Take the neighbourhoods of the points p 
and q which do not intersect. 2.41*. No, it does not. Hint. Consider 
even and odd values of n. 2.12*. lim z, = 0. Hint. Use the in- 


n> 
equality | sinz| <1. 2.413. (a) lim a = 41; (b) the sequence has 
n— oo 


no limit. 


Sec. 3. 3.4. —4/2. 3.2.1. 3.3. 0. 3.4. 0.3.5. —1. 3.6*. 7/45. Hint. 
Divide the numerator and the denominator by 3”+! and use formula 
(3.4). 3.7*. 0. Hint. Verify the fact that for any n the power base is 
smaller than 3/4. 3.8*. 0. Hint. See the Hint to 3.7*. 3.9*. 0. Hint. 
Use the inequality | sinn!| <1. 3.40. 0. 3.44. —5/2. 3.12. 1/2. 
3.13%. 0. Hint. Multiply and divide by n?—n7y 1 — n3 + 
yY (1 — n)?. 3.44*. lim 2, = 2. Hint. Find a recurrence expres- 

n—0oco 
sion for the sequence (x2), mn€N, and use formula (3.5). 
3.15*. lim z, = a. Hint. Reduce the recurrence relation to the form 
nl oo 


In. = Lp + (fp, — a)? and use formula (3.5). 3.16. lim 2, = V a. 


Nl—- co 


Sec. 4. 4.1. 119/3. 4.2*. (a, = 2, d = —3), (a, = —10, d = —3). 
Hint. Use formula (4.4). 4.3*. (4/3, 2/3, 1). Hint. Use formula (4.4). 
4.4. a, =p+q—n. 4.5*. Hint. Use the fact that if the numbers 
u, v, w are three successive terms of an arithmetic progression, then 


y—u= yp — v. 4.6*. Hint. Use the identity —— [--+| P 
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4.7. 29. 4.8. 9. 4.9. 7. 4.10*. Hint. Consider the sum of the ace 
which are equidistant from the ends, among a, 

4.441*. 82350. Hint. Aneven number divisible by 3, by 6. ‘4. 12. 7 ie 
a + Jord= 0,a, ~ 0.4.13*. 1275. Hint. Use the formula z? — y2 = 
(x — y) (e+ y). 4A4*, 1064. Hint. Use the Hint to 4.10*. 4.15. 98. 
4.16*. a, = 8n — 4. Hint. Use formula (4.6). 4.17*. Hint. Express 
the sums a, + agp, a, + dep, 4,;-+ 4, in terms of Sgn, Son, S, respec- 
tively and use the relation a3, +- a, = 2a,,. 4.18*. Hint. "Use the 
hypothesis to obtain a relationship between a, and d and use that 
relationship when proving the assertion. 4.19*. For a > 12. Hint. 
Consider the set of values of the function f (x) = O5e +. 25-% 41 


V5-V3 
V3—V2 
is not a rational number. 4.23*. No, they cannot. Hint. See the hint 
to 4.22*. 4.24*. Yes, it can. Hint. If the lengths of the sides are a, b, ¢ 
and d respectively, then the necessary and sufficient condition for 


the possibility of inscribing a circle into a quadrilateral consists in the 
fact that at+c=b4d 


oltx 1 §1-%, 4.20. x = log, 5. 4.22*. Hint. Show that 


See. 5. 5.2. b, = 5, bg = 405. 5.3. (7, —14, 28, —56). 5.4. S, = 
40.5.5. (4, 3, 9). 5.6. (4, 3, 9). 5.7. (3, 6, 42); (= (94+ Y'65), 


—6, = (9—V65)). 5.8. (2, 4, 8, 16); (16, 8, 4, 2). 5.9. (2, 4, 8) 
or (8, 4, 2). 5.10. (1, 5, 25); (25, 5, 1). 5.44. ¢ = 2. 


5.42 (=y" 5.43 1 es, ee Ser 
UN NRT ON OE VBymts BE Vm? BH VEE 
u? (q2” —1) re = gente £4 gint2 es z2nt-4 ’ 
5.14. rn 5.17 ° Sn = 2n+- — (—z)nr Hint. 
Square the expressions in the parentheses and sum up the resulting 
geometric progressions. 5.18*. Sp =4—pee— pty . Hint. Consider 
; _ Sn . _onghth gntl_x 
the difference Sn > 5.19*, S,= (e@—1) —_— “(@—1)? 


Hint. Multiply both sides of the equation by z and subtract zS,, from 
1 3 


Sn. 5.20. b,= = aa 5.21%. a Hint. Use the method proposed 


3 { S2 
in Example 5.2. 5.22. (6, >, ) 5.23. (6, 5) 5h sa 


8 
5.20*, c£>0, r4~ ta, S= Sd ae Hint. To find the common 
4(a—z)ax 


ratio g of the progression, divide b, by b,. With respect to z solve the 
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inequality of the form | q (z)| <1. 5.26. p= et S =2a?. 
5.27. The condition has the form aP-™b™-kck-P = 1, 5.28. The num- 
bers 11, 12, 13 cannot be terms of the same geometric progression. 


Sec. 6. 6.1. (4, 8, 16); (= : ~= ; =). 6.2. (3, 6, 12); 


(27, 18, 12). 6.3*. 931. Hint. Use the representation of a number in the 
decimal notation, i.e. represent the required number in the form 
a+102 + b-10 -+ c, where a is the number of hundreds, b is the num- 
ber of tens and c is the number of unities. 6.4. (32,16, 8, 0); (2, 6, 18, 30). 
6.5. (2,10,18,...); (2,6,18,.. .).6.6.6, = 27. 6.7. (24, 27, 30, .. 
..., 54) and (24, 24, 24, ...). 6.8. q = 3/2, q = 1. 


Sec. 7.7.1. Yes, zp € | 0, 1 =| . 7.2. No, itis not. 7.3*. Yes, it is, 


In € [—8, 11]. Hint. See the hint to 1.4. 7.4*. Nine terms. int. 
Use the formula for the sum of a geometric progression. 7.7*. Hint. 
Use the property of the sides of a triangle. 7.8. lim S, = a?/2. 


N—->0o 
7:92.4/3... 7.10.20. 

7.41*. 630, 135, 765. Hint. Assume that z is the number of hun- 
dreds, y is the number of tens and z is the number of unities. Then 
the first condition of the problem leads to an equation z-100 + y-10 + 

= 45p, where p is an integer. Since, wz, y, z are successive terms 
of an arithmetic progression, it follows that 2y = x -+ z. Using the 
conditions of the problem, we can form a system of two equations in 
four unknowns: 


e100 + y10+2= 45p, 24y=2r4+2, 


which must be solved in the set of nonnegative integers. 
7.12**. Solution. According to (4.3), using the conditions of the 
problem, we obtain 


Qaytan a;+ap 
D) — NMP, a) == tps 


Eliminating a, in the system, we get an equation i = p (n—k). 


Using (4.2), we have d(n — k) = 2p (n — k), and, consequently, 

d = 2p, a, = p. Using again formula (4.3), we obtain the required 
ex pression: 

2p+2 —1 

Sp= Pt Pup pcg. 

7.13*. Hint. Multiply and divide cach term by the expression 

which is an adjoint of the denominator. 7.15*. (8, 4, 2, 1, 1/2, 1/4). 

Hint. It follows from the first five equations that the numbers z, y, z, s 


and ¢ form a geometric progression. 7.16*. Hint. Represent each 
number entering into the expression being proved as the sum of terms 


Answers and Hints to Ch. 7 409 


of the corresponding geometric progression. 7.17*. A = 2, B = 32. 


Hint. Use the Vieta theorem. 7.18. 0. 7.49. 0.5. 7.20%. 3 W3/2. Hint. 
Under the limit sign is the sum of n terms of a geometric progression 
with acommon ratio g = 1/3. 7.24. 1.5. ae 1/3. 7.23. 1.25. 7.24*. 4. 


4 4 
; : ee ea et Seen * 
Hint. Use the relation Fey =k ae i 7.25*. ie. 
Hint. See the Hint to 7.24*. 7.26. 4/4. 


Chapter 7 
Sec. 1. 1.8*. Hint. Consider the sequences 


2 2 


naan)?" — Reta) 


ap — 


Sec. 2. 2.1. 1. 2.2. 0. 2.3.4. 2.4. 2. 2.5. 0. 2.6. 0. 2.7. 6. 2.8. 322. 
2.9. oo. 2.10. - for a0, for a=O there is no limit. 2.11. (a) 


a V3; (b) a a 2.42. (a) —1/3; (b) 4. 2.43", —3/2. 
Hint. Isolate the factor (x — 1)? in the numerator and the denominator. 


2.44. 4/3. 2.15. 3/2.2.16. VY 2/2. 2.17. 0. 2.48. 3/2. 2.19. 4. 
2.20. —2/3. 2.21.1.5. 2.22. 4.5. 2.23*. —1.75. Hint. Pass to the variable 
y = —zx. 2.24. 2. 2.25. 8. 2.26. 3/4. 2.27. n/m. 2.28*. cos a. Hint. 


7 cos 2 . 2.29%, nm. 


cos 
Hint. Designate n/n = x. 2.30*. n. Hint. Designate z --+ 2 = y and 


a 
2 2 
use the formula tan x (y + 2) = tan ny. 2.314. —1/Y 2. 2.32*, —24. 
Hint. Reduce the expression appearing in the numerator to the form 
tan x sin (x — 1/3) sin (x +- 11/3) 
cos? zx cos? (3/3) 


Use the formula sin xz — sin a = 2 sin 


and use the relation cos (2+ +) -— 


sin (-+-<] . 2.33*. v3 Hint. Reduce the expression appearing 


3 3 
in the denominator to the form 4 sin sil as sin ee . 2.94. 0. 


2.35*. 1. Hint. Add and subtract a unity in the numerator. 


Sec. 3. 3.9*. Hint. Use the formula cos (# + Az) — cos z = 


—2 sin & sin (2+ . 3.40%. Hint. Use the inequality 
In (4 + xz) < x. 3.11*. Hint. Use the result of the preceding problem. 
3.13. The function y = tan z is discontinued at points z = n/2 + an, 
n € Z. 3.44. f (0) = 4. 3.15. f (0) = 2. 3.46. f (0) = 4.3.17. 7 (81) = 
1/6. 3.18. A =1. 3.19. A = 0. 3.20. A = 3/2. 3.24. A = 1/2. 
3.22. A = 2/m?. 3.23*. A = 2/n. Mint. When calculating the limit 
lim f(z), introduce the designation z= 1— az. 3.24. b/a = n/2. 
x1 ; aos 
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3.25.@ = 1.3.26.2a — b = 0.3.27.3a —b = 0.3.28.a1+ 5041 = 
0. 3.29. b = 4. 3.30. a = 3/2 4+ 2n. 3.31. a = 3/4. 


Sec. 4. 4.1. —1. 4.2. 3/4. 4.3. Yes. (2 > —7/22 + 1/4). 4.4. Yes. 
(4/2 + V2> —3 + log5). 4.5. 3/7. 4.6. 2/3. 4.7. 00. 4.8. 00. 


4.9. 1/cos? a. 4.40. —cot a. 4.41. cos? a. 4.12. W2/4. 4.13. VW 2/2. 
4.14. 1/2. 4.15. 1/2. 4.16. 2 V2. 4.17. 00. 4.18. 1/2. 4.19. 00. 4.20. 


V 3/3. 4.21. 2. 4.22. 0. 4.23. 2.4.24. 2. 4.25. sin 2a. 4.26. 1/2. 4.27. 4. 
4.28. 1/2. 4.29. sin 2a/cos* a. 4.30. —2 sin 2a. 4.31. 3. 4.32. 3 V2. 


4.33. — V 2. 4.34. 0. 4.35. 2a/n. 4.36. a/n. 4.37. 2. 4.38. 1/2. 4.39. a. 


4.40. 3/2. 4.44. f (3) = 2. 4.42. f (0) = —4/8. 4.43. f (0) = —4. 
4.4. A=3/4. 4.45. A=1/2. 


Chapter 8 
Sec. 1.4.1. f’ (x)= eee . 1.2. f(z) = —sin zg. 1.3*,. f’ (x) =e*. 
. . eAx— 4 4 
Hint. Use the equation lim ——___ = 1, 1,4", f’ (xr) = —., 
Ax > 0 Ax z£ 


Hint. Use the equation lim Jn (1+ Az) —1.1.5*, f’ (x) =nz-1, 
Ax + 0 Az 

Hint. Use the binomial formula. 1.6. f’ (z) = 0. 1.10*. Hint. See 

problem 7.1.6*. 


PAD ees. PG eee, re ee le 
V 2(2— Va)?" V 1—24 (14-22) 4V'x sin ° 
Vin (ax2+bx+c) 

1.15. NN Oo es e 1.16. ae rs 
2V In (ax2+ br + c) (ax? + bz c) {+z 
Zabmnz"-! (a+ br”)™-1 see ay 

1.17. (a bat) ;: 1.48. sin? zx cos?’ z. 
1 4 x—1 
( ee eee ee ee beenigl Vee t oes 

1.19. Te eo 1.20. ze tan 1.24. f' (x)=1. 

1.22. f' (x) =0. 1.23. f’ (x) = —2ex. 1.24. f' (xz) = ntl (1-2m)/m 1. 

g A=” ya-2nyyn, 1,95, f" (2) = —Z =, 1.26. f’ (2) == x 

n V 142? V 2 

(8— t3)-2/922. 1.27. f’ (z) = = . 1.28. f' (2) = - (x2 — 1)-5/6 22, 


Hi 


1.29. f° (x)= — te_ hy ° 


1,30, f’ (x)= Y2- 1,34. f’ (x) = 
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ty) rf —1, 2 € [1, 2), eas 
> —. 1. 32%. f (z)={ Lee (2. ob). Hint. To simplify 


the form of the function f (x), designate W~z—1=—t. 1.33. f’ («)= 
2, z€ (0, 1), ’ os —1/2, zE(— %, 0) 
en 1h. ea. “oe aS { 1/2, r€(0, ©). 


1.358, ('(2y— fo ennes Hint. Desi V 22—4=1 
e -f (x)= ess x € (4, 90). int. Designate L—4=1. 


? 


Sec. 2. 2.4. f (x) increases for z € (—o, —2) U (—1, +0); f (2) 
decreases for x € (—2, —3/2) Y (—3/2, —1). 2.2. f (x) decreases for 
z€(0, 1) U (4, e), f (z) increases for x € (e, ). 2.3. f (x) increases 
forz € R.2.4.f (x) increases for xz € (2, 3), f (x) decreases for x € (3, 0). 
2.5. f (x) decreases for x € (—oo, 0) U (1, ©), f (x) increases for 
xz € (0, 1). 2.6. f (x) decreases forz€ (— oo, 0) U (0, ~).2.7*. a € (—oo, 


—2, — V5) U(V5, --oo). Hint. The hypothesis is equivalent to the 
condition /’ (x) > 0 for z € R. Find the values of the parameter a for 
which the auxiliary function g (¢), which results from f’ (x) upon the 
substitution ¢ = cos z, is positive on the interval [—1, 1]. 2.8*. a € (6, 
co). Hint.Having calculated the value of the derivative, find the domain 
of variation of a for which it is positive. Use the inequality | cosaz| < 
cos Ofor any a@. 2.9. tyax = —2, Ymax= 83 tmin = 2) Ymin = 0 


nt n 3 m1 
2.10. Tmax = ZT kt, Ymax = a kn ve Zmin= — we G kn, 


— 


AL 3 : 1 
Ymin= — ~3- kn — —-, KE Z. 244. tmin =~ 9 9 Ymin = 
oy 84S Bmax = 1, max = 1. 2.12. max =3, Ymax =3> 47min = — 3, 


1 
Ymin = ee 2.13. Imax = —2, Ymax = 29; Zmin = 1, Ymin = 


—2. 2.14. Zmin — @, Ymin — @- 2.15. max = —{, Ymax = 17; 
Lmin = 3, Ymin = —47. e 6. Tmax = 0, Ymax — —2, Zin a 2% 
Ymin = 


Sec. 3.3.1. max {f(zx)=3; mil f (x)=1. 
x€[-1, 1] x€[-1, 1] 


3.2. max /f(xz)=17; min f(z)=0. 3.3. max j (2) —2V3. 
x€[-2, 1] x€{-2, 4] x€ [0, x] 8 


min f(z)=0. 3.4, min ff (z)=0.5; max (Oa ., 
x€ [0, x) x€[0, 1/2] x €[0, 1/2] 4 


3.0. 


(x)= 


max f a min 
x€ [-1/2, 1/2) 4 x € [-1/2, 1/2] 
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3.6. max x) = (\ min x)= —1. 3.7*, max = 
x € [1,° 37/2] ( xE[n, 3/2] I (2) xER I (2) 


4 4 
—;=__ minf (x) = — —. Aint. Pass to the variable y= 
gs—ya> vex = Baya ares 


sin z+ cos x. 3.8. max (a= V3 min iia) =2% 
x€[0/6, 1/3] 3? x€[x/6, 1/3] 
ooo". min f(z)=3. .Hint. Pass to the variable y=cos zx. 
x € (0, mJ 
3.10. max f (z)=f (0) =1; min z)=f(—1)=0. 
x €[-2, 0] ®) x€[-2, 0] a= ) 


3.41. (a) max f(z)=/f(2)=4, min f(z)=2, (b) max f (z)= 
xe€[0, 2 0, 2 x€[—2 


f(—2) = 4, min f (zr) = 2. 3.12. max f (xz) = 5 min f(z) = 
xEL—2 xER xER 


eo) 0] 
—2. 3.13. max f(z) = 214+ 31n2, min f (x) = 0. 
x€[1/2, 4] xE€[1/2, 4] 
4 
3.14. tin = -3-, max f(z) = 105.3.15. max f(z) = f (5) = 5, 
xE€[0, 3] xE€[0, 10] 


min f (x) = f (0) = f (10) = 0. 3.16*. max f(z) = f (3) = 

x€(0, 10) x€ [0,3] 

4YV 6, min f (x) = f (1) = 0. Hint. Pass to the variable y = 
x€(0, 3] 

(c — 1)? and use the fact that g (vu) = Vu is a monotonically in- 

creasing function. 


Sec. 4. 4.1. [0, 0). 4.2. [38, 3/cos? 1.5]. 4.3. An empty set. 
4.4* .[—1/3, 1]. Hint. Wecan find the maximum and minimum values of 
the initial function, but there is also another way consisting in con- 
sidering the values of y for which the equation y (x? — 3x + 3 
xz — 1 has real solutions with respect to z. 4.5. (a) y € [0, 1/2], 
(b) y € [—1/2, 1/2]. 4.6*. Hint. Consider the inequality relating the 
expressions which are inverse of the left-hand and right-hand sides of 
the initial inequality. 4.7*. Hint. Represent f (x) in the form f (1) = 
2sinz— 2sin*z and, using the substitution t = sin z, reduce the 
problem to the proof of the validity of the inequality min g (t) > 

t€[—1, 1] 


—7/9, where g (t) = 2t — 2#8. 4.8*. Hint. See the Hint to 4.7*. 
4.9*. Hint. See the Hint to 4.7*. 4.11*. Hint. See the Hint to 4.4*. 
4A2*. a€ (—-, ete A 
obtain an inequality with a parameter with respect to one unknown. 
Then find the least value of the function for each a and indicate the 
set of all values of a for which that value is smaller than 4. 4.13*. 44. 
Hint. Use the equation a, +- a3 = a, + a. 4.14*. a = —4/3, a = 
—8/3. Hint. Use the property of a geometric progression: a2 = 


On-12nzy- 4.15. 2/3. 4.16. V 3— 14. 4.47*. a = 9, Hint. Find min 


iP Hint. Using the second equation, 
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of the function Teor ee eae on the interval (0, 2/2), see 
sin x 1—sinz 

also the hint to 4.7*. 4.18*. Hint. Use the relation between the arith- 

metic mean and the geometric mean of two numbers. 4.19*. Hint. 

Represent z in the form z= (r+ y + 1)? + (x — 2)?— 3. 4.20*. a=1. 

Hint. Usethe Vieta theorem and represent the sum of the squares 

of the roots of the equation as a function of a. 4.21*. Hint. Find the 


greatest and the least value of the function j sd 73 for x € R, see 
also the Hint to 4.4*. 4.25*. Hint. See the Hint to 4.4*. 4.26*. 
Hint. Use the representation sin® z + cos® z = 1 — 3 sin? 2z. 


Sec. 5. 5.4. 18 = 9+ 9. 5.2. 36 = 6-6. 5.3. 40 + 80 + 60 = 
180. 5.4. st =a, 5.5*. p= —2, q=0, the distance is 
equal to 1. Hint. The distance from the vertex of the parabola to the Oz 


axis is the ordinate of the vertex. 5.6. ——. 5.7. The coordinates of 
the vertices of the rectangle which lie on the! parabola are 


(Fe, + 2 V *) . 5.8. The altitude of the cone which has the 


greatest surface constitutes 4/3 of the radius of the ball. 5.9. The 
diameter of the base and the altitude of the cylinder are equal to 
2/Y 3. 5.10*. The area of the circle circumscribed about the isosceles 
right triangle with legs VY 2S is the least. Hint. Use the fact that the 
hypotenuse of a right triangle is the diameter of a circumscribed circle. 
5.41*. m = 1/3. Hint. Use the fact that the triangle ABD is a right 
triangle and represent the lateral side and the smaller base in terms of 
the diameter of the circumscribed circle. 5.12*. The triangle one of 
whose base angles is equal to n/2 — a/2 has the greatest perimeter. 
Hint. Use the sine theorem. 5.13. 30 sq units. 5.414. 2a. 5.15. 5. 5.16. 


ve , f= a . 5.47*. a = n/3. Hint. Use the for- 


mula r = S/p, where S is the area and p is half the perimeter of the 
triangle. 5.18. a@ = arccos a. 5.19. a=m/4. 5.20%. A= 


(12/3 — d?/3)3/2, Hint. The relation between the arguments of the 
function whose greatest value we have to find can be found from the 
similitude of right triangles whose hypotenuses are the exterior and 
interior parts of the rigid bar with respect to the tower. 5.241. The 


length is 30 cm and the width is 20 cm. 5.22. (a) sy ; 
2 
d =e 
b) se yd 5. 5.28. k=. 5.24. The side of the 
area adjacent to the wall must be twice as large as the other side. 


5.25. AM =aVp(/p rr Yq)‘. 5.26*. To! the {point of the seg- 
ment AB which is at the distance of 1 km from B. Hint. The time in 


ee 


a@=2 arcsin 
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which the point B can be attained, as a function of the coordinate of 
the point at which the boat must land, must be represented as the sum 
of two terms one of which is the time of sailing and the other is the 
; : 2 mag? /g-cm? 
time of travelling along the bank. 5.27*. 7 (to) = 59 a a) 


2m 

3k 

m (t) V? (2) 
2 


9 (s). Hint. The kinetic energy T at time moment t 


in time t,= 


is T (t)= , where m (é) is the mass of the rain drop at the 


moment ¢, and V (t) is the speed attained by the moment ¢. 5.28%. 
20 km/h, 720 rubles. Hint. Use the fact that the cost of a unity way 
consists of two quantities, the first of which is proportional to the 
cube of the speed and the other is inversely proportional to the first 


degree of the speed. 5.29. x (p)=min 7 ; a | , where zx (p) is the 


distance from the railway station to the point P. 5.30. a h. 


5.31*.1 ea h. Hint. At the time moment ¢ the distance between the train 


and the car is the third side of a triangle whose other two sides are 
the distance travelled by the train and the distance remaining for 
the car to travel, respectively. 5.32*. In = h. Hint. See the Hint 


to 5.31*. 5.33. y=sh. 5.34. The diamond was broken in two. 
5.35. The resistance must be the same and equal to 4 . 9.36*. a = 


max { arccos = , arctan 5} . Hint. The time of travelling of the 
messenger, as a function of the coordinate of the point of landing, 
consists of the times of travelling by water and along the bank. 


5.37*. sind =v , where @ is the angle of incidence and f is the 
2 
angle of refraction of the ray. Hint. Express the path the ray traversed 
in each medium in terms of the coordinate of the point of incidence 
at the interface between the media. Find the ratio of the paths traversed 
in each medium to their projections onto the interface at which the 
time of traversing the whole way between points A and B is the 
minimal. 5.38*. a = Bf where a is the incidence angle and £ is the 


refraction angle. Hint. See the hint to 5.37*. 5.39. J, = Ras 
Ry+R, 
I, = me , i.e. the currents must be branched in inverse pro- 
R,+R, 


portion to the resistances through which the currents must be passed. 
5.40. 6000 rubles. 5.41*. n = 8. Thecost is2.8 VY 2 mlnrubles approx. 


Hint. If f (z) is a function which expresses the dependence of the cost 
on the constructed living area, then we must seek the least value of 
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40 000 
n 


houses. 5.42*. 4 VY 2 m. Hint. Find the distance from which the tan- 
gent of the angle of view is the largest (the tangent is a monotone 
function of its argument). 5.43*. (VW 4b2 — 3a2 — b)-3-1/2. Hint. Find 
the distance for which the tangent of the angle formed by the 
point of the stop of the bus and two opposite sides of the facade of the 
palace is the largest. Express that angle as the difference between the 
angles at which the far and the nearest (with respect to the highway) 
ends of the facade of the palacecan be seen. 5.44*. @ = arctan K, 


k= se . Hint. Use the fact that the sum of the forces in the 


V1i+ kK? 
plane of the movement must be equal to zero. 5.45*. a = B. Hint. 


See the Hint to the preceding problem. 5.46. VY 2ap/K. 5.47. 9 = 


2.4 (to = 5/3, yo = 5/9). 5.48*. (1/2, 7/4). Hint. The problem 
reduces to seeking the point C of the parabola which is at the largest 
distance from the straight line BD. 5.49*. The smallest perimeter of 
the triangle AMB is Y10 + 2Y5 + Y 34. The position of point 
M for which the smallest perimeter can be attained is M (0, 0). 
Hint. Consider the point which is symmetric with respect to the point A 
about the straight line y = zx. 5.50*. The point M must bisect the 
segment of the straight line which is included between the sides of the 
san ive Hint. Investigate the variation of the area of the triangle upon 
a change in the slope of the straight line passing through M. 5.51. The 
two remaining vertices result from the intersection of the sides of the 
angle by the straight line connecting the points which are symmetric 
images of the point M with respect to the sides of the angle. 5.52. 


2R sin zi . 5.53. G Y 362 — a?. 5.54. The length of the side of the 


base is 2 cm, the volume is 4 cm$. 5.55. The sides of the rectangle which 


has the largest areais RY 2/2. 5.56. 5/9. 5.57%. Smax= R? tan >. 


Hint. Consider two cases: in the first case two vertices of the required 
rectangle lie on one of the radii which form the sector, and in the 
second case one vertex lies on each radius and two vertices lie on 
the arc of the sector. In the second case the sector must be divided into 
two similar sectors, and then the problem reduces to the first case con- 
sidered for each half separately. 


the function F (n) = nf , where n is the number of constructed 


Sec. 6. 6.1. (VW¥2, 2—V 2) and (—Y2, 2+Y2). 6.2. y=2. 
6.3. y=—YV 32 4- and . 6.4. arctan 9, y= 9r —23 ‘ 
6.5*. (4/2, —15/32). Hint. The coordinates of the point of tangency 


can, be-obtained from the equation f’ (r) = k, where k is the slope of 
the tangent line. 6.6. (0, 2). 6.7. 2. 6.8. y = 844+ 4. 6.9. zy = 
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4 uv , Tn . 
iV2 gta" EZ. Gell. (8, O),; 
(0, 0). 6.12*. (38, —15), 21/2, 24. Hint. The hypothesis makes it pos- 
sible to find at once the angle formed by the required tangent and the 
positive direction of the Oz axis. 6.13*. a = 1. Hint. The condition of 
intersection of a straight line and a parabola is equivalent to the 
existence of two real roots of the respective quadratic equation, the 
half-sum of the abscissas of those roots must be equal to 2 by the hypo- 
thesis. 6.14. y = —3x — 4. 6.15. y=a+4, y= —zr+ 4. 6.17. 
(2, 8/3), (3, 7/2). 6.18. 32/4. 

6.19**. Solution. We differentiate each equation considering y 
to be a function of x. We have y + y’x = 0 and 2z — 2yy’ = 0. 
Finding the expression for y’ in each equation, we havey’ = —y/z, 
y’ = a/y, respectively. Consequently, at any point M (z, y,) which 
is a point of intersection of curves, the product of the slopes of the 
tangents is equal to —1. 

6.20*. Hint. Show that the product of the slopes at the points of 
intersection of the curves of different families is equal to —1. 


Cc. C. Cc re 
6.21. (y=, b yoe 2¢ 9 (Ys ; 2e—by/ =) for 
ac>0, (9, 0) for c=0; for ac< 0 there is no solution. 6.22 
(a+ V a®?—(5a-+b — 6); 202+ VY a?—(5a+b—6) (2a —5) —10a—b), 


(a— VY a?— (5a+b—6); 2a2— VY a2—(5a+b — 6) (2a—5)— 10a — db), 
if a? — (5a + b — 6) > 0; (a, 2a2—10a—b), if a*—(5a--b —6)=0; 
now if a? — (5a+ 6—6)<0, then’ there is no solution. 


+. arcsin +>. 6.10. mn, 


1 2 2 
6.23. pg lg +-4, where 2) = bat? ifa=0, bx 1: 
1 
Ly= > for a0, b=1; r= — for a0, b=1+—; Lyo= 
ee ead fone 0. ba: b< 1+ — and for a <0, 


b%1, b> 1+, In the other cases (@=0, bD=1; a>0, b>1-+ 


4/a,a<0, b<1-+41/a) there is no solution. 6.24*. y = —zx-+ 
5/2. Hint. The condition of intersection of two curves y = f;, (z) 
and y = f, (x) is equivalent to the consistency of the system of equa- 
tions y = f, (x) and y = f, (x) whose solutions are the coordinates of 
the intersection points. 6.25. (1/8, 1/416). 6.26*. g = 1/3. Hint. The 
equired angle is the angle between the tangents to the circle which 
are drawn through the point (8, 0). 6.27. (—0.4, 8.8) if the point M 
moved along the circle counterclockwise; (6, 4) if the point M moved 
in the inverse direction. 6.28. p = 2bk. 6.29*. The straight line 
y = —1/2. Hint. The locus of points from which the parabola can be 
seen at right angles is the set of intersection points of the tangents 
to the parabola which form a right angle. 6.30. arctan (—4/3). 6.34*. 
The circle xz? + y2 = a? + b?. Hint. See the hint to 6.29%. 
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Sec. 7. 7.4*. —1/5 m/s (the minus sign signifies that y (t) de- 
creases). Hint. If y (t) is the law of variation of the way traversed by 
the upper end, and z (¢) is that of the lower end, then it must be taken 


a ; the minus sign 
signifies that the shadow decreases. 7.3. It decreases with the speed of 
0.4. 7.4*. 15 cm/s. Hint. The moment of the meeting can be found 
oa the condition z, (t) = z, (t). 


7.5**, 2v 


coordinates such that the wheel would roll along the Oz axis and the 
Oy axis would pass through the centre of the wheel for t=0. Then, 
by virtue of the law of independence of motions, we have the following 
laws of the variation of the abscissa and the ordinate of the nail: 


into account that 2? + y? = 25. 7.2. v (t)= ooh 


Vv 
sin (54 :] . Solution. We introduce a system of 


z(t)=vi—Rsin (— t} » Yy(t)=R—Roos (+ t] ° 


oer nes e)me[t-o0 (2) 


R 
; RR, v 
y (1) = vsin (4 1) =» sin (> t) 


The speed of the nail at the time moment ¢ is 
=V (2)? + (y)t=v / 1-2 cos (= t)+4 


= 2v 


Thus, 


in on) 
si (sR 


7.6*. The velocity is equal to zero. Hint. When the point moves 
along the circle, the abscissa varies according to the lawz = R cos ot. 


qh pa . Hint. The variation of the height of a body pro- 
2 
ceeds according to the law h (t) = vsin ot 8 , the vertical com- 


2 
ponent of the velocity at the point of the maximum height is equal to 
zero. 7.8. 412 rad/s. The wheel will stop in 2 s. 7.9*. v (t)= 
2t38 — 612+ 12t 
V hap ioe 
at the moment ¢ as the third side of a triangle whose other two sides are 
S, (t) and S, (#). 7.10. 40 km/h. 


Hint. Express the distance between the bodies 


7.41**. At the time moment ¢ = fact ts the object must move 


with the speed v = vy + at,. The law of motion of the object has the 
27-0263 
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form 


Vpt-+ atyt—at?/2, ty << t < (ty-4-te)/2, 
Vot-+ atot—at?/2, t > (ty +¢,)/2. 


Solution. The object is separated from the rocket at time moment 
t, and moves uniformly with the velocity attained by the rocket by 
the moment of the object separation. At a certain moment ¢ the object 
increases its velocity instantaneously to some value v and again moves 
uniformly until it encounters the rocket at time moment ¢,, their 
velocities being equal at that moment. Consequently, the law of 
motion of the object without the rocket is a polygonal line whose 
segments are tangents to the parabola S (t) =: vot + (at®?)/2 at points 
t, and ¢,. The abscissa t of the point of intersection of those tangents 
is the required moment of time. The velocity of the object at time 
moment ¢ coincides with that at moment ¢, and can be found as the 
derivative of the function S (¢) at the moment ¢,. Since S’ (t) = 
Vy + at, the tangents to the parabola S (t) at points ¢, and ¢, have 
the form 


Vot- at?/2, t < ti, 
s 0-4 


S (t) = S (t1) + (Yo + aty) ( — 44), (*) 
S(t) = S (2) + (Vo + ate) (t — ty). 
Considering (*) to be a system of equations with respect to the pair 
of unknowns (S, 4), we find that ¢ = (¢, + ¢,)/2 and, consequently, 


the law of motion of the object can be represented in the form given 
in the answer. : 


7.12*. t) = t, —V #?,— 2S8,. Hint. The law of motion of the 
rocket, after switching off the engines, can be written as an equation of 
a tangent to the curve which is the graph of the law of motion. 


Chapter 9 


x 

V2 
the numerator by the denominator term-by-term and use formulas 
(16) and (17). 1.2. 2 28 athe. 4.38, —Z (Lai + 


Sec. 1. 1.1%. arcsin 


—In(z+ Y2?+2)+c. Hint. Divide 


2 a 
sz (1—2)P/? +, Hint. Reduce f(z) to the form f(e)=V 1—z— 


(1—z) Vi—z. To represent f(z) in such a form, it is convenient 
to introduce a variable t=1--z, then jf (z)=g(t(x)), where g (t)= 


- ao va 1/2 3/2 

(4—t) Vi=YVit—tVt. 1.4". —8(1-+} ; +3 (1-5) 
1 

Hint. See the hint to problem 1.3%. 1.5*. — = (22—1) t+ Xx 


1 5/2 
t—1)-2+c. Hint. See the Hint to 1.3%.  1.6*. ere = 
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At ee Hint. Represent f (xz) in the form joy Ve 


Vite yy 1225/6 
a ia ole 9 5 J 


1.10. att het fe. 1.44. 2at/2— = 29/2. 1.42. —z-+c. 


tte. 1.8. t+1n|t]+e. 1.9. 


3 
1.13. z——- +e. 144. cta2te 445. mzl/™ + 3nzt/n 4 ¢, 
3/2 
1.16. x2—2x+ec. 1.17. LCF a +e. 1.48. 22 — 8ln Jz] +c. 


1.19. 2+2InJr—2}+ce. 1.20. $/2c+c. 1.24%. — 5 cos 122 — 


> cos 102—— cos 9x — z cos 117-++-c. Hint. Reduce the integrand 
to the form sin 12z-+sin 10z-+ sin 9z-++sin11z and use rule (4) and 


formula (4) in the table of antiderivatives. 41.22. = cos 4% +. 


+ cos Bet cos 62—— cos 7z-+-c. 1.23. sin a@—cos a-+—sin 3a — 
+ cos3a-}e. 1.24. 2+ —ae-sin 82te. 1.25 1 08 4 
3 cos a--e. 1. “ZIT 39 Sl zte. 1.25. — (24+ —cos z) +e. 


1.26. — 2 cos +e. 4.27. ae cos2a-+c. 1.28. —2cosz-+e. 


2 
1.29. ——-cos 82-+e. 1.30 en ee 1.34, 2 ,—Sin2 
olde g cos bape. 1.30. 3 g BONS ot 
1.32. a sin 2a — ane. 1.33. tanz—a+c. 1.34. —cotz—z+c. 
2 
Sec. 2. 2.4. y=a8+1. 2.2. y= x2. 2.3. y=5r—1. 2.4. y= 


1 Hig 7 ra 
>: 2.0. aaa a and y= +1. 2.6. y=3 Inz+1. obs 


S (t) = 2—0.25 cos 2t (m). 2.8. p> 2, the pedestrians will once meet 
at p=2. 


Sec. 3. 3.1. 8. 3.2. 1/2. 3.3. 0. 3.4. 8. 3.5%. 2 . Hint. Make 


a change t=2-—. 3.6*. 1. Hint. See the hint to 3.5*. 
3/2__ 93/2__ 

3.7*. arr . Hint. Rationalize the denominator. 3.8. a 

. 46 1% —2 4 4 1 

3.9. 7 3.10. bo: 3.11. In2—-. 3.12. Say 3.13. 3: 


27% 
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3.14. V 2. 3.15. (tan —tan =) . 3.46, 2. 3.17.1. 3.18. 2 V2 


3.19.27. 3.20. 2V 542 (22), 3.24. 1n2.54+2.5. 3,22. 
4 


4In=-. 3.23, 2 V 2. 3.24. 2 f2—4. 
Sec. 4.4.14. min F(r2)=F(0)=0, max F(zr)=F (+) =1. 
x€[0, 1/2] x€[0, u/2] 
4.2. min  F(z)=F (2.5)= —6.25, max F(z) = F(—1)=6. 
x€[-1, 3] E[—1, 3] 
16 
4.3. min F(z)=F (0)=0, max F(x) = F(4)= ae 4.4. 
x€[0, 4] x€(0, 4) 
1 3 1 
max F(z)=F > >=—- zy min F (z)=F (—+)= 
x€[—1/2, 1/2] x€[— 1/2, 1/2] 


a . 4.5. y=2—2; y=ax—3. 4.6. The curves coincide, x€R. 


6 36 z3 522 4 
as (=: 5) » 48. —-——g- Tbe. 49. y= t—F yy = ey 
3 
. 4.10. sa. 4AL*. A (x)= 2522+1002. Hint. The law of 


variation of the force F as a function of the path traversed z can 
be represented by the formula F (r)=az-+b, where the parameters 
a and b can be found from the hypothesis. The work done by the 
variable force is its antiderivative which vanishes for r=0. 


2 
4.12. S (t)= aot —t. 443. S (== pp t. 


See. 5. 5.4. (— oo, —2)U (1/2, 3). 5.2. (2, 3). 5.3. [4, -- 00). 
5.4. A=—2/n, B=2. 5.5. a=1. 5.6. VY 2n, ie 


5.7.68. 5.40. Yes. 541. d=7, B=—6, C=3. 5.42.2, 2, 
3 41 1 
> 2 >= 5.13. 1/2, 2. 5.44. —i, a ’ Q. 
Sec. 6. 6.4. =, 6.2.9. 6.3. SS 6.4. =+hn 2. 6.5. 3X 
‘ ‘ 15 8 
(1—za7)- 6.6.4. 6.7, 12—51n5. 6.8. —-—In2. 6.9.5. 
3 9 1 3 
6.10. 4. 641. 4-5. 642. 71n3. 6.43. >. 6.44. 6-5-7, 
6.15. In2. 6.16. 2%. 6.47. In2. 6.18. ©. 6.19. 15—46 In 2 
elde ID SG. ; : oh Py olde D) N 2. ei Ge 3 ‘ ° e ° 
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6.20. ace 6.21. x. 6.22. 9—8In2. 6.23*. 8/9. Hint. 


15 ~ 2 
To calculate the area of this figure, it is more convenient to use formula 
(6.3). 6.24*. = sr?. Hint. The domain of integration must be divided 


into two domains, the coordinates of the point of division can be 


ze y? — r?, 
found as a solution of the system ¢ z — y = 0, 6.25*.1 —m/4. Hint. 
y>0. 


max (zr, y) = 1 are points which are two adjacent sides of a unit square 
inscribed into the angle of the first quadrant. 6.26. 1/3. 6.27. n/2 — 1. 
6.28. 1. 6.29*. mab. Hint. Express y in terms of x for y > 0 and 


a 


z > 0, when calculating the definite integral 4 \ b V1 — 27/a? dz 
0 
use formula (9.3.4). 6.30*. x. Hint. Isolate a perfect square with 
respect to the variable z. 
6.31**. 4.3. Solution. The equation of the tangent to the curve 
Ye 22? at the point with abscissa 2 has the form y — 8 = 8 (zx — 2) 
since y (2) = 8, y’ (2) = 8. The point of intersection of the tangent 


and the abscissa axis can be found from the equation 8z — 8 = 0<»> 
<> x=1. The domain of integration must be divided into two inter- 


vals [0, 1] and [1, 2]. On the interval [0, 1] we must calculate the area 
of the figure included between y = 22x? and y = 0 (the abscissa axis) 
and on the interval [1, 2], the figure included between y = 22? and 
y = 8x — 8. Thus 


1 
0 


4 2 
2x3 
Ss = 2x? dx + | (2228248) dz=—3— 


0 1 


oes) 


2 
1 


2 16 32 2, 8 4 
=gt (sot zt+-3—8) =F. 


6.32. 9. 6.33. In = 6.34*, ee Hint. The figure must be 
divided into two curvilinear trapezoids; the abscissa of the point of 
division is the abscissa of the point of intersection of the tangents. 

45 


6.39. rt: 


6.36**. The parabola partitions the square into two parts whose 
areas are related as 1 : 2. Solution. We choose a system of coordinates 
such that the vertex of the parabola coincides with the point (0, 0) 
and the Oy axis is the axis of symmetry. Then the equation of the 
parabola assumes the form y = az?. The parameter a is chosen in the 
following way: we designate the length of the side of the square, the 
midpoint of whose base coincides with the origin, as J; then the point 
(1/2, ¥ is the right upper vertex of the square which lies on the parab- 
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ola, i.e. J = a (l/2)?. From this equation we find that a = 4/l. The 
area S of the square is /? and the area cut off by the parabola can be 
found by the formula 


Thus the parabola partitions the square into two parts whose areas 
are related as 1:2. 


S 3n— 8 
x Mo 
6.37*. aT 

ola from the semicircle. Hint. Choose a system of coordinates such 
that the vertex of the parabola coincides with the origin and the Oy 
axis is the axis of symmetry of the parabola. Then the equation of the 
parabola has the form y = az? and the equation of the circle has the 
form (y — R)? - z? = R2. The relation between a and R can be 
established from the hypothesis (see the solution of problem 6.36**). 


, where S is the area cut off by the parab- 


6.38**. _ Hint. The parameter a in the equation of the parabola 
can be found from the condition f’ (—5) = tan (m — arctan 20). 
6.39*. a = 8, a =+ (6—V 2). Hint. Consider two cases: a > 2 


and a < 2. In the second case take into account that in the passage 
1 
2x — 1 


9 1 : a 
changes. 6.40. = (1 74) _ 6.44%. S=b for a V3/3b —1:; 
the problem has a solution for b € (0, 8/3). Hint. To express a as a 
function of b, we must solve for a an equation whose right-hand side 
is equal to b and the left-hand side is the area of the figure indicated 
in the hypothesis. The value of b for which the problem has a solution 
can be found from the condition a (b) > 0, where a (b) is the required 
function. 6.42*. —x/6, n/3. Hint. Take into account that the required 
value of a may be both larger than n/6 and smaller than x/6 (in the 
second case the area can be found by the formula 


1/6 


through the point += 1 the sign of the difference = 


4 16 
] * creas ; — ar ry ] e 
cee \ jsin 2x] dz). 6.43%. 2€ (0,3); b= Gy—1. Hint. See 
a 
: V 2 4 
the Hint to 6.37*. 6.44*. =| 2—aresin (1-4 laa oe 
oe ; z) Vaa—Vvs) | 


Vis V 2—2. Hint. When solving the problem, use the formula 
V 1+ cos 22 = Y 2 |cos z|. 


Answers and Hints to Ch. 9 423 


Sec. 7. 7.1. 3/4. 7.2. a = V3. 7.3. a = 1. 7.4%. S (—1) = 125/6, 
min S (k) = S (2) = 32/3. Hint. The limits of integration can be 
KER 


found as the roots x, (k) and z, (k) of the equation r? + 2x — 3 = 
kx +1. It should be borne in mind that the inequality y, (x) < 
y, (z) is always satisfied on the interval [x, (k), 2, (k)]. 


4 ~/ 5 48 
7.5. min S i es S (= — : =! Ae 7.6*. (3/2, 13/4). 
xo€f1/2, 1] (0) 5) Va B 


Hint. Use the equation S=h( od 


2 
b = f,, (2), fy, (z), is the equation of a tangent to y=z?+1 ata 
point with the abscissa z, € [1, 2]. 

7.7*. a = —1. Hint. The function f (rz) = 23 4 327? 4+ x4 ais 
monotonic between two successive extrema. The further proof of the 
problem can be based on the following lemma. 

Lemma. The area of the figure bounded by the straight lines 
r=c, £= 0b, b> c, by the graph of the differentiable monotone 
function f (x) and the straight line y = f (a), where a € [c, 5], attains 
b+te 

2, 

Proof. For the sake of simplicity, let us prove this result in the 
case when c = 0, b = 1 and f (6) = 1. For a fixed value of a the area 
can be represented as the following function: 


), where h=1, a=f,, (1), 


its least value in the case when y = / 


a 1 
s (a= \ iF @)—F(@) de+ J Uf (2)—7 @) ae 
0 a 


=If (a) r—F (2)] 


4 
a 


1 
a 


WTF (2) | —# (a) 2 
= f (a) a— F (a) + F (0) + F (A) — F (a) —f (a) + f (a) a, (*) 


where F (z) is a certain antiderivative of f (x). Collecting terms in 
(*), we obtain 


S (a) = f (a) (2a — 1) — 2F (a) + F (0) + F (1). (**) 


Differentiating S (a) with respect to a with due account of the fact 
that F’ (a) = f (a), we get an equation for finding critical points: 


S' (a) = f' (a) (2a — 1) + 2f (a) — 2f (a) = 0. (#¥#) 


Since f (a) is monctonic by the hypothesis, it follows that /’ (a) 4 0 
on the interval [0, 1] and, consequently, equation (**#*) has a single 
root a = 1/2. For a > 1/2 we have S’ (a) > 0 and S (a) increases, and 
for a < 1/2 we have S’ (a) <0 and S (a) decreases. Consequently, 
S (a) attains its minimum value for a = 1/2. 

7.8*. For a = 1 the area assumes the greatest value and for a = 1/2 
it assumes its least value. Hint. Use the lemma indicated in the Hint 
to problem 7.7*. 7.9*. a = 2/3. Hint. Use the lemma in the Hint to 
problem 7.7*. 7.10*. For a = 1/2 the area has the least value and for 

q = 0 it has its greatest value. Hint. See the lemma in the Hint to 
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problem 7.7*. 7.11%. a = 0. Hint. See the lemma in the Hint to 
problem 7.7*. 


Sec. 8. 8.4. 2. 8.2*. an. Hint. Consider the difference be- 


tween the volumes of the bodies resulting from the rotation of the 
e72a _ e-2b 


= 2b__ p2 
curves y= Vx and y=z?. 8.3. 6 


2 (b—a) | . 8.4*. Sn, Hint. Pass to the functions 2, (y)=4+ 
Vi—y, zs (y) =1— V1 -— y and consider the volume of the 
required body as the difference of the volumes of two bodies resulting 
from the rotation of the figures bounded by the curves z, (y) and z, (y) 
about the Oy axis. 8.5*. 12/4. Hint. The required volume is equal to 
that of the body resulting from the rotation of the curves y = sin z, 


xz=n/2 about the Oz axis. 8.6*. am Hint. See the Hint to 8.5*. 


Sec. 9. 9.1. a = 18. 9.2*. 288. Hint. At the moments of the begin- 
ning of motion and of the stop the speed of the body is equal to zero. 
9.3. 216 m.9.4. S()=f eo EOS E<3 g 56. 445 (5). Hint 

ode m. 9.4. =} 6:49 if t>3. sO" (J). Hint. 
F (x) = k/z*, where k can be found from the hypothesis. 9.6*. 33.75 (J). 
Hint. F (x) = kz, where k can be found from the hypothesis. 


Chapter 10 


Sec. 1. 1.1. 32.5 km/h. 1.2. a. 1.3. 60 km/h. 1.4. 8 m/s. 


15.3xX4km. 4.6. 42 km/h, 10.5 km/h. 4.7, 6h and 2h. 

18, 2-(3—V5), & (V5—1). 1.9. 30 km/h. 1.10. 20 km/h, 

60 km/h. 144. 56 km. 142. vp=41 km/h. 1.43. 
7 aSELOST ps 

jell inet AEE a km/h. 4144 44h. 445. 60 km/h. 


1.16. 48 km/h. 1.17*. 50 km and 150 km. Hint. Introduce the unknowns 
©, = 1/V, and w, = 1/V,, where V, and V, are the speeds of the 
motor-cyclist and the cyclist, respectively. 1.18. 100 km/h. 1.19. 


100 km/h. 1.20. 9 + Y 11 km/h. 1.21. The speed of the ships is 
15 km/h and that of the river flow is 3 km/h. 1.22. 6 km/h, 24 km/h, 
45 km. 1.23. 63 km/h. 1.24. The speed of the cyclist is 20 km/h and that 
of the car is 80 km/h. 1.25. The speeds of the pedestrian, the cyclist 
and the horseman are 6 km/h, 9 km/h and 12 km/h, respectively. The 
distance is 42 km. 1.26. 30 km/h, 20 km/h and 30 km. 1.27. 480 km. 
4.28.2 min. 1.29.15 km. 1.30. 3 km/h, 45 km/h. 1.31. 3 km/h, 45 km/h. 


| 
1.32. 6 km/h. 1.33. a 1.34*. 50 km/h. Hint. Take into account 
the fact that the speed of the train proceeding from opposite direction 
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with respect to the observer who is on the other train is equal to the 
sum of the speeds of the trains relative to a stationary observer. 
1.35. 108 at 1.36. 28 km, 20 km/h. 1.37. 114 bh 55 min. 1.38. 7 km/h. 
1.39. The passenger train, 21 h, the goods train, 28h. 1.40. 15 h 
and 12 h. 1.44. 6h and 4h. 1.42. The speed of the first car is 9/8 times 
as high as that of the second. 1.43. 16 h. 1.44. The speed of the motor- 
cyclist is 4 times as high as that of the cyclist. 1.45. 20/3 h and 10/3 h. 
1.46. In 4h. 1.47. 1:2, 1:3. 1.48%. 20 km/h and 40 km/h. Hint. The 
condition of proportionality of the speeds and times signifies that 
v,/t; = v,/t,, where ¢, and ¢, are the times of movement with the speeds 
v, and vy. 1.49. The ‘length of the circumference of the front wheel is 
2m and that of the rear wheel is 3 m. 1.50. 90 km/h, 75 km/h, 60 km/h. 
1.54. 117 km, 24 km/h, 22.5 km/h. 


1.52. a, a t. 1.53. 4< eas . 1.54. With the speed 


79 — prlt_t_Atol 
higher than JSS So ee . 1.55. It will be enough. 


1.56. 2<v<6. 1.57. 5<v< 10. 1.58. The village is farther away 
from the highway than the school is from the river. 1.59. 4s and 


6 s. 1.60. 1/80, 1/90. 1.61. 4 and 6. 1.62. =s (V 1421). 


Ses 3 
1.63. zeal AO S. 1.64%, 17- a.m. Hint. Use the fact 
that Opin/On = 12, where @ pin and wp are the angular velocities of 
the motion of the minutes hand and the hours hand respectively. 
1.65. By half a minute. 1.66. 11 m approx. 1.67. 9 km/h. 1.68. 3 min. 
1.69. 1/4h. 1.70. 24 km. 1.71. In 7s after the first body begins to fall. 
1.72. 16s. 1.73. 60°. 1.74. 10 s. 1.75. vg = 20 m/s. 1.76. In5s 0.5 m 
short of the boundary of the field. 1.77. 20 m. 1.78. 20 km/h. 1.79. The 
second car was the first to stop. a, = —8 m/s?. 1.80. 2 s. 1.81*. 
a, : ag = 7/9. Hint. Bear in mind that the times of the accelerations 


of the two trains are different. 1.82%. S,; = 25, Sy=55. Hint. 
See the Hint to 1.81*. 


Sec. 2. 2.1. 24 m3 a day. 2.2. 45h. 2.3. 132 min, 110 min. 2.4. 6 min 
and 10 min. 2.5. 6 min, 8 min, 12 min. 2.6. T+ YT (T — 2), 


T—ttiVT(T—it), VT(T—H(T>?2). 2.7.t, = 3h,t, = 6h, 
ts = 2h. 2.8. 400 parts. 2.9. In 14 days. 2.10. In 10 days. 2.11. Trac- 
tor of make A does 12 hectares, tractor of make B, 16 _ hectares. 
2.12*. 4 times. Hint. The condition in the form of an inequality is 
used to choose the unique value of the required unknown out of the 
two values obtained. 2.13. 50 h. 2.14. 9 days. 2.15. 10 h and 8 h. 


1 


2.16. 9 km a month. 2.17. 6 oh and 5 3 h. 2.18. 5/2 m3. 2.419. 


3 m3/h.2.20. 60%. 2.21. In 14 and 14 days. 2.22. 4h and 6 h. 2.23. 
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The first has to read 20 pages a day and the second, 35 pages a day. 


2.24. 12 h. 2.25. ¢ = oT. 2.26. 600 m°. 2.27*. 20 m3. Hint. Verify 
the solutions obtained by substitution into all the equations of the 
system. 2.28*. In 40 h. Hint. Use the formula for the sum of an arith- 
metic progression. 2.29*. (5/4) V. Hint. See the Hint to 2.28*. 2.30. 
Assume that 7; (i = 1, 2, 3) is the time needed for the ith pump to 
pump out the water from its reservoir. Then 7, > 7, > T,, and 


T,:73:T,=(U+Va):1:(e(44+Va)], if a< — 


1—a ,. @ 


T,:7,:T, = ee ke 


, if eae 2.31%. 


n—1 


t . Hint. Using the hypothesis, first show that all the pipes 


began operating before the reservoir was half full. 


Sec. 3. 3.1. Approximately in 23 years. 3.2. Approximately in 
55 years. 3.3. 12 kopecks, 80 kopecks. 3.4. 5%. 3.5. 10%. 3.6. 10%. 
3.7. 200 rubles, 3-per-cent. 3.8. 42.3%. 3.9. 726. 3.10. 50%. 3.44. In 
the number of years which is larger than 


oe ( SEHOM Ite (148. 


3.12. More than in log (Tae) [toe (1+ ahr} h. 


Sec. 4. 4.1. Eleven 4.0 grades, seven 3.0 grades, ten 2.0 grades, 
and two 1.0 grades. 4.2. Two 2.0 grades and seven 3.0 grades. 4.3. Nine 
5-storey houses and eight 8-storey houses. 4.4. 10 Moskvich cars and 
19 Volga cars. 4.5. 33. 4.6*. 25 boxes of the second kind and 4 boxes 
of the third kind. Hint. First find the cost of transporting one article 
in a box of each kind. 4.7*. The first worked for 3 days and the second 
for 2 days. Hint. Find the number of days each excavator could operate. 
4.8*. 45.20. Hint. Bear in mind that the given condition is associated 
with two systems of equations, one of which is inconsistent. 4.9. 
13 min. 4.10. 20 rafts. 4.141. 15 or 95. 4.12. 48. 4.13. 32. 4.14*. 5. 
Hint. By adding a certain digit to a number on the right we pass to 
a new number in which the number of unities is equal to the digit 
added and the number of tens, to the initial number. 4.15. 6464. 
4.16*. 285 714. Hint. See the hint to 4.14*. 4.17. 32. 4.18*. 45 or 54. 
Hint. To obtain the sum of all even two-digit numbers, use the formula 
for the sum of the terms of an arithmetic progression with the difference 
d = 2 and a, = 10. 4.20. 24 and 10. 4.24. 31 and 41. 4.22*. A = 42, 
B = 35. Hint. Use the formula n = m-p -+ k, where n is the dividend, 
m is the divisor, p is the quotient and k is the remainder. 4.23*. N = 


37. Hint. See the hint to 4.22*. 4.2h*, > cs 2 Hint. The 


10°17 ’26° 
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problem reduces to solving a system of quadratic inequalities in the 
set of natural numbers. 


4 4 125 135 
Sec. 5. 5.1. 1.5. kg. 5.2, 3 4, 32 — r Sr. 
= { 2. 2 
5.3. 7 kg. 5.4. 60 kg. 5.5. aes Aca 
2 2 
2n+m+ V meta? 5.6*, dtl Hint. Introduce zx, which 
2 m+n 


is the weight of the cut-off piece, as an unknown; c, and c, are the 
concentrations of copper in the first and the second piece respectively. 
5.7.5% and 11%. 5.8*. In the volume of 4 cm?®. Hint. Use the formula 
m = pV relating the mass, the density and the volume. 5.9. 12%, 
24%, 48%. 5.10*. 29%. Hint. Introduce the concentrations c,, cy, C3, 
c, as unknowns. The hypothesis produces a system of three equations 
for four unknowns ¢,, Cy, C3, cy. When investigating the system, take 


into account that we seek the combination of the unknowns Eas Waa + 4 


5.14. 13/4 times. 5.12.5 gand 20g. 5.13. 14kg,7kg,16kg. 5.14. The 
first pipe feeds the liquid two times quicker than the second. 5.15. 50%. 


5.16. 12.5 g. 5.17. 170 kg. 5.18. 40%, 43 > %. 5.19. 2 litres. 5.20. 


10 litres and 90 litres. 5.24. 10 litres. 5.22. 1/6. 5.23. If p = q, then 
any number of pannings retain the percentage of gold; in that case the 
problem has a solution ifr < k, the number of pannings being arbit- 
rary. If gq < p, then the number of pannings n is defined by the in- 
, r (100 — k) 100 —q 
equalityn = log ~k (100—r) og 100 —p 
r (400 —k) 100—q 
log (f00-—r) [toe 100—p* 


. Now if p<q, thenn< 


Chapter 11 


2be cos (a/2) 


Sec. 1. 1.1. 20 cm. 1.2. . 1.3. 75. 1.4. m(mcos B+ 


b-+-c 
aS Ee 2 
V c2?—m? sin? B)sinB. 1.5. No. 4.6. = sin 2a. 1.7. > tan a X 
ina 
(rcosa—c). 1.8. ser ne 1.9. —2Scos*acos2a. 1.10. 
cos a 
= a” tan? @ sin 2a 
2 == ——_— 
288 cm?, 1.41. V3—1. 1.12. Hi eosay + 18. 4. 14, 
b? sina (5 sin B-+3 cos f tan a) 1 ce 
Fa AB ep 1.45. a 1.16. a Xx 


cos? B sin 2a 


V 15 , 
* e 
sora =p) cos (ae) 1.17*. 5 Hint. Complete the triangle 
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to obtain a parallelogram and use Hero’s formula. 1.18. - 
1.2 


) 7 21+Y3 

119. StanacotBP-+>. 1.20. (=a) - 121. V3. 
= 9 47 

AV. 1.23.75. 1.24, 27%. 1.25, [MF] = 2V 1 | 4.26.3,5, 7. 


1.27.11+Y2. 1.28. ~ + arccos ee ’ - -F arccos see : 


ao 372 er 2—V3 
1.29, |BC| =— Vb (b+-c). 1.30. 4 e 1.31. “3. cm ° 1.32. V5 e 
INCI 3 AN] 4 4 4 
mt ; a 23 25 
9 = t—arcsin i= . 1.36. 4 (1—a). 1.37. 00° 1.38. 16 ‘ 
1 7% B (1+ 2a -+ aB) 
1.39. ~~ fe 1.40. “= 1.41. 4 1 UN POP NU 4 CO eo” ew 
12 6 (1-+-a) (1+ 8) (14-+-a-+-aB) 
Sec. 2. 2.4. s=16 V3, 1=8. 2.2. 256 cm3. 2.3. V3 m. 2.4. 2 cm. 
a, 4 2.9. Y40- 
e 2 e e e (V3+1)2- a 


12 
2.10. ES gr eee eta b- -+-——_—_ Connie e 2.41. l. 2.12. Side CD. 2.13. am, 8 


(4+3tana)? 7 woo 1 eis 
2.14. Vt Soe oe: V a?—16. 2.15. oy (a —= b) SsIn@. 


2.16. 4h? cot a—2h V a?—4h®. 2.47. a 2.48 2. 2.49. |AB]= 
4 


|BC|=2, |AD|=V'3, |DC|=1, s=+ V3. 2.20, =. 2.24, 


a VY 13 |AM| __ 
5 2.24 iMDI= 


ays cm?. 2.22.2 Y2 cm. 2.23, |MK|= 


721m ee 
=. 2.25, =, 2.26. +s. 2.27, sit? V (ab) (36—a). 


4 5 41 37 

2.28. oe 2.29. V 35. 2.30. Ty 23h. y+ 2.32. Ge. 2.33.4. 
sd 4/'OQ- 

2.34. + yt . 2.35. |KM|=2V 0/3, |LN|= Vy tee 
V3 

9V 7 — a* = 

Sec. 3. 3.4. ———. 3.2. 2V Rr. 3.3. 8. 3.4. a B+n—3 Y 3). 


3.5. 1-V3ton, 3.6. =~ cm?. 3.7. 2. R22 V 3-52). 
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3.8. +R cola—-5 R (= —«). 3.9. 8. 3.40. 7. 3.44, Sa 
GAREY gag) p= a Aa) 
64R3 4(V Ri+V R,)? 


aV 3+ r—V 4r2+2ar V3 2 = 3 
eYerr rae. 345. = (8—V5). 3.46. (= h, 
12 


aa h | 3.47, 3V 13. 3.18. a em*. 3.19. 


——; 2 sin? a 
— m2 ee 
V 1—m?). 3.20. alsin Da sinta) * 3.21. The area of the 


3.143. 8cm. 3.14. 


7 (arccos m—m X 


square is larger than that of the circle. 3.22. |AB| Soo. 


V5 


AG P b |cos (3a/2) | 43. ora 


Sec. 4. 4.4. 1+y2- as “2 sin a cos (a/2) ° 
R sin (a/2) abe 


1-+sin (a/2) © ae V (a+b-+c) (¢+b—c) (a+e—b) (b--e—a) 
a2? (3 V 3—n) b+e—2 V be cosa 3 ows 
~~ Ww ° 4.6. ~ QOgintq e 4.7. V 3, 2 V3 


= = 5V 13 , sin? («-+-) sin B 
(or 2V 3, V3). 4.8. a 49, 2R? ———_T 


4.5. 


a re __ sin (a/2) cos (8/2) 
410. V15+6)3. 4.44. Reve ea) 


1 ak? 5t—6 V3 , a 
2 2(a—R) (a?+ R?) ° 4.13. —7,,—OO 4.14. a X 


1—sin (a/2) a V 13—4V 7 = 
T-Psin (a/2) tan 4.15. a —_———-, 417. S= 


412, S= 


ee hea 4.48, 2S tg, Ree. 


AL 
10° 
yon, RV3(VI+5) p93 453, 4.24, 150-42. 4.05, 2Y 1, 
Vi 7 ¢ 
5/4—cosB obsina V7 425 - 


oo Sina py Bele poe 428. B+ V3). 


4.20. 4.24. net (144—Y 70), r= V6 (24 — V 105). 


4.26. 


4.29, — (6—Y 3). 4.30. 128(3-+2Y 2):49. 4.34. 
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_ = 4R2 sina costa | 
e 2. — 9 = e e a a ET | e e 
4.3 |AC| =V 10, |AB|=3YV 2. 4.33 7 4.34 


a2 V3 _ 1 Lx B 
e+ 4035. 22. 4,36. S= > 1 (I—n) sin B (14-5 sin Btan5) . 


3V3 sin C 3—2V2cosB 
4.37. 5n—3 ° 4.38. ie ein (EC) ~ A4sinB 9 R= 
sinc 342Y 2cosB 
sin (B+ C) 4sin B : 
4.39. tan -~ sin 20. 4.40, ——__'___ The ratio is the 
ve sina-+cosa—1 
Fes sin (@/2) sin 2a 4 
least for a=45°. 4.41. sin (a/4) sin (7/4) ° 4.42. arctan ana 


143, LAE | _ c0s® ((B—y)/2) 


| DE! cos* ((B-+ y)/2) ’ where y= ZACB, B= Z ABC. 


—— _ 4.45. 250. 4.46. 5 cm. 4.47. eeecst = , — —arccos = 
V6 5? 2 5 


4.48. 14 cm. 4.49. 3, 4, 5. 


or arccos : 7. arccos : 
5’ 2 5° 


4.50. = dm. 4.54. Y91 cm. 4.52%. 2 Y5. Hint. Introduce the 
acute angle of the triangle a as an unknown and set up an equation 


to find a@ by means of the theorem on a tangent and a secant. 


4.53. 240 cm2. 4.54. oe is 4.55. os = 4.56. a 
1 4 4 bf 4 1 
4.57. ——-—arccos (-=) ; —-+arccos (-=s) ; 
4 V6 y2 ee V6 Yy2 
pice 2 ween Sa, _ 3 V3(y 13—1) a m VY k2?+2k cos A+14 
MES Mes Fee aes 320 cow" 2.(k + 4) cos (A/2) * 


342 Y2sin (a/2) 
2 cos? (a/2) 


4.64*. Vy = ; V =. Hint. Introduce the distance from the 


point D to the point of tangency of the circle and the straight 
line AC as an unknown. 4.65. The jtriangle is equilateral, the 
length of the side is 8. 4.66. | AB |=10, | BC |=6, | AC | =12. 


4.61. arccos V 2 (1—S). 4.62. a. 4.63. R= Y2 cm. 


2.2 
_ 4 5, 9V3r? 
2 | cos B | 4 


hr V7. 55. 5.6. 2. 5.7. | 0,02 j=. 5.8. 12.5 cm. 


Sec. 5. 5.4. 2? V 3. 5.2. R 
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2) : Be 2 103 W17 44373 
5.9. >. 5.10. 2(V6—Y2)- 5.41. —Sao—. 5.42, TF. 
2r r? ) Str 4? sineacosa 
= ad aie |, 54g eS 
9.13. (sa m) (r - an 5 co = 
g 
5.15 ~, =, 5.16. 2n71 (cosec a.4-cosec 8). 5.17. > r?. 


5.48. 3 cm, 8 om. 5.19. “ 5.20. 8. 5.24.12 V5. 5.22. 144. 


5.23. 3. 5.24. 10:14. 5.25. The trapezoid is isosceles; 75° and 


: aes te one 
105°. 5.26, 210. 5.27. ae. 5.28. \vD\| f=? + Isin? —- + 
7 34 
; a OH orno & 5 eee age ee 
/ a2 +2a1 sin? = eae cos? = sin’. 5.29 a 5° 
2 ue a8 
5.30. | AC |= V3" 5.31. 3 
Chapter 12 
Sec. 1. 4.4.  arccos fe 1.2. a V3. 1.3. 2a8sin % x 
V3 2 
a 3a 63 Y cos 2a 
V/ sin > sin 7: 1.4. wae ‘ 1.5. Q= 
arccos(sinasinf). 41.6. 576 cm?. 1.7. Y 2d? sin 2¢ cos (45°—a). 
1.8. a%bsinasinB. 1.10. vs 113 cos? a sina. 
es 5 Soca = ‘ 
141. 6 V8sin (a+ 30°) 1? 4.42. sin wen A: 5. eee 
cos @ 3 6 
a V 4b? —a? V3 ap y o -_ 
1.13. “2a oe 1.14.-7- (3 tan aa Z 1.45. V= 
a® cos? (a/2) cot (a/2) 1.16 a 1.47 c* sin @ cosa@ 
3(83—4 sin? (a/2)) ° "sin @ 7 °° 2 cos B 
1.18, V= Ve > (a? + b® — c?) (a2 + c2 — b2) (b2-+ c2 a2) , 
past 
1.19. Ts sin Be eg ers 1.20. sin esos, 


1.21. m—2arcsin TN 1.22. sy gine 1.23. a V V2—1. 


1.24. —_ 41.25. rc e V (a2?+b?—c?) (a? +. c2 — b®) (b?-+ c? — a2). 


% 
eee af 


~ 
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= ge 
1.26, V2qs/ _cotr@/2)_g.97, 2 y_c08 (B/2) cos B 
1 — cot? (a/2) 3 sin (6/2) 
2 +2 
1.28. _d@? tan (a/2) ; 1.29. ya hs sin* (@/2) A 1.30. Q= 
2 cos 8 3 COS & 
SY. V 488 L3yv. 1.31.  2arcsin ( v2) 
| tan? a—1 13 cot a cot B 
1.32. arccot yo :. 1.33. 3 [1/sin? a+ cot? p)3/2_ e 
: = 2 2__ 2 pice eats 
1.34. 6V2—V6+4. 1.35. V= se el , Stat = V 1? —dax 
d _ Y3-1 V3 
>z 1.36. 2arcsin 9s 1.37. 2arccos “Zsin(9/2)° 


‘ = 
1.38. aes) . 1.39. arctan (tana cos =} : 1.40. 0= 


cos (1/n) (a3—b3) VY 3 
cos (a/2) ne 6 . 


he 
Sec, 2. 2.4. =. 


2 arcsin ( 


V5 ss aV3 
5+ 2.3. V 6. 2.4. ae 


2.5. P coincides with the point C. 2.6. ll A . 274 = vo 


4 170 ° 
= aah 
f+. a 29, 14V3, 2.10, AV scot 
3) sin @ 
2) (q— 
2.11. ie" ent) tan? o tan B. 2.12. arccot (cos a). 
eo WoT 
2.13. — 2.44. arccos ( tan S-} - 2.45. a V 20s 
2 2 sin (a@/2) 
a? sin 2a ; —_—: 
2.46. ——. 2.17. 7m 2.18. Sop 2.19. Ssing Vs V'3cos Q. 
a* tana 
paieds 2 Paebcc a ican oe 
2.20, 3 ees 1552+ 4/2, 2.21, 3. 2.22, so BtanB* 
3 3 27/3 3 
2.23. (3m +-2n) a’ tan a 4 tana s=2 V3 2.24. 3V 3 
8n 8 4cosa 8 


2.25. + (e-h)-S. 2.26. 7:17. 2.27. a V (a?-+-b?) c?+- 4a2b2. 


oR 
2.28. p= arcsin > ‘ 229. S=— vs cosa VY 4 +21 cos? a 


a? me =~+2sin = gem er ina al 


7 || 2.31. S= 


(sin + / 4sint% 1 sin? — > —t} 
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2 V3 : 
a2 sin? 5 / 3—4sine 4.sin? — 20k 9 ab. 2.33. t(Etan?adt-4)cosa | 


2.34. 2 a a®, 2.35. 2a? cos? = VY —2cos2a. 2.36. S=4V 3m?. 


237. 2 9.99, 2V 242. 2.39. yi aara 2.40, 22° sin =, 


128° “°° 4 cosa ° 9 2 
{ a a sin? =} 
2.41.3: 4.2.42. 5: 2.43... .—--——— 
(een g+Y 1 7g - sin? — oo ~). 
2.44. Lee 2.45. At the distance not large than “ae | SD | from the 


4) 1 es 
point S. 2.46. 8:37. 2.47. ye . 2.48. > l2 cosa. 2.49. 32 Y 3. 


2.50. a? (1-4-2 V 1+75)- 251. 2.52.1:4. 2.53. 2s. 


3 2 : Mo. 31/45 
d® cos? a@ sina 3.2. M59, So aT 3.3. ur Vi 15 


Sec. 3. 3.1. 


An 3 
45 J 273 
3.4, mS V 15° $5, 25 Sie: Vs ey ee 
3 3 3/3 3 12 — 1 
38, YS 39 2=3V3_ 349 a 1s, | eee 
10n+4+-3 V3 ° 4. cos B cos? £ 
12 cos B 


3.12, 


cake V sin (B 4- a) sin (B—a). 
Tt V b?—a? (b2 cot? a@— a? cot? B) 
24 (cot? ~ — cot? f)3/2 
345, 2V2—-1 pp 2V 241 2 3.46. 7 (142 tan? 2 4 

2V2+1 0 2Y 2V 2-1 2 
V6 
tan > 34-4 tan? 34-4 tan? 2), 3.47. r (4+ =). 3.48. 4. 3.49. ry= 


3.43. | 3.44. — (28, +28, + nd?2). 


at csina c oan p?—(R—r)? 


Zeina’ "?—Zsinp’ "*~2sim®(a+B) GVW REV De 


es ; : 
Sec. 4. 4.4. aE 4.2.5:4. 4.3. 12R2? V3. 4.4. a 


2 2 2 3—-VY5 3+V5 
—- a(¥ 3—1)?. 6.2 RY =, 4.7, —— 


Kw 


28— 0263 
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qo wee _ 
48. — a VE. 49. oor REVS. 440. R=4em. 4Al. R= 


a V 3cos + —sin + a yj wea) 
2¥3 V 3 cos > tsin s 23 sin (60°-+ =} 
a cos —— 
4.12, eee eae ae eae 4.13. ee. 4.44, 2VS 
27/ sin (24-2) sin (2%) : : 
3 2 3 2 
15, 2V3 (toot 1—2 cot a) ie. = Ss. 
4. 5 cot?a+1—2cota). 4.16. 3 V 3(3-+-cos? a) ; 
4.17. b (4 V =) b 1/4) 4.18. —— 
e ( + 3 ’ ( “3. e 2yV 2 
cot P : 
y) a Sa pn = 
nig. P=) gn, 4 2 V3 yoy AV 3—1) 
2 V 3b? —a2 B 1 \e 4V2 
cot $+.) 
2 V3 
1 6 3 VY 3sin? a-costa 
4.22. i= > ’ Po= 2 arctan a 5 4.23. ———-_ oa. 
e 2 D 
4.24, —Ansimacosa 9, ARV Stana 456 a 
3 V 3(41-+-cos a)? 4+ tan? a 2(1+ V 6) 
3 9490h2 
wot, —V3t! yng 4, ng V 2890 ggg, 1 
2Y24-V3+4 a : 
b cos @ sin (a/2) 
2 — q2 2 ee — -I ee ee ee 
a? (4b2 — a?)1/2 (4a2b2 — a4—b4)-1/2., 4.31. cos (a/)+-1° 
432, —— ggg, V2 gy 485. Sm 


r+ V rt aH ae : 


— = 2 a ona? 
Bare! . os a _ ona" 
3 V 15 (W5+4)", a=2arcsin V 5. 4.36. —-, 4.37. saa. 
e e ee ee V 21 
4.38. 4R2 sin 2a. 4.39. 4R2cos a (sin a+ VY —cos 2a). 4.40. 4 


—————— 3 
4.Al. as rR (R+YV R?—r?). 4.42. Es R3 (1+ cos 9) 


6 3 cos @sin? @sina * 
4.43. S=2 V 2R2 COs @ ( sing + V sin? a+ + cos? a | ; 
4.44, Bas sect . 4.45. a Scien eadicretibe a0 


ee 4.46. ————— 
4 2 V 1+. cos? a+ cosa V 2a2—0? 
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4.47. _V32—V3) a’. 4.48. ae ey eet eee ee 
4 V 2 (cos (@/2) + cos (B/2)) 
aV3 Seas 14 
4.49. ———————-.._ 4.50. V=4(Y 10+1)°, a=2arcsin aie 
41+ y7) ea 20 
3 (Dh — 3 2 De 
451, —“@r—2) gg, PAR sg gp BV BR? y_ 
3Y 2 V 2b? —a? 16 sin? @ 
= a ne etn gi =n)" 
4V3 _.4—sin?a 32 Y 21 (6sin int DPB 
R3 ——_—-_, 4.54. ——.—., 4.55. ——______—__.—__——_- 
3 sin? @ 147 : 
ttn? sin? — 
4 sin? a@ cos? a 2 4—sin?a 
bers tpg fe ee eee i 
4.56. —- nas 4.57, V=-p aR8 ——," 
2 3 3 Son! 
=e : 4.58 m—4 arctan a , 4.59. aur’ cot? (n/4—a/2) : 
sin? 2 3 cos? @ sin @ 
4.60. S sina sin 2a cos? >. 4.62. 4 tan? > cota. 4.63. 2. 
27 ; V a R / a. ,@ 
4.64. Te sin?a * 4.65. arcsin v° 4.66. x 3 cot 5 cosec? — , 
4.67. =r. 4.68. r(3+2V2+V3) 4.69. sin ~ =, 
V3 V3 2° V3 
nr? (r+ YV_r3-+-(d—r)*)° y= ae 
4.70. — 3(d—r z 4.71. ae (VR+ r= VR ‘ 
2 Ye, 
ura, Ratha) __ VER 5, 9 gg, #8 ape 
VR+R+V Rhy VRI+KR+LR 
4.75. R | r+ cot (+4) | - 4.76. a 4.77, R= 
2r 7 a 
= tan foe 
V3. (7-4 ). 
Chapter 13 


Sec. 4. 4.4. (a) (—6, —2, 4), (b) (18, —5, 19). 4.2. (a) (—30, 
24), (b) (0, 0), (¢) (-. =) (@) 25, —10). 1.3.0=2, B= 3, y=5. 


1.4. @)(->.5.>4)- 0b) (4. >). 1.5. (a0 


3 3 3 

Bp): 16 (a) e=a—b, (b) = 2a—3b, (c) e=—F- a. 
— 

1.7. (a) PO=(—3, 5, —3), 0) PO=(—H, 4, —4). 


28* 
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1.8. (0, =). 1.9. (a) (—2, 1), (b) (0, 2), (c) (0, 2). 1.10. M, (7, 0) 


and M,(—1, 0). 4.44. M(0, 4, 0). 4142. M(—4, 0, 0). 
1.13%. (a) (+. 4) (b) (=. 4), (c) (+>). Hint. If 


the vertices of the triangle ABC are defined by their coordinates 
A (t1, Y1, 21), B(%, Yo, 22) and C (x3, Ys, 23), then the coordinates 
of the centre of gravity G of the triangle can be found from 


1 1 
the equations z= > (x; +2,+ 23), Uae (yi tyvetys), z= 


4 , 9 5 
a (211 22+ 25). 1.14. (a) ik=— FP (b) k=— 7) (c) k= —3. 


1.45. (a) Yes, qj (b) Yes, c= ee | 1.16. 5 ae , 
3 3 3 
Y=. 1.18. (4, 0), (5.2). 4.49. (—4, 2, 4), (8, —4, —2). 
1.20. (+ ~ 7). 1.21, a= —1, B=4. 1.22. (a) 22, (b)—200, 
-_ 4 
(c) 44, (d) 105. 1.23. e,= (—z. =} e= (= —=). 
24 77 a b 
* —_—{— — i = = — ——- —? 
1.24%. r=(% 35) Hint. x=eyte= tip. 125. —13 


1.26. (a) | a|= V3, (b)| b | = V 14. 1.27. (V3, 73, V3) or (— V3, 
—V3, —V3). 1.28.67 2. 4.29. (6, —2, 4) and (—6, 2, —4). 


1.30*,V 85 int. AM = (4B-+-AC)= AB+_* BO 
30°, LE | Hint, AM =~ (AB+AC)=AB+—5- BC. 1.31. (a) 


arccos me , (b) arccos ( aera (c) arccos = , (d) arccos( — 


2 
ya) 

2 
7’ 


(e) arccos aot , (f) arccos 


7 — . 1.32*. arccos 


et ee ee pr 
V0 ; V10’ 
(c) —1, 0, 0, (d) 0, ae Hint. i=(1, 0, 0), j=(0, 1, 0), 
k=(0, 0, 1). 1.35. yar 8). 41.36. b=(—24, —32, 30). 
1.37. 90°, WY 10- 1.38*. e,=(1, 0,4) or e= (—+. < ; ~=) 
Hint. Designating the coordinates of the vector c=(X, Y, Z), 
derive a system of equations ca=1, ch=1, c?=>a?=—b?=2 and, 
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1 
sulving it, get the answer. 1.39. a ae ay 


1.40. we 1.414. Z=4. 1.42. X=0, Y=2. 1.43. e=(—3, 3, 3), 


4 1 2 
eee eee ue 
Using the length of the vector a and its perpendicularity to the 
vector d, set up two equations with respect to X, Y, Z: X—Y+ 
2Z=0, X?+Y24-72?—12. Noting that |b]=]e| we find that 
2XY+YZ—XZ=0, whence, solving three equations for X, Y, Z 


we get the answer. 1.46. | BD | =2 V 6. 1.47. | AC | =5, (+ ods 1} : 


1.44. o= | 1.45*. a=(2, —2, —2). Hint. 


1.48. arccos a. 1.49. pe ee 1.50. | AA, |= S »| BB, |= 
V 6441 25 Y 13 
aes | 0G |= Ua arccos a 1.514. (2+ 73, 24+V3) or 


(2-V3, 2-3). 1.52. €1(3, 6), Di(5, 3) or Cy(—3, 2), 
Pare ae 
D,(—1, —1). 1.53. A a, ley C (" cvs 


’ 


cal ). 1.54. | AA, |= Y 10. 1.55. D(20, 23, 6). 1.56. A==4. 
1.57, A=7. 1.58. | AB|=5, | BC|=5V2, | AC|=5, ZA=902, 
—> 
ZB=2ZC=45°. 1.59. Acute. 1.60. p=45°. 1.64%. AH=(2, 1). 
—_— —_ > —-> 

Hint. Take into account that AH=(X, Y) | BC and BH=AH — 
—_>  —_ “2 EA 

AB 1 AC. 1.62. | OA, I= 2. 1.63. | AG ees 1.64%. A! (0, 


—2, 0) and Aj (2, 2, 2). Hint. Knowing the volume of the prism, 
we find its altitude H=|AA,|=Y6 and, designating the coordi- 
nates of the vertex A, (x1, yi, 21), we relate the coordinates of the 
—> 
vector AA,;=(x—1, y, z—1) and its length. We get the other 
> —-> 
equation from the condition AA, | AC. 1.65. 18. 41.66. 26. 


a ee ey a — 2=0. 
2.2*. 32 — 2y —12 = 0, 32 — By + 24 = 0. Hint. Use the inter- 
cept equation of a straight line (4). 


2.3, (a) 32—2y—5=0, (b) r—by— 2 =0. 2.4, AB: 4c+y—6=0, 
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19 oe 19 - z—1 _ 
V 17’ V17-58° VY 24517 
y—2 YA 77 a 
ayn ee ey =?) 
2.9. y = 2x — 6, y = —22x +4 6. -x— oy +3 = O0or dz + y — 


+ 6. 2.6 
— 11 = 0. 2.7*. C, (5, 10) and C, (3,0). Hint. The area of the triangle 
ABC can be found from the formula 


sas lal Ibi yf 1-(— MP _)=5 Vial ibe. 


2.8. D (9, 0), 2.9. (cx — 1)? + (y—1)? = 4. 2.10. y ave and 


CD:zx—4y—2=0, h= 


y= =. 2.41*. B (12, 5), C (—5, 12), D (—12, —5). Hint. 

The point C is symmetric with respect to the point A about the origin. 
1\2 = 9 1\2 = 

2.12**, (2+ ] +y—V2P= 7; (2+) +(V+V3P=2., 


Solution. The centre of the required circle lies on the straight line 
which passes through the point (1/2,0) at right angles to the Oz axis 


Fig. A.4 


(Fig. A.1). The diameter of the required circle is equal to the radius of 
the given circle. Writing the equation of the required circle in the 


2 
form (2-5) 4+- (y — Yo)? = and requiring that the circle in 


question should pass through the point A (1, 0), we find yp. 
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2.13. (c — 1)? + (y — 1)? = 1, (xc — 5)? + (y — 5)? = 25. 2.14. 
2x — y — 22 = 0. 2.15. (a) 32 + 4y + 62 — 29 = 0, (b) 2x— 2y — 
zt+9=0, (c) tx—y+44z4+11=0. 2.16. (a) arccos . (b) 
arccos = (c) arccos = ZAT*. ve Hint. Find the cosine of the 
angle between the vector n of the plane and the vector AB. Using the 
definition of the angle between a straight line and a plane, find the 


sine of that angle. 2.18. (a) arcsin ue (b) arcsin a, 2.19. 10. 

35 15 Y 10 
2.20. (a) .. (b) 0, (c) 4. 2.241. 3. 2.22. 62 + 2y + 32 + 42 = 0. 
2.23. (—1, 0, 2). 2.24. (a) (0, 0, —2), (b) (2, 3, 1). 2.25*. 3. Hint. 
The vector n = (2, 2, —1) is parallel to the straight line which passes 


through the centre of the sphere at right angles to the given plane. The 
distance from the centre of the sphere to the plane is equal to 5. 


4 97 40 Beh ce a ate 
2.26. (4, —3, 0) and (sr a a): 2.27, (2-5) + (y—4)2-+4 
m2 = =33 33 33 
ee NO as en 2 —. ~it e 2 ; 
(z —1) 5 3 for m2™> D it is a sphere; for m 5 it is 
a point; for mix it ig an empty set. 
3 


See. 3. 3.4. arccos 


3.2. m—arccos ( : 

; V%4 e oade 5 V e 
——.. 3.4. arccos ——. 3.5*. = . Hint. Choose a system 
V 10 V5 3 : 

of coordinates Oxy such that the axes Ox and Oy would pass through 
the legs BC and BA respectively. 3.7*. 2ax + 2by = a* + b?, where 
a, b are the lengths of the legs. Hint. We choose a rectangular system 
of coordinates such that the Ox axis coincides with the leg CA and the 
Oy axis with the leg CB. 3.14. 3a?, where a is the length of the side 
of the square. 3.15. 4a?, where a is the length of the side of the square. 


3.3. arccos 


6 3 4 “4121 551 
3.16. —_ | 3.17. ST a 3.18. ~ aa Pe) 3.19. “OPN e 
Y 170 V 170 3 170 850 
4 1373 V7 
3.20. 7 “35 ° 3.21. arccos 3 


7a? V 17 
3.22" *, oy Solution. Introducing the system of coordi- 
nates Oxyz as shown in Fig. A.2, we find the coordinates of the points: 


A (a, 0, 0), E (0, x a | _ F (+. a, a . Theequation of the plane 


which passes through those three points has the form z + y + sa z+ 


a =%.0! The cosine of the angle between the plane of the lower base 
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and the given plane is cos g= =n The area of the projection of 


the pentagon resulting from the section of the cube by the secant plane 

2 2 

onto the plane of the lower base of the cube is s= a? — y = ce 

and, consequently, the area of the pentagon itself is S = 
s 7 V 1702 


cosq 2% 
3.23**, | A,K | =| AL |= V5 a, |KL\= v6 a, a . Solution. 
2 2 41 
It follows from the hypothesis that K (=. , 0, 0| , b (0, a, 5) 
2 2 5 
(Fig. A.3). Then | A,L 2a +—7-= = , | AL |= ave 


a 


: 2 
| ALK |?= +02, | AK |=—, 2 Let us consider two triangular 


pyramids: NA KA, and NDML. In the second pyramid we designate 
the unknown lengths of the legs ND and DM as z and’ y respectively. 


Fig. A.2 Fig. A.3 


It follows from the similitude of the triangles AA,N and DLN that 
x = a, and from the similitude of the triangles AKN and DMN 
it follows that 


re Parte aaa _2V6 
y=ti [KLP=P+a4+T=-, |KL|=+5—. Then 

4 1a a 114 aqa a® 
YNAKA = 3° 9° RS 2@= 3 VupML= 3° yg T= BB 


From this we find the volume of one of the parts of the cube into 
which it is devided by the secant plane, V,=Vyara,—VNDML= 
7a8 
“48 
whence V,; Vg=7: 41. 


. Then the volume of the second part of the cube is Vax a3, 
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ah 
3.24. ae. 3.25. (a) =; ; (b) ay 5 0. 3.26. 8a?, where a is 


2 qt 4 
the length of the side of the cube. 3.27. ——— . 3.28, — , = 
7 : V3 ZW 
1 ve aV5  aV2 
3.29. z ya 3.30. ° , (bd) 5 . 3.31. 5 
Sec. 4. 4.4. DC DOS ae he DO a 
ec. ge ee L 2 a+ 9°? 3 4 ie 
—_ es 4 —> —> 4 <= k =—- 
4.5. MC =~ MA-+-y MB. 4.6. so ois Te ay MB. 
= 2 25 7> ch+be 
417. | AB|=4. 4.18. T° 4.19. 1.5. 4.20. Sh’ 4.24. AA, = mee S 
—> 1 4 
where AC=b, AB=e and | AC |=b, | AB|=c. 4.22. 5° 4.23. x. 
(a+b) (b+-c) (a+b-+c) ae aay 
4.24. ab (a-+-b +20) . 4.26. 0. 4.27. (p=q=1. 4.28. GO= 
a—Tb++e. 4.35. 1:8. 4.36. 3. 4.37. . 4.38. ae 


Sec. 5. 5.4. (a) 9, (b) 13, (c) —64. 5.2. —13. 5.3. The vectors a 


and b must be mutually perpendicular. 5.5. k= —= . 5.8. (a) mg= 
A V b?-12becosA+c®, (b) Ig= 2be cos (A/2) | 59. (a) mg= 
2 bc 

eee eee eee 2.V bep(p—a) V2 
— V —@ 2 2 4. SPN Eee 

: V —a®+ 202+ 2c?, (b) 1, a . 5.40. arctan — 


5.11. B+ VB 5.12. ee, 5.24. 2ZA=Z B=30°, Z C=120°. 
8 Vi 


Chapter 14 


Sec. 1. 1.1*. 107. Hint. From the initial set (0, 4, 2, , 9) we 
take samples with replacements, which contain seven ‘elements each. 
10 (107 — 1) 

12". ge 
the quantity of different samples including one, two, and so on, to 
seven elements of the initial set. 1.3. 243. 1.4. 237. 14.5. The number 
of divisors g is equal to the product (k, + 1) (k, + 1). (Km -+ 1). 
1.6. A?). 1.7*. 2%. Hint. The initial set consists of two elements (H, T) 
and the samples with replacements consist of n elements. 1.8. 720. 
1.9. (a) 2-29!, (b) 28-29!. 1.10*. 968. Hint. We must find the sum of 
the numbers of different chords containing three, four, and so on, to 
teff-sfunds. One chord, consisting of & sounds, is a sample of & 


. Hint. Find the sum of the numbers which represent 
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elements from the initial set which contains 10 elements; the order 
of the elements in the sample is inessential. 1.11*. 40-39-C5,. 
Hint. The chairman and the secretary form a sample without 
replacements consisting of two elements of the initial set which 
consists of 40 elements, five members of the commission form a 
sample without replacements of a_ certain composition 
taken from the _ initial set consisting of 38 members. 


1.12, ees 1.43. CG le 1.44. Gleaaeey 


1.15. (a) 42 ( : | different cards; (b) (3) a different cards; 


42 6 x [02 48 

(c) 3 | ( a different cards. 1.16. 120. 1.17%. (io) —(40} | Hint. 
The required number is equal to the difference between the total 
number of the ways to draw 10 cards out of the pack of 52 and the 
number of the ways to draw 10 cards out of 48 so that there is no ace 
among the selected cards. 1.18. 4.(7) . 1.19. (7) (7) . 1.20*. 
1225. Hint. Take into account that the digit notation of the number 
cannot begin with a zero. 1.21. 750. 


Sec. 2. 2.1. 2520. 2.2*. 3465. Hint. A sample with a given number 
of replacements of volume 8 is taken out of four groups of homogeneous 
clements. 2.3*. ( 7 )— ey . Hint. A sample with a given number 
of replacements of volume 7 is taken out of 10 groups of like elements. 


ya ae (3a: Hint. We seek the number of different samples of com- 


| 
position (43, 13, 13, 13). 2.5*. = . Hint. Six different groups of homo- 


geneous elements must form a sample with a specified number of re- 
placements which contains 12 elements and has a composition (2, 2, 2, 


23. 2y-2)i- 2.0". ("re . Hint. We must consider a sample with a 


specified number of replacements which has a composition (m +- 4, n) 
where m -++ 1 is the number of gaps between m white balls and n is 
the number of black balls. The number of different arrangements is 
equal to the number of different samples of composition (m + 1, n). 


200" RBI Bal Hint. We seek the number of different samples of com- 


position (n;-++n,), where n,=52 is number of successes and n,-+-n,.= 
100. 2.8*. 2 (6!)?. Hint. The number of permutations in the left- 
hand seats in the row must be multiplied by the number of permuta- 
tions of the right-hand seats. Take into account that the right-hand 
and left-hand seats can be interchanged. 2.9*. Hint. Use the inequality 
oe an ) = (* iP , which can be proved in a direct way. 


Sec. 3. 3.1*. 1024. Hint. Expand the expression (1 + 1)!° by the 
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binomial formula. 3.2. k=4. 3.3*. T,= (S x® +5 — 15328 -5. Hint. 


Use the fact that the middle term has the greatest coefficient. 3.4. 
28z2a-4. 3.5*. Hint. Use the hint to 3.4*. 3.6. —1375. 3.7**. 


100 
ea (s+) . Solution. Let us consider the relation between 7,4, 
and 7;,. Since 


r =( 100 \ / 1 \ 100 T= 100\ / 1 \ 100 
m=(i)(z) > ™=(e)(z) 
Troi 100! kK} (400—k+-1)!  100—k-+1 
Th (kK+4)1400—4)!-1001— ke 4-4 
if 100—k+-1 100—k-+-14 
k-+4 k+1 
Thi1<.T,-. We find that for k<50 the terms of 7, increase and 
for k>50 they decrease. Consequently the greatest term is 


t= (50) (2) - 


3.8. The tenth term is the greatest term of the expansion. 3.9*. 


>1 then 7,,,>>7;, and if <1, then 


TT, = (3). Hint. The binomial power can be obtained by the use 


of the Hint to 3.1*. 3.10*. Hint. Use the expansion of (1 — 1)”. 
3.41*. —264a°b?. Hint. Use the result of problem 3.10*. 3.12. 
314 925-108. 3.13. 2 = 2. 3.14%. 5/8 < 2 < 20/21. Hint. See the 
solution of problem 3.7**. 3.15*. 1/2. Hint. Using the hypothesis, 
represent the 50th term of the expansion as a function of the argument 
x and solve the problem on seeking the greatest value of the function 


obtained on the interval [0, 1]. 3.16. ee a . 3.17. (2) 32 22, 


3.18. 26. 3.19**. The first, the fifth and the ninth term of the expansion 
n n(n—t) 


are rational. Solution. Since the coefficients 14, Zz? 3 form 
an arithmetic progression, we can form an equation 
—1 
PD irc, 


whose roots are n = 8 and n = 14 respectively; n = 1 is an extraneous 
root. For n = 8 the general term of the expansion has the form 
k 
ia 8-k hk+8 
ra (i)ei (Ss) te beme (2) 2 
RT NK, 2 _ k 
This term is rational if & + 8 a multiple of 4, where 0 < k < 8. This 
condition is fulfilled fork = 0, 4,8. Consequently, the terms 7), 74,7 
are rational. 

3.20*. Hint. Use the binomial expansion for (1 — 1)”. 3.23*. Hint. 
Consider the binomial expansion for (10 — 1)?". 3.25*. Hint. Find 
the increment of the antiderivative of the function (1 + z)”" on the 
interyal (0, 1] directly and by writing the expression for (1 + zx)” by 
the binomial formula. 3.26*. Hint. Find the derivative of the function 
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(xc — 1)" at the point z = 1. 3.27*. Hint. Compare the increments of 
the antiderivative of the function (zr — 1)"on the interval [0, 1] found 
directly and by expanding (x — 1)” by the binomial formula. 3.28*. 
(n +. 1)] —1. Hint. Add P, + P, + ...-+ Py to the required ex- 
pression and then subtract P, + P,-+...-+ Py. 3.29*. Hint. Use 


the identity ( ; +=). 


Sec. 4. 4.1. 12/365. 4.2. 5/12. 4.3*. 1/3. Hint. The number of all 
two-digit numbers is 90. The number of two-digit numbers divisible by 
Pane be found from the equation 99 = 12 + 3 (n — 1). 4.4. 0.4. 

Os : 

4.6**,. P(A) = 1/8, P (B) = 3/8. Solution. The sample space 
consists of samples with replacements formed from the letters T and H. 
It contains 23 = 8 elements. Only one sample (T, T, T) is favourable 
to the event A and three samples (T, T, H), (T, H, T), (H, T, T) are 
favourable to the event B. Thus, P (A) = 1/8, P (B) = 3/8. 

4.7. 1/6. 4.8. 1/2. 4.9. 89/99. 4.10. 10/99. 4.11%. 1/8. Hint. See 


the solution of problem 4.6**. 4.12. (Ca) 4.13. 1/720. 4.44. 


2 
( 

245/354. 4.15. n-m-k/C(n--m--k, 3). 4.46. Bia 4.17.4(0). 
4.18*. 1/15120. Hint. The sample space consists of all permutations, 
with a given number of replacements, which have the composition 
3, 2, 2, 1,14, 4. Only one permutation of this kind is favourable. 4.19. 
5 -3141/7!. 4.20. 2-4131/7]. 4.21%. 24-481134/521." Hint. The sample 
space consists of all samples which have the composition (13, 13, 13, 
13). Samples of the composition (12, 12, 12, 12), to each of which an 
ace is added, are considered to be favourable. 


of 5} 50 C(n, k) C(N—n, m—k) 
4.22, ~ 40! ° 4,23, C (15, 5) e 4.24, — C(N,m ry 
4.25 4 _ C(6, 5) C (42, 1), C(6, 4) C (42, 2), C (6, 3) C (42, 3) 
“"C (48, 6)’ C(48,6)  ° £€(48,6)  ’  C (48, 6) 
4.26 C (48, 5)C(4, 1) . C (44, 4) C (4, 1) C (4, 1) 
aes C (52, 6) C (52, 6) : 
C (4, 2)C(2, 1), 2.C (18, 8) 
4.27. “C6, 3) 4.28. C (20, 10) ° 
: r? 1 2 1 .,, 14+31n2 
Sec. 5. 5.1. 0.2. 5.2, Fz: D.d. >: 2-4. 3° 3.0. >: 5.6*. eer are 


Hint. Consider the ratio of the total area of the figures bounded by the 
curves y = = , y=2z, x = 2, y = 0 to the area of a square with 


side 2. 5.7*. ae. Hint. See the hint to 5.6*. 5.8*. =. Hint. 
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Find the coefficients of the equation of the parabolay = az? + brtc 
from the condition of its passage through the three indicated points, 


, — 1 
having chosen a requisite’system of coordinates. 5.9. lee , o.11*. 7° 


Hint. Use the statement made in problem 5.10. 5.12. Approx. 0.344. 


5.13*. = . Hint. If we designate the distance from the point B to the 


origin as xz, and that from the point C as y, then the sample space will 
be represented as a unit square inscribed into the first quadrant of the 
coordinate plane. The elementary events favourable to the event 
whose probability we must find are represented as points whose coor- 
dinates satisfy the inequality | y — z| < min(z, y). 5.14. The trains 
going in the direction AC must arrive 10 minutes after the departure 
of the train going in the direction CA. 5.15*. a . Hint. Introduce the 
system of coordinates Oxy, where x is the angle which the needle forms 
with the parallel, and y is the distance from the centre of the needle 
to the nearest parallel. In this case the sample space is associated with 
a rectangle with sides a and m/2, and the elementary events favourable 
to the condition of intersection of the parallel straight lines by the 
needle are associated with the points whose coordinates satisfy the 
inequality 7 sinz < y. 


n(n—1) 2nm 


Secs Oe OE erm rm erm npm—T) 


6.2* Hint. If the balls are replaced, then the 


n2 m? 
" (n--m)?” (n4-m)?” 
events connected with the colour of the successively drawn balls 
39 26 13 20 3 


are independent. 6.3. $1 50° ag © 09-1055. 6.4. M16 ° 6.5. 5° 
20 15 14 42 81 

6.6. (a) 25 : 90 : 19° 95” (b) 190 ° 6.7. 1— 

ee, OS: te Oe He 

(n-Fm-k) (n-Fm-Fk—1) (n+ m+ k—2) of 


(n—l) (n—1—1) ... (n—1—k-+1) 
n(n—1)(n—2) ... (n—k-+1) 


In (4 — P)/In (4 — p), where n is the number of shots fired. Hint. 
The number of shots can be found from the condition stating that in 
a series of n shots the probability of hitting the target (at least once) 
is not smaller than P. 6.12. Hint. The probability of passing the 
examination does not depend on whether the student is the first or the 
last to take the exam. 6.13*. 2/3. Hint. Consider the following hypothe- 
sis: 4 —there were two white balls in the urn, B—there were two black 
balls.in the urn, C—the balls in the urn were of different colours. The 
probabilities of the hypothesis are considered to be equal. 6.14. 0.85. 


6.40. 1—(1—p)™. 6.41". n> 
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(m—1)m+nm (k+1)m+kn 
S15. 0) Granny OO) ea 
6.16*. seen) any Hint. See the hint to 6.13*. 6.17*. [MV (N —1) x 


(N — 2) (k + L) (k +b 1) (k + L—2)—k (k — 1) (k — 2)x 
(N — n) (N — n— 1) (N — n— 2) —k (kK — 1) L(N — n) X(N — 
n — 1) (M — m) —k (L — 1) (ZL — 2) (N — n) (M — m)xX(M — m — 
1) — L (L — 1) (L — 2) (M — m) (M — m —1) X(M — m — 2)]/N 
(N — 1) (N — 2) (K+ ZL) (k + L—1) X (4+ L— 2). Hint. Consi- 
der the following hypotheses: H,—all the three articles are from the 
first lot, H,—two acticles are from the first lot and one is from the 
second, H,—one articleis from the first lot and two from the second, 
H —all the three articles are from the second lot. 
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